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A Short Note on a Mus-Cheeger-Gromoll Type Metric

Murat Altunbag!

Abstract — In this paper, we first show that the complete lift U° to TM of a vector field
U on M is an infinitesimal fiber-preserving conformal transformation if and only if U is an
Received: 25 Aug 2022 jpfinitesimal homothetic transformation of (M, g). Here, (M, g) is a Riemannian manifold and
Accepted: 18 Feb 2023 TM is its tangent bundle with a Mus-Cheeger-Gromoll type metric §. Secondly, we search
Published: 31 Mar 2023 for some conditions under which (%,g) is a Codazzi pair on TM when (V, g) is a Codazzi
doi:10.53570/jnt.1167010

Article Info

h
. pair on M where V is the horizontal lift of a linear connection V on M. We finally discuss
Research Article
the need for further research.

Keywords Codazzi pair, infinitesimal fiber-preserving conformal transformation, infinitesimal homothetic transforma-

tion, Mus-Cheeger-Gromoll type metric, tangent bundle

Mathematics Subject Classification (2020) 53B21, 53C07

1. Introduction

The Sasaki metric [1] and the Cheeger-Gromoll metric [2] are the well-known metrics on the tangent
bundles of Riemannian manifolds. Moreover, many metrics on tangent bundles have been introduced
by deforming these two metrics. The rescaled Sasaki metric [3], the twisted Sasaki metric [4], the Mus-
Sasaki metric [5], the rescaled Cheeger-Gromoll metric [6], the generalized Cheeger-Gromoll metric [7],
and the Cheeger-Gromoll type metric [8] are examples of these deformations. Moreover, Latti and
Djaa [9] introduced a new deformation of the Cheeger-Gromoll metric g, called the Mus-Cheeger-
Gromoll metric. They computed the Levi-Civita connection and studied the curvature properties of
a tangent bundle with respect to this metric. This paper will deal with a special case of this metric.

A classical problem on a Riemannian manifold M is to find infinitesimal conformal transformations
(conformal vector fields) on M. The vector field U on M is an infinitesimal conformal transformation if
and only if there is a function p on M satisfying Lyg = 2pg where Ly is the Lie derivative with respect
to U. If p is a nonzero constant (resp. zero), then U is referred to as an infinitesimal homothetic
transformation (resp. Killing vector field). Infinitesimal conformal transformations are studied on

tangent bundles by many authors [10-14].

Statistical manifolds were studied first by Amari [15] in view of information geometry, and Lauritzen
gave applications in [16]. These manifolds have a crucial role in statistics as the statistical model
often fashions a geometrical manifold. The geometry of statistical structures on tangent bundles is

'maltunbas@erzincan.edu.tr (Corresponding Author)
!Department of Mathematics, Faculty of Arts and Sciences, Erzincan Binali Yildirim University, Erzincan, Tiirkiye


https://dergipark.org.tr/en/pub/jnt
https://orcid.org/0000-0002-0371-9913
https://doi.org/10.53570/jnt.1167010

Journal of New Theory 42 (2023) 1-7 / A Short Note on a Mus-Cheeger-Gromoll Type Metric 2

an actual topic. These structures were examined with respect to various Riemannian metrics such as
the Sasaki metric [17], the Cheeger-Gromoll metric, and a g—natural metric which consists of three
classic lifts of the metric ¢ [18], the twisted Sasaki metric, and the gradient Sasaki metric [19].

In this paper, we prove that the complete lift U¢ to T'M of a vector field U on M is an infinitesimal fiber-
preserving conformal transformation (IFPCT) on T'M if and only if U is an infinitesimal homothetic

h
transformation (IHT) of (M, g). We also investigate conditions under which (V, g) is a Codazzi pair

h
on TM when (V,g) is a Codazzi pair on M, where V is the horizontal lift of a linear connection V
on M.

2. Preliminary

Let M be an n—dimensional (n > 1) Riemannian manifold and V be a linear connection on M. The
tangent bundle T'M of the manifold M is a 2n—dimensional differentiable manifold, and it is defined
by disjoint tangent spaces at distinct points on M. If {N, 2%} is a local coordinate system in M, then
{7=YN),z", 2" = u',7=n+1,..,2n} is a local coordinate system in TM where 7 is the projection
defined by 7 : TM — M. We have a decomposition

TTM =VITM®& HTM

for the tangent bundle of T'M where the vertical subspace VI'M is spanned by { 8?” = ( a‘zi)v} and

h . .
the horizontal subspace HT M is spanned by { o .= ( 0 ) 0 _ ymyt 0 } Here, I/ . are the

oxt ox? = 92t mi Jud
Christoffel symbols of V. The vertical, horizontal, and the complete lift of a vector field U = U* a(Zi
are defined by, respectively,
(]
U = Uia‘zi, Ut = Uiaii - usr;f;Uiazn, and U‘= Ui@ii + usggs aii (1)
where we used Einstein’s summation. In the sequel, for brevity, we denote %, %, and a?ﬂ by 0;, d;,

and 0y, respectively.

If V is a torsionless linear connection, then the Lie brackets of the vertical lift and the horizontal lift

of vector fields fulfill the following relations:
Uh Vv = [0Vt = (RO, VW, (UM V] = (VoY) and (U7, V] =0 (2)
where R is the curvature of V [20].
The frame {E)} = {E;, E;} adapted to the torsionless linear connection V is given by
E; =6"0p —u’l'l05 and FE;=96"0n

Moreover, {d:ch, Sul = duh + uCFdeafd} is the dual frame of {E)}. We can rewrite Lie Brackets 2

according to the adapted frame as follows:

|Ei, E;] = u$RE E;, [Eian} = I‘%Ek, and [E{, E;} =0

1jS

where RE

Jis are the components of R. Vector Fields 1 are expressed as, according to the adapted frame,

U'=U'E,U"=U'E; and U°=U'E; +u'V,U'E; (3)
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We have the following Lie derivatives with respect to U = v*Ej, + v’;E,; [13]

LgEy = =0 B+ {ut’Rf,, — v'T%, — Ex(v°)} Ee

LgEyp, = {v'Tg, — E;(v°)} Ee

LUd:z:k = OpvFda™

Lgéuk = - {uavabea — vaf‘ﬁn - En(vf“)} dz™ — {var’;n — Eﬁ(UE)} oum

h
The horizontal lift connection V of a linear connection V is given by
h h h h h h h
VUhV = (VUV) 5 thVv = (VUV)U, and VUUV = VUvVU =0
h
Remark that V is a flat and torsionless linear connection if and only if V is a torsionless linear

connection [20].
The Mus-Cheeger-Gromoll metric G, on T'M is defined by

Gime (Uh7 Vh) = g(Ua V)

Gme (UM V") = 0

Gme (U, VY) = f(2)w(r?)(9(U, V) + a(r?)g(U, u)g(V, u))
for every vector fields U and V on M where f: M — R4 and w,« : R — R, are three functions and
r? = g(u,u) [9].
Particular cases of the metric G,,. are listed below:

. Iff=1Lw= H%’ and a = 1, then Gy, is the Cheeger-Gromoll metric [2].

. lff=1w= (ﬁ)p, a = cons., then Gy, is the generalized Cheeger-Gromoll metric [7].

. If w = (ﬁ)p and o = cons., then G, is the rescaled vertically generalized Cheeger-Gromoll
metric [21].

1

In this paper, we consider a Mus-Cheeger-Gromoll type metric § by assuming w(r?) = -

Definition 2.1. Let (M, g) be a Riemannian manifold and V be a linear connection on M. The

couple (g,V) is called a Codazzi pair if the following Codazzi equations are valid:
(Vug)(V,W) = (Vvg)(W,U) = (Vwg)(U,V)

for all vector fields U, V', and W on M. In this case, (M, g, V) is referred to as a Codazzi manifold
and V is called a Codazzi connection. Moreover, if V is torsionless, then (M, g, V) is a statistical

connection.
3. Main Results

Let g = gij dz'dx? is the Riemannian metric g on M. Then, the local expression of the Mus-Cheeger-
Gromoll type metric g is
g= gijdxidxj + hijéa:iéa:j
where h;; = H%(gij + agim@inu™u™). If G1 = g;;dz'da? and Go = h;j6z 527, then
g=G1+Gs
Besides, recall that a vector field U with components (vh, vﬁ) on T'M is a fibre preserving (FP) if and

only if v has components (wh)
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The following lemma states the Lie derivatives of G1 and Go.
Lemma 3.1. The Lie derivatives of G; and G4 with respect to a FP vector field U are
LyGi = (Lygij)dx‘da?
LGy = —2hm{ubvC Ry — o' — Ey(v™)}da'duw! + {Lyhij — 2hm; Vo™ + 2hp; Bs(v™)

ich

+ 1_:,,2 Umus(_zgmshij + QfO/gisgjtgmnutun + fa(gjsgim + gjmgis)}fsui(suj
where Lygi; is the components of Lyyg and V;v™ is the components of V.

Proor.
The proof is similar to the proof of Proposition 2.3 in [13]. O

The first main result of the paper is as follows:

Theorem 3.2. If TM is the tangent bundle of (M, g) equipped with the Mus-Cheeger-Gromoll type
metric g, then the complete lift U¢ of a vector field U is an IFPCT of (T'M, g) if and only if U is an
IHT of (M, g).

Proor.
If U is an IFPCT of (T'M, §), then there exists a smooth function € satisfying

Lyg =2Qg
From Lemma 3.1,

20g;;dz'dx? + 2Qh;j02'6x7 = (Ly gij)daida? — 2R, ; {ubv° R, — UBFZZ — E;(v™)}dxiou?

ich

+{LUhij - thmvivm =+ 2hm]EZ(UH)

120U (= 2gmshij + 2f 0 gisgjtgmnutu™ + f(gjsGim + GimGis) }ou'Sul

It follows that

Lygi; = 2Qg;; (4)
ubchﬁb - ’UEF?} - Ez(vm) =0
_ 1
Lyhij—2hmViv"™ 4 2hy; E-(v™) + mvmus(_QQmshzj +2£0 Gis Gt Gmnt'u"™ + f(GjsGim + GimGis)) = 2Qh;

From Equation 3, we can write the complete lift a vector field U = v*9y, as U¢ = v*E}, + u® stk’EE.
Thus,
Ly gij = 2Qgi;

and
uP(v°R™, — V;Vyu™) = 0 (5)

Therefore, Equation 5 gives
VNbvj = UCRicbj

Using algebraic properties of the Riemannian curvature tensor,

ViVyv; +V;Vjvp = 0 (6)
Since Ly g;; = V;vj + Vjv;, from Equation 4,

Vivj + Vv = 20g;;
Taking the covariant derivative on both hand sides of the above equation,

Vi(Vivj) + Vi(Vjvi) = 2(Vi)gij (7)
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Equations 6 and 7 show that V2 = 0. Hence, € is constant. The proof of converse is clear. [

In this part of this section, we deal with Codazzi pairs on M and TM. Let (M, g) be an n—dimensional

h
(n > 1) Riemannian manifold and (V, g) be a Codazzi pair on T'M. Taking into account Definition
2.1, by direct calculation,

(963) 01.0) = (V3,3) @109 = (V4,3) (@us05) =0

and
(¥0.3) @360 = (¥0,9) (01.2) = (V5,) (20.05) =0
Moreover,
(e&ﬁ) (05,0k) = Vigjk
and

h h h
(V03) 05,00 = 0:3(0;.0,), (Va3 ) (04,9 = (05,90, (Vo) (01.5) = (. 05)
Furthermore,

h m / s
(Vaiﬁ) (8;,0p) = f {(ff%)z(gz-mgjk + U U GimGjsgkt) + Tovz GinGis g™ U U + 25 (grigks + gjsgki)} (8)

h m
(Va;g> (8k’ &1) = f {(Iﬁ%)z(gjmgki + ausutgjmgksgit) + ].+T2 9jnGksGitU mysut 4+ 2 1+r2 (gk]gzs + gksgzj)} (9)

h m . ’ s
(Vaﬁ) (0r,0;) = f {(ff%)a(gkmgij + autu GemGisit) + Tz GknGisgitu"utut + 255 (girgss + gisgjk)} (10)
Equations 8-10 yield two cases.

h h
Case 1) If (V&ﬁ) (9;,0F) = (V&g) (05,00 = (vagg) (05,05) = 0, then, from Equation 8,

h o —2u™
<Va,9) (0;,05) = f {W(Qimgjk + au®u gimGjsgre) + 20/ gingjs g uut + ou®(g5i9ks + gjsgm)} =0

Taking the derivative in the above equation with respect to o,

=267 (14r2)+4u™u"gn; ¢ 20" gt (20 ghn Gjs Gt U U +0Gei G+ CGjt Ihk)
0= f { b (1+r2)2 - (gimgjk + auu gimgjsgkt) - ™ = 1472 ! !

U GhnGis Gkt GimuS utu"

e + (20/gnnu"u® + adj ) (gjigrs + gjsgki)}

because

-2 4u™u gnn
= f {M(gjkgih + o’ u' gingjsgre) + ﬁ(gﬂcgzm + U Gim s git)

20" gt (20 ghn st U + agirgin + gjtgnk) ™A grnt"gjsGrrgimutut
1472 1472

+20 gt (gjighs + 9jsgri)(gjighn + gingri) } (11)
Equation 11 is satisfied, for all (x,u) € TM. For zero section, i.e., u = 0, Equation 11 becomes

—29ikgin =0

This is a contradiction, when %, j, and k£ run from 1 to n.
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h h h
Case 2) If (V&j) (0;,0f) = (Vajj) (05,00 = (Vagﬁ) (0, 05) # 0, then, from Equations 8-10,

—29ik9ih = —29kiJjh

Hence, gjrgin = gixgjn- Multiplying both side of this equation by ¢, gri = ngri. Thus, n = 1. This
is a contradiction. Consequently, we can express the following result.

Theorem 3.3. Let TM be the tangent bundle of an n—dimensional (n > 1) Riemannian manifold

(M, g) equipped with the metric § and V be a linear connection on M. If (V,g) is a Codazzi pair on
h
M, then (V, §) is not a Codazzi pair on T M.

4. Conclusion

The Mus-Cheeger-Gromoll metric is a new metric on the tangent bundle of a Riemannian manifold.
In this paper, we studied the infinitesimal fiber-preserving property of the complete lift of a vector
field and investigated the Codazzi pairs using the horizontal lift of a linear connection. Our findings
suggest that these techniques could be applied to more general metrics in tangent bundles, opening
up new avenues of research in this area. In addition, we believe that further investigation of the
Mus-Cheeger-Gromoll metric could yield even more insights into the nature of Riemannian manifolds
and their properties.
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1. Introduction

The permanent function was introduced first by Binet and Cauchy. According to Binet’s definition,
provided m < 4, the permanent of a matrix with order m by n is the sum of all possible products
of m elements any two of which are not at the same column or row. Minc [1] emphasized that this
definition given by Binet could be generalized for all finite values of m and n and gave the following

definition.

Let A = [a; ;] be a matrix of order m by n. Then, per(A), the permanent of A, is defined by

per(A) = Z a1,61042,05--0m o,

a
where the summation runs over on the set o, which includes all one-to-one functions defined from
{1,2,...,m} to {1,2,...,n} such that m <n [1].

The permanent function can be interpreted as a kind of assessment using all matrix elements. This
scalar-valued function of the matrix is best known for its relations with solutions to enumeration
problems in combinatorics. For example, the Menage problem is a classical combinatorial enumeration
problem, and it has been connected to the permanents of (0, 1)—matrices [2]. Another critical problem
is computing the permanent of some kind of matrices, for example, the sparse and the circulant. This
problem appears in various applications in mathematics, physics, computers, information systems,
cryptography, and other fields. It has been studied to obtain various linear recurrence relations for

permanents of certain sparse circulant matrices in [3], one of the recent studies in quantum computing.
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By solving the linear recursive system consisting of the obtained recurrences in [3], computing of

permanent will be realized in linear time.

The definition of permanent is the same as the definition of determinant except for the factor =41
before terms in the summation. Thus, some properties of the permanent have direct analogs for the
determinant. The following will give a brief summary of several fundamental properties related to
both the permanent and the determinant.

The procedure of reducing anything to a simpler form is frequently used in both the determinant
and the permanent. Laplace expansion is an important example of reduction, and it can be applied
similarly to these two functions. Let A(i,j) denote the matrix of size m — 1 by n — 1 obtained from
the matrix A = [a; ;] by deleting row ¢ and column j such that i =1,2,--- ,mand j=1,2,--- ,n. It

follows as a direct consequence of the definition of the permanent that
n
per(A) = > ag per(A(i, j))
j=1

called Laplace expansion of the permanent according to the i*® row of matrix A. Another procedure
that can be used for reduction is Gaussian elimination. The determinant can be evaluated efficiently
using Gaussian elimination (or row reduction) [4]. However, computation of the permanent in this way
is much more complicated. The elementary row operations may differ in these functions because the
permanent is not as stable as the determinant under the elementary row operations [2]. For example,
adding a non-zero scalar multiple of a row to another row does not change the determinant of a matrix,
but this operation changes its permanent. The determinant of a matrix with two equal rows is zero,
but its permanent does not have to be zero. Multiplying a row by a scalar requires multiplying the
determinant by the same scalar. This is also valid for the permanent. Interchanging two rows varies
the sign of determinant, but permanent is invariant under this operation [5].

One of the fundamental rules of the determinant is det(AB) = det(A) det(B). This rule is clearly false
for permanent. However, in [6], it has been proved that the equality per(AB) = per(A) per(B) holds
for the generalized complementary basic (GCB) matrices which have many remarkable properties such
as permanental, graph-theoretic, spectral, and inheritance properties [7,8].

As mentioned above, for a square matrix A, adding a non-zero scalar multiple of a row to another
row varies its permanent. To the best of our knowledge, there is no discussion on the effect of this
operation on the permanent, in related literature. In this paper, the variation in the permanent has
been studied when the operation “adding a scalar multiple of one row to another row” is applied to
a square matrix. An equality that gives a relationship between the permanent of the original matrix
and the permanent of its changed form is presented. In addition, an algorithm that calculates the

variation is also given.
2. Main Results
Let

A:

Q Q.
S - O

b
e
m

be a square matrix of order 3 x 3 and |A| denote the determinant of the matrix A. The determinant
of a matrix remains unchanged when adding a non-zero scalar k£ multiple of a row to another row. As

an example of this property, the following equations can be written for the matrix A:
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a b c
d+ak e+bk f+ck|—|A=0
g m n
a b c
d e f —|Al=0

g+ak m+bk n+ck

and
a b c

d+ak e+bk f+ck|—|A=0
g+ak m+bk n+ck

These situations for the permanent function, in contrast to the determinant, are illustrated by the
equations below:

a b c
per d+ak e+bk f+ck —vper(A) ==z (1)
g m n
[ a b c |
per d e f —per (4) =y (2)
g+ak m4+bk n+ck
and _ -
a b c
per d+ak e+bk f+ck —per(4) =z (3)

g+ak m+bk n—+ck

where x # y # z # 0. The following theorem proposes obtaining z and y using (n — 2)-ordered
submatrices of a matrix A with order n by n. Namely, with the following theorem, we express the
variation in the permanents for which additive row operation is applied only once, as in z and y. We
note that the variation notion used in this study corresponds to x and y in Equalities 1 and 2. We
also note that the calculation of variation we suggest is necessary twice to calculate the z value in
Equality 3.

Let the notations used in this study clarify before giving on to the theorem. Let A = [a; ;] be a matrix
of order n by n. The notation

Ar|t
denotes the submatrix obtained by deleting the r*" row and the t** column of the matrix A. The
notation
Airlj

th tth

row, j column, and ¢ column of the matrix
A. The submatrix /LH is of order (n—1) x (n—1) and the submatrix Ai,r ¢ is of order (n—2) x (n—2).

As an example, if we consider the matrix

denotes the submatrix obtained by deleting i row, r

¥

bir bz b1z b1y
ba1 b2 bz bay
bs1 b3z b3z b3y
bar baa baz bug



Journal of New Theory 42 (2023) 8-13 / The Effect of the Additive Row Operation on the Permanent 11

then
- bo1 b ba3
Byy= | bs1 b32 b33

~ b b
S
ba1 baz b3

are some submatrices obtained from the matrix B.

Theorem 2.1. Let A = [a; ;] be a matrix of order n x n and B be the matrix obtained by adding k
times of the i*" row to the " row of the matrix A. Then,

per(B) — per(A) = 2k Z a; Q¢ per(giﬂj,t)
(3,H)eQ

where the summation extends over the set Q = {(j,t) € S x S| j <t} such that S = {1,2,...,n}.

Proor.
By using the Laplace expansion with respect to r' row of the matrix B, we obtain

per (B) = (ar1 + ka;1) per(éru) + -+ (arn + kaiy) per(ér‘n) (4)

where Erlj denotes the submatrices obtained by deleting r*™ row and j™ column of the matrix B.

Equality 4 can be arranged as the form

per (B) = (ar,l per(B,) +--- + amper(Br‘n)) +k (am per(ém) +-Fain per(éﬂn)) (5)
By applying the Laplace expansion along by the r* row of the matrix A, it is easily seen that
ar per(ém) + o+ ar,nper(grm) = per(A)
Therefore, from Equality 5, per(B) = per(A4) + kV4 where
Va =ai1 per(éru) +a;2 per(ér‘g) +--+ain per(Br‘n) (6)

At this point, the process will be continued by applying the Laplace expansion to every permanent in
V4 seen by Equality 6, respectively. Firstly, by expanding the permanent, which in the first term of
V4 seen by Equality 6, with respect to i*" row, the following equality is obtained:

ai1,3 a4 ai,n ai2 a4 ain
a;—1,3 Qi—14 i—1,n ai—1,2 Qi—1,4 i—1,n
i+1,3  Qit1,4 Ait1,n Ait1,2  Qig1,4 Git1,n
per(By|1) =aj,2 per + a3 per
ar—1,3 Qr—-14 ar—1,n Ar—-1,2 Qr—14 Ar—1,n
ar41,3 Ar+1,4 Ar+1,n Ar4+1,2 Ar41,4 Ar4+1,n
an, 2 an 4 an,n | an, 2 an, 4 an,n
(7)

a2 a1,3 a1,n—1

a;i—1,2 Qi—1,3 Ai—1,n—1

ai+1,2  @i4+1,3 Ait1,n—1

+ -+ ag,p per

ar—-1,2 Qr—1,3 ar—1,n-1

Ar41,2 ar41,3 Ar41,n—1

an, 2 an,3 an,n—1
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Equality 7 can be written briefly as

Pef(Bru) = Qai2 per(Ai,r|1,2> +aig3 Per(Ai,r\1,3) toort+ain per(Ai,rH,n)

Similarly, if the permanents in other terms of Equality 6 are expanded along by their i*" row, then

per(By2) = a;1per(A; 2.1) + aizper(A; p23) + - + ainper(A; pan)

per(By3) = a;1per(A; y31) + ai2per(A; j3.2) + aiaper(A; p34) + -+ ainper(4; i3.,)

per(Br\n) = a1 per(Ai,rm,l) +a;2 per(Ai,T\nQ) + -+ ain-1 per(Ai,r|n,n—1)

If we plug the equalities obtained, for all per(BHa), where o € S, into V4 seen by Equality 6, then we
get
Va= Z i, j it per(giﬂj,t) (8)
(Jt)eA
where A = {(j,t) € S x S| j # t}. There are two of each term in the summation in Equality 8 because
the terms of the form

i, Qi t per(Az',r\j,t)
equal to the terms of the form

Qi tQj,5 Pel“(Ai,r\t,j)
Thus, we can write Equality 8 as
Va=2 Y aijaiiper(A;, ;)
(4,;)€Q
where Q = {(j,t) e Sx S |j<t}. O

According to Theorem 2.1, per(B) — per(A) which we called as the variation, can be calculated by the
following algorithm.

Algorithm 1 Calculation of the variation £V

INPUT: Matrix A = [a;],,, and k, i, and r values.
OUTPUT: Result of the variation kVjy.
Step 1: row_set = The set of row numbers of the matrix A except the rows ¢ and r
Step 2: for j=1,2,--- ,n—1do
fort=5+1,---,ndo
column_set = The set of column numbers of the matrix A except the columns j and ¢
A _tilda = Form a submatrix of the matrix A using row_set and column_set
Per(A_tilda) = Calculate the permanent of A_tilda
summation = summation + a; j * a; ¢¥Per(A_tilda)
end for
end for
Step 3: result = 2 * k*x summation

3. Conclusion

It is important to note that this study does not propose any permanent calculation method. Instead,
it provides a theoretical analysis of the variation that results from an additive row operation on the

permanent of a square matrix. Moreover, it formulates the variation that occurs in the permanent of
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a square matrix in which the additive row operation is applied. This formula, called the variation in
the permanent, proposes utilizing matrices of order (n—2) x (n — 2) instead of matrices of order n x n.
Besides, this paper presents an algorithm to calculate this variation formula. The proposed algorithm

needs (n— 2)n!

2
arithmetic operations if the permanent is calculated by the Naive algorithm, and

n(n —1)(n —2)2"3

arithmetic operations if the permanent is calculated by the Ryser-NW algorithm. For the numbers of
arithmetic operations of the Naive and the Ryser-NW algorithms, see [9].

This article’s findings can be extended to non-square matrices for further investigation. Furthermore,
the variation formula suggested herein can be used to study the calculation of any square matrix

permanents via the Gaussian elimination process.
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1. Introduction (Compulsory)

There is a growing literature on strong commutativity preserving (SCP) maps and derivations. Bell and Daif
[1] first investigated the derivation of SCP maps on the ideal of a semiprime ring. Bresar [2] generalized this
work to the Lie ideal of the ring. In [3], Ma and Xu handled this study for generalized derivations. Moreover,
Kog and Golbasi [4] have been studied for the multiplicative generalized derivations by generalizing these
conditions on the semiprime ring. In [5], Ali et al. showed that if R is a semiprime ring and f is an
endomorphism which is an SCP map on a nonzero ideal U of R, then f is commuting on U. Samman [6]
proved that an epimorphism of a semiprime ring is strong commutativity preserving if and only if it is
centralizing. Researchers have extensively studied derivations and SCP mappings in the context of operator
algebras, prime rings, and semiprime rings. In [7], Melaibari et al. examined this condition for homoderivation.
This paper investigated SCP maps for homoderivation in the ideal of a semiprime ring. In [8], Herstein showed
that if R is a prime ring of characteristics different from two and d is a nonzero derivation such that d(R) < Z,
then R must be commutative. This condition on the Lie ideal of the prime ring was discussed by Bergen et al.
[9]. Gélbast and Kog [10] examined this condition for the (o, 7)-Lie ideal of the prime ring. This condition is
then examined for different subsets of the ring and different derivations. Ashraf et al. [11] proved that a prime
ring R must be commutative if R satisfies the following condition: f(x)f(y) = xy or f(x)f(y) = yx
where f is a generalized derivation of R, and J is a nonzero two-sided ideal of R. In [12], the following
conditions are examined by Alharfie and Muthana for homoderivation in the prime ring:

i.x6(y)txy€eZ iixé6(y)tyx €Z,iii.[6(x),y] txy € Z,and iv.[6(x),y] T yx € Z

This article aims to generalize the above conditions for homoderivation on an ideal semiprime ring.
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2. Preliminaries

Let R be an associative ring with center Z. For any x, y € R, the symbol [x, y] stands for the commutator xy —
yx, and the symbol x o y denotes the anti-commutator xy + yx. Recall that a ring R is a semiprime if xRx =
0 implies x = 0. An additive mapping d: R — R is called a derivation if d(xy) = d(x)y + xd(y), for all
x,y € R. An additive mapping §: R — R is called a homoderivation if §(xy) = §(x)5(y) + §(x)y + x6(y),
for all x,y € R in [13]. For example, §(x) = f(x) — x, for all x € R, where f is an endomorphism on R if
6(x)6(y) = 0, for all x, y € R, then the homoderivation § is a derivation. If § < R, then a mapping f: R - R
preserves S if f(S) € S. A mapping f: R — R is zero-power valued on S if f preserves S and if, for each x €
S, there exists a positive integer n(x) > 1 such that f*™® = 0. Let S be a nonempty subset of R. A mapping
F from R to R is called commutativity preserving on a subset S of R if [x, y] = 0 implies [F(x), F(y)] = 0,
for all x,y € S. The mapping F is called an SCP on S if [x, y] = [F(x), F(y)], forall x,y € S.

Proposition 2.1. Let R be a semiprime ring. Then,
i. The center of R contains no nonzero nilpotent elements.
ii. If P isanonzero prime ideal of Rand a,b € R suchthata R b < P, theneithera € Porb € P.

iii. The center of a nonzero one-sided ideal is in the center of R. In particular, any one-sided commutative ideal
is included in the center of R.

Lemma 2.2. [14] If R is a semiprime ring, then the center of a nonzero ideal of R is contained in the center of
R.
3. Main Results

This section investigates the aforesaid commutativity conditions for homoderivations in the semiprime ring.

Theorem 3.1. Let R be a semiprime ring and I a nonzero ideal of R. Then, R contains a nonzero central ideal
if R admits a nonzero homoderivation § on 3 such that § (J) < Z.

ProOF.
By the hypothesis, we have
§(wy) ez forallv, €3
Commuting this term with r € R, we obtain that
[6(vy),r] =0,forallv; €J, reR
Replacing v, by v,v,, v, € S, in this equation and using the hypothesis, we get
S(v)[vy, 1] + [vq,7]6(v) =0
Taking r by v,, we obtain that
§(v1)[vz,v1] =0 1)
Replacing v, by v,r, r € R, in the last equation and using Equation 1, we have

S(v)vy[r,v1] =0, forall v, v, €J,r €R (2)

Taking v, by [r, v,]t6(v,), t € R, we observe that

S(wlr,vi]té6(wy[r,v1] =0
and
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S(wlr, v1]R 6(wy)[r,v,] = (0)
By the semiprimeness of ‘R, we get
§(vy)[r,v,] =0
That is,
S(vR[R,v,] = (0), forallv, €I

Since R is a semiprime ring, it must contain a family g = {P, | « € A} of prime ideals such that N,ep Py =
{0}. If P is a typical member of g and v, € 3, we have [R,v,] € P or §(v,) € P by Proposition 2.1 (ii).
Define two additive subgroups £ = {v; € 3| [R,v;] € P}and F = {v; € I | §(v,) S P}.

It is clear that 3 = £ U F. Since a group cannot be a union of two of its subgroups, either L =J or F = 3.
Therefore, we have

[R,I]cPoré(I)cP
Thus, both cases together yield
[R,3]6(3) c P, forany P € p

Therefore,
=316 € )7 =0}
a€EA
and
[R,3]16(3) = (0)
Hence,

[R, RIS (I)RIRRIS(I)R = (0)
This implies that [R, IT|RIT = (0) where IT = RISF(I)R is a nonzero ideal of R since §(I) # (0). Then,
[R, TIR[R, 1] = (0)

By the semiprimeness of R, we get [R, IT] = (0). Hence, IT € Z. We conclude that R contains a nonzero
central ideal.

The theorem below is proved for prime rings in Theorem 5 [15]. Here, it is generalized using semiprime rings.

Theorem 3.2. Let R be a semiprime ring and I a nonzero ideal of R. Then, R contains a nonzero central ideal,
if R admits a nonzero homoderivation § on J such that

i 8([3,3]) = (0) or

ii. [6(3),3] € Zor

iii. [6(3),8(3)] = (0),36%(I) # (0),and 6(I) € 3
PROOF.

i. By the hypothesis, we have
5([171, Uz]) = 0, fOI’ a” V1, V3 € 5

Replacing v, by v,v; in this equation, we get
§([vy,v2]v) =0

Since 6 is a homoderivation, we have
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§([v1, v21)8 (1) + 8([vy, v2])vy + [v4,v,]6(v1) = 0
By the hypothesis, we get
[vi,v216(vy) =0, forall vy, v, €3
Using the same arguments in the proof of Theorem 3.1, we find that R contains a nonzero central ideal.
ii. By the hypothesis, we get
[6(vy),v,] € Z, forall v, v, €3
That is,
[[6(v1),v2],r] =0, forall v,,v, €3, r €N

Replacing v, by 6(v,)v, in the last equation and using this equation, we have

0= [6(w)[6(w1), v2], 7] = [6(v1), T][8(v1), V2]
Taking r by v,r in this equation, we see that

[6(vy), volr[6(v1),v2] = 0
By the semiprimeness of ‘R, we get
[6(v1),v2] =0

That is, 6(v,) € Z(3J), forall v; € 3. By Lemma 2.2, we get §(v,) € Z, for all v; € 3. By Theorem 3.1, we
conclude that R contains a nonzero central ideal.

iii. By the hypothesis, we get
[6(vy),6(vy)] =0, forall v, v, €T
Taking v, by v,8(v,) in this equation and using this equation, we have
[6(vy),v,]6%(v) =0
Replacing v, by rv,,r € R in the last equation and using this equation, we have
[6(vy),r]v,6%(vy) =0
That is,
[6(vy), RIRI6%(vy) = (0), forall v, €

Since R is a semiprime ring, we must contain a family g = {P, | « € A} of prime ideals such that N ep P, =
{03}. If P is a typical member of g and v; € J, by Proposition 2.1 (ii), we have

[6(vy),R] € Por3s%(v,) SP
Define two additive subgroups
L={v, €I|[6(v), RIS P}and F = {v; € I | I6%(v,) S P}
Itis clear that 3 = £ U F. Since a group cannot be a union of its two subgroups, either £L = J or F = 3. Then,
[6(3), RIS PorIs3(I)cP
Thus, both cases together yield
[6(3), RIT62(I) € P, forany P €

Therefore,
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[5(3), RIFS2(3) € ﬂ P, = {0}

a€EA

and
[6(3), RIT62(I) = (0)
That is,
(0) = [6(33), RITF2(T)

= [5(3)6(I) + 6(I)T + I5(I), R1I62(I)

= [8(3)6(I), R1T62(I) + [6(I)T, RIT62(I) + [I5(T), RIT62(I)

= [6(Z), RIS (I)I62(T) + 6(I)[6(F), RIT62%(I) + [6()T, RITF2(I) + I[6(), RIT62%()

+[3, R15(I)T62(I)
Using 6(3) € 3, we have
[6(3), RIG(I)TE2(I) + §(I)[6(T), RIT62(I) + [6(I)T, RITSGA(T) + I[6(), RITS2(I) + [6(I), RI6(I)T62%(I) = (0)
Since [5(3), R1I62(3) = (0), we get
[6(3)3T, RIT62(3) = (0)
This implies that
[6(36(3))3, R]|362(3) = (0)
and
[S62(3)T, RITF2(I) = (0)
Hence,
[$62(3)T, RIRI62(I)I = (0)
This implies that [IT, R]RIT = (0) where IT = 352(J)S is a nonzero ideal of R since I52(J) = (0). Then,
1, RIR[11,R] = (0)

By the semiprimeness of R, we get [T, R] = (0). Hence, IT € Z. We conclude that R contains a nonzero
central ideal.

The proof of the following result differs from that of Theorem 2.2 in [7].

Corollary 3.3. Let R be a semiprime ring, 3 a nonzero ideal of R, and § a nonzero and zero-power valued
homoderivation on 3. If 6 is an SCP on J, then R contains a nonzero central ideal.

PROOF.
By the hypothesis, we get
[6(v1),8(vy)] = [v1,v,], forall vy, v, €3
Replacing v, by v,v3, v3 € S, in the last equation, we have
[6(v), 6()16(v3) + 8(W[8(v1), 8] + [8(v1), §(W)]vs + 8(W)[8(vy), vs] + [6(v)), 1,18 (v3) + v, [8(vy), 8(3)] = [y, v,]vs + v, [y, V3]
Using the hypothesis, we obtain that
[v1,v2]16(v3) + 6(v2) vy, v3] + (W) [6(v1), v3] + [6(w1),v,]6(v3) = 0
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That is,
[v1 +8(w1),v2]6(v3) + 8(v)[6(vy) + vy, v3] =0

Since & is a zero-power valued on J, there exists an integer n > 1 such that 6™(v,) = 0, for all v; € 3.
Replacing v; by v; — 6(v,) + 6%(vy) + -+ + (=1)"" 16" 1(v,) in this equation, we get

[v1,1216(v3) + 6(v2)[vy,v3] = 0
Replacing v; by v, in the last equation, we get

[vy,v,]8(vy) =0, forall vy, v, €3
The rest of the proof is the same as Equation 1. This completes the proof.

Theorem 3.4. Let R be a semiprime ring and I a nonzero ideal of R. Then, R contains a nonzero central ideal,
if R admits a nonzero homoderivation 6 on J such that

i.6(33) =(0)or
i.6(3)e3cZ
PROOF.
i. We have

§(vyov,) =0, forallv,v, €3
Relacing v, by v,v, in the above equation, we get

8(vy 0 v3)8(vy) + 8wy 0 v2)vy + (V1 0 12)8(v) =0
Using the hypothesis, we get
(v ov,)8(vy) =0, forall vy, v, €3
Taking v, by rv,, r € R, in the last equation, we get
[v, v, 6(vy) =0, forall vy, v, € J,r € R

Using the same arguments in the proof of Theorem 3.1, we find that R contains a nonzero central ideal.
ii. We get

§(wy)ovy, € Z, forall vy, v, €3
Replacing v, by v,v3, v3 € J, in this equation, we have

(6(v1) 0 vx)vs + v,[v3,6(vy)] EZ
That is,
[(6(v1) o Vo)V + vy[vs,8(vy)], ] =0, forall vy, v, v5 € J,r € R
and
[(6(v1) o vy), vz + (§(vy) 0 vy)[vs, 1] + 172[[173, 5(171)]'7'] + [vy,7][vs, 6(v1)] = 0
Using the hypothesis, we observe that
(6(vy) o vp)[vs,7] + Uz[[v3'5(171)]'7”] + [va, 7][vs, 6(v1)] = 0
Taking r by v in the above equation, we have
Uy [[U3; 5(vy)], V3] + [vp, v3][v3,6(v)] =0

Replacing v, by 8§(v,)[8(v,), v3] in the last equation, we get
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88w, vsl[[vs, 8], vs] + [6(w1)[6(v1), vs], vsl[vs, 8(vs)] = 0
That is,
S8, vs][[vs, 6(w1)], vs] + 8 W[[8(v1), v3], vs][vs, 8 (W] + [6(v1), vs][8 (vy), v3][vs, 6(v1)] = O
Using the above equation, we get
[6(v1),v3][6(v1), v3][vs, 8(v1)] = O
and
([6(w),vsD* =0

The semiprime ring contains no nonzero nilpotent elements. Thus, [6(v,),v3] = 0, for all vy, v; € J. By
Theorem 3.2 (i), we get R contains a nonzero central ideal.

Theorem 3.5. Let R be a semiprime ring and I a nonzero ideal of R. Then, R contains a nonzero central ideal,
if R admits a nonzero and zero-power valued homoderivation 6 on J such that, for all v, v, € J,

i. 6(v1)6(v,) = vyv, Or
ii. 6(v1)6(v,) = vyvq OF
iii. §(v1)6(v,) = [vy, v,] Or
iv. 5(v1)6(v,) = vy 0o v, OF
V. 6([vy, v,]) = [6(v1),v,] Or
Vi. 6(vy0ov,) = 6(v1) o vy
PROOF.
i. By the hypothesis, we get
§(v1)6(vy) = vivy, forall vy, v, €3

Replacing v, by v,v3, v3 € J, in this equation, we have

§(v1)6(wy)vs + 6(v1)6(v,)8(v3) + 8(v)Vv,6(v3) = V1V,V5
Using the hypothesis, we see that

v11,8(v3) + 8(v)v,8(v3) =0 3)
That is,

(vl + 6(171))1726(173) =0

Since & is a zero-power valued on 3, there exists an integer n(x) > 1 such that (§™®)(x) = 0, forall x € 3.
Replacing v, by v; — 6(v,) + 6%(vy) + --- + (=1)"" 16" 1(v,) in this equation, we get

110,6(v3) =0
Replacing v, by v,v,8(v3)rv, in this equation, we get
10,6(v3)rv1v,6(v3) =0
That is,
110,6(v3)Rv1v,6(v3) = (0)

Since R is a semiprime ring, we have
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v10,6(v3) = 0, forall vy, v,,v; €J

Replacing v, by [r, v3] in the last equation, we have
[r,v3]v,6(v3) = 0, forall v, v; € 3,7 €R
and
[R,v5]36(v3) =0, forallv; € 3

The rest of the proof is the same as Equation 2. This completes the proof.
ii. By the hypothesis, we have

§(v1)6(v,) = vyvy, forall vy, v, €3
Replacing v, by v,v3, v3 € T, in this equation, we get

8§ (v1)6(v2)6(v3) + §(1)8(v)vs + §(v)V26(vs) = vav31y
and
§(v1)6(w2)8(v3) + 6(v1)8(Vy)vs + §(V1)V,6(V3) = Vv V3 — VU1 V3 + VU3

Using the hypothesis, we obtain that
§(1)v,6(v3) = —v,v1v3 + VU3V — V116(v3) 4)

Replacing v, by rv,, r € R, in this equation, we obtain that
S(v)1rv,6(v3) = =TV v V3 + TV, V3V — TV, 6(V3)
Using Equation 4 in this equation, we get
S(w)rv,6(v3) = ré(v)v,8(v3), forall vy, vy, v; €J,r €R
Replacing r by 6 (v3) in the above equation, we find that
8(v1)8(v3)v,8(v3) = 6(v3)8(v)v,8(v3)
Using the hypothesis, we observe that
V301 V,6(v3) = v031,6(v3), forall vy, v,,v3 €
That is,
[vy,v3]v,6(v3) = 0, forall vy, vy, v; €
Replacing v, by rv, in the last equation and using this equation, we get
[r,v3]viv,6(v3) = 0, forall vy, v,,v; €3, 7 €R
Taking v, by v,6(v3)t[r, v3], t € R, in the last equation, we observe that
[r, v3]vo8(v3)t[r, v3]v,6(v3) = 0
and
[r, v3]v28(v3)R[r, v3]v,6(v3) = (0)
By the semiprimeness of R, we get
[r,v3]v,6(v3) = 0, forall v,,v; € 3,7 €R
The rest of the proof is the same as Equation 2. This completes the proof.

iii. By the hypothesis, we get
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6(171)6(172) = [171, 172], fOf a“ V1, Uy € S

Replacing v; by v, v; in this equation, we have

8(v1)8(3)6(vy) + (v )v36(vy) + v16(W3)8(vy) = [vy, v2]vs + v1[Vv3,v,]

Using the hypothesis, we see that
[v1,v3]6(v2) + 6(v1)v36(v2) = [v4, v2]vs
Taking v, by v, in the above equation, we find that
[vy,v3]6(v1) + §(v)v36(v1) =0
By the hypothesis, we have

8(v1)8(w3)d(vy) + 6(v)v36(vy) =0

That is,
5(w)(6(w3) + v3)8(wy) =0

22

©)

Since & is a zero-power valued on J, there exists an integer n > 1 such that 6™(x) = 0, for all x € 3.

Replacing v; by v3 — §(v3) + 62(v3) + -+ (=1)"" 16" 1 (v3) in this equation, we get

§(v)v36(v1) =0
That is,
S(w)vsRE(vy)vs = (0), forall vy, v; €
By the semiprimeness of R, we have
S(w)v; =0, forallv,v; €3

Taking v3 by r[6(v,), v3], € R, in this equation, we obtain that
S(wr[6(vy),v3] =0, forallv,v; € J,r €N
Replacing r by vr in Equation 6, we find that
S(v)vsr[6(vy),v3] =0, forall v, v; € J,r €R
Multiplying Equation 6 on the left by v5, we have
v36(w)r[6(vy),v3] =0, forall v, v; € J,r €R

Subtracting Equation 7 from Equation 8, we arrive at

[6(v1), v3]r[6(vy), v3] = 0

(6)

()

(8)

Since R is a semiprime ring, we get [§(v4),v3] = 0, for all v,,v; € 3. By Theorem 3.2 (ii), we have R

contains a nonzero central ideal.
iv. By the hypothesis, we have
5(171)5(172) = V1 ° Uy, for all V1, V3 EJ

Replacing v, by vyv3, v3 € J, in this equation, we get

8(v1)8(3)8(vy) + (v )v38(vy) + v16(v3)8(Vy) = V1 (V3 0 vy) — [V4,V;]v3

Using the hypothesis, we obtain that
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§(v1)6(v3)8(vy) + §(v1)v36(vy) = —[vq,v5]vs

Replacing v, by v, in this equation, we obtain that
§(v1)6(v3)6(vy) + §(vy)v36(v1) =0
The rest of the proof is the same as Equation 5. This completes the proof.
v. We obtain that
§([vy, v5]) = [6(vy),v,], forall vy, v, €J
This implies that
[6(v1), 8(wo)] + [6(v1), V5] + [v1,8(vy)] = [§(vy),v,], forall vy, v, €T

and

[6(v1),8(wy)] + [v1,6(wy)] =0, forallvy,v, €
That is,

[6(v1) +v4,6(wz)] =0

Since & is a zero-power valued on J, there exists an integer n > 1 such that 6™(x) = 0, for all x € 3.
Replacing v; by v; — §(vy) + 62(vy) + --- + (=1)* 16" 1(v,) in this equation, we get

[v1,6(v,)] =0, forall vy, v, €T
Theorem 3.2 (i) concludes that ‘R contains a nonzero central ideal.
vi. We get
S(wyovy) =8y)ov,, forallv,v, €3
If this expression is edited, we have
8(vy) 0 8(v2) + 8(vy) o vy + vy 08(vy) = 6(vy) 0o v,
and
8(v1) 0 6(vy) +v106(w) =0
That is,
(6(wy) +vy)ob(vy) =0, forall vy, v, €

Since & is zero-power valued on S, there exists an integer n > 1 such that §™(x) = 0, for all x € 3. Replacing
vy by vy — 5(vy) + 6%(vy) + - + (—=1)"" 18" 1(v,) in this equation, we obtain that

Uy © 5(172) = 0, for all VU1,V; EJ
By Theorem 3.4 (ii), we get R contains a nonzero central ideal.

Theorem 3.6. Let R be a 2-torsion free semiprime ring and 3 a nonzero ideal of R. Then, R contains a nonzero
central ideal, if R admits a nonzero and zero-power valued homoderivation 6 on J such that, for all v;, v, €
3,

i. v16(vy) +viv, € Z O

“ v15(172) + (1% 0 or

iii. 1716(172) + VoV = 0or

iv. [6(v1),vo] £ vyv, =00r
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V. [6(v1), v2] £ vv, =0
PROOF.
i. By the hypothesis, we get
v,6(v,) + vyv, € Z, forall vy, v, €3
That is,
v1(6(vy) +vy) € Z, forallvy, v, €T

Since & is a zero-power valued on J, there exists an integer n > 1 such that 6™(x) = 0, for all x € 3.
Replacing v, by v, — §(v,) + 62(vy) + -+ + (=1)""18™ 1 (v,) in this equation, we obtain that

viv, € Z, forall vy, v, €3
Commuting this term with r € R, we obtain that
0 = [v1vy,7] = [V, 7]V, + v [V, 7]
Replacing v; by vs3v4, v3 € J, in this equation and using this equation, we get
[vs, rlvv, =0
Taking v, by t[vs, r]v; in this equation, we have
[vs, r]vitvg, r]v, = 0, forall vy, vs € 3,7, t €R
That is,
[vs, r]v1R[vs, 7]V, = (0), forall vy, v; € J,r €R
Since R is a semiprime, we have
[vs,r]vy =0, forall vy, v; € J,r € R
Replacing v, by t[vs, 7] in the last equation, we get
[vs, r]t[vs,r] =0, forallv; € 3,7, t €R

By the semiprimeness of R, we have [v3,r] = 0, for all v3 € J,r € R. Thus, I < Z. We conclude that R
contains a nonzero central ideal.

ii. We get
v16(vy) + vovy =0, forall vy, v, €3

Replacing v, by v,v,, v, € S, in this equation and using this equation, we have
v18()(6(vy) +v2) =0

Since & is a zero-power valued on 3, there exists an integer n > 1 such that 5™ (x) = 0, forall x € 3. Replacing
v, by v, — 8(vy) + 82(vy) + - + (=1)""186™ 1 (v,) in this equation, we obtain that

v,6(v)v, =0, forall v, v, €I
Taking v, by rv,6(v;), r € R, in the last equation, we have
v,6(v)rv,6(vy) =0, forallv, €3, r € R
By the semiprimeness of R, we get

U15(U1) = 0, fOI‘ a” Uy € S (9)

By the hypothesis, we get
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v6(v) +vZ =0, forallv; €5
Using Equation 9, we obtain that

vZ =0, forallv, €3 (10)

Replacing v, by v; + v, in this equation, we observe that
vyov, =0, forallv;, v, €3
Replacing v, by v,v3, v3 € T, in the above expression and using this, we get
[vi,v2]vs =0, forall vy, v,,v3 €
Replacing v; by r[vy, v,] in this equation, we have
[v1, v2]R[v1,v,] = (0)

Since R is a semiprime ring, we get
[vy,v,] =0, forall v, v, €T

That is, [J, 3] = (0). By Lemma 2.2, we get 3 < Z. We conclude that R contains a nonzero central ideal. This
completes the proof.

iii. By the hypothesis, we get
v16(wy) £vy0v, =0

Replacing v, by v,v; in this equation, we get
v16(v2)8(v1) + v16(W2)v; +v1v26(v1) £ (Vg 0 V)V =0
Using the hypothesis, we get

v18(v2)6(vy) + v1v,6(v1) =0
That is,
v1(8(vy) +v2)8(vy) =0

Since & is zero-power valued on 3, there exists an integer n > 1 such that §™(x) = 0, for all x € 3. Replacing
v, by v, — 8(vy) + 82(vy) + - + (=1)"16™ 1 (v,) in this equation, we obtain that

v10,6(vy) =0, forall vy, v, €
Taking v, by 6(vy)rvy, r € R, in the above equation, we see that
v,6(v)rv,6(v1) =0
By the semiprimeness of R, we have
v,6(vy) =0, forallv, €3

By the hypothesis and using this equation, we have

vovy =0, forallv, €3 (112)
and
2v2 =0, forallv; €5
Since R is a 2-torsion free, we have
v? =0, forallv, €

Replacing v, by v; + v, in this equation, we see that
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vyovy, =0, forallv;, v, €3

Replacing v, by v,v3, v3 € 3, in the above expression and using this, we get
[vi,v2]vg =0, forall vy, vy, 5 €
Replacing v; by r[v4, v,] in this equation, we have
[v1, v2]R[v4,v,] = (0)

Since R is a semiprime ring, we get

[vy,v,] =0, forall v, v, €T
That is, [J,J] = (0). By Lemma 2.2, we get I < Z. We conclude that R contains a nonzero central ideal.
iv. We get

[6(vy),v5] £ vyv, =0, forall vy, v, €I
Taking v, by v,v, in this equation, we get
[6(v1), v2]vy + v, [8(vy), v1] £ vyvv =0

By the hypothesis, we get
v,[6(vy),v1] =0, forall v, v, € (12)

Replacing v, by [§(v,), v1]r, r € R, in this equation, we get

[6(vy), vi]r[6(vy),v1] =0
Since R is a semiprime ring, we have

[6(vy),v1] =0, forallv, €3
By the hypothesis, we get

vi =0, forallv, €

Replacing v, by v; + v, in this equation, we see that

vyov, =0, forallv;, v, €3
Replacing v, by v,v3, v3 € J, in the above expression and using this, we get

[V, v5]vs =0, forall vy, v,,v3 €
Replacing v by r[v,, v,] in this equation, we have
[vy, v2]R[vy, v,] = (0)

Since R is a semiprime ring, we get

[vi,v,] =0, forall vy, v, €
That is, [J, 3] = (0). By Lemma 2.2, we get I € Z. We conclude that R contains a nonzero central ideal.
v. By the hypothesis, we get

[6(vy),v,] £ v,v, =0, forall vy, v, €3
Replacing v, by v, v, in this equation, we have
v1[6(v1), v2] + [6(v1), v1]v, £ vivv; = 0

That is,
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[6(v1),v1]v, =0, forall vy, v, €3
Replacing v, by r[6(v41), v1], r € R, in this equation, we get
[6(v1), vi]r[6(vy),v1] =0
Since R is a semiprime ring, we have
[6(vy),v,] =0, forallv, €
By the hypothesis, we get
v? =0, forallv, €5
Replacing v, by v; + v, in this equation, we see that
vyov, =0, forallv;, v, €3
Replacing v, by v,v3, v3 € T, in the above expression and using this, we get
[v1, V2]V =0, forall vy, vy, v3 €T
Replacing v; by r[vy, v,] in this equation, we have
[v1, v2]R[vy,v2] = (0)
Since R is a semiprime ring, we get
[vy,v,] =0, forall vy, v, €J

That is, [J, 3] = (0). By Lemma 2.2, we get I € Z. We conclude that R contains a nonzero central ideal. We

complete the proof.
0 0O 0 0O
a 0 bllabceR; I=4{a 0 0]labeR
c 0 0

c 0 0
0 0 O 0 0 O
6la 0 b)=(a 0 O
c 0 O c 0 O

Then, it is easy to verify that § is an homoderivation of R, 3 is an ideal of R, and ‘R is not a semiprime ring.
The commutativity conditions given in Theorem 3.5 are satisfied. However, we have 3 € Z. We conclude
that R does not contain a nonzero central ideal.

Example 3.7. Let R = , and 5:R — R be a map

defined by

4. Conclusion

The present study has shown some essential properties of a nonzero ideal of a semiprime ring with
homoderivation. Moreover, it has exemplified the necessity of the hypotheses used in theorems. In future
research, some well-known results in derivation can be applied to homoderivation and generalized
homoderivation. Besides, the findings herein could help to uncover properties of homoderivations in Lie ideals
or square-closed Lie ideals.
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1. Introduction

Due to the extra number of dimensions, hypercomplex number systems generally have a larger set of
roots than those obtained in the complex plane. However, the number of roots varies considerably
depending on the algebraic system [1]. The existence of roots and the obtention of their actual value
are two different problems, just as in polynomial real algebra. Formulae to find the roots in diverse

systems is subject to active research [2].

Scator algebra is an extension of complex algebra to higher dimensions where the real axis is unique,
but there can be an arbitrary number n of hyperimaginary units. In the scator context, the scalar
component corresponds to the real part, and each of the n director components corresponds to the
imaginary part of a different complex set. In this sense, there are n copies of the complex set embedded
in a 1+n dimensional scator algebra, just as in Clifford algebras. A geometric representation of scator
elements is possible in Argand type diagrams with the appropriate increase of extra imaginary axes. In
accordance with Froebenius Theorem and accord with other algebraic systems, not all group properties
can be satisfied for scators for n > 2. Scator algebra is endowed with addition and product operations
and a main second-order involution. However, a peculiarity of the scator system is that the product
is generally not distributive over addition. The scator product definition gives rise to two branches,
elliptic and hyperbolic [3], that are, to some extent, related to Clifford algebras and higher dimensional
versions of complex and perplex algebras [4]. This communication is devoted to the description of

roots of elliptic scators, also referred to as imaginary or cuspheric scators.
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A general description of the roots of elliptic scators relies on two main theorems that give rise to the
Victoria equations in the multiplicative and additive representations. The former establishes that an
exponent % distributes over the scator component factors. The latter translates this result to the
additive representation retaining the multiplicative (angle) variables. The Victoria equation in the
additive representation may be viewed as a higher dimensional version of the de Moivre theorem.
In [5], these theorems were presented, and several cases were expounded with particular emphasis in
the roots of unity. An asset of scator roots is that their number is always finite, contrasting with some
infinite solutions obtained in Clifford algebras [6].

In the present communication, the multiplicity of roots is treated in general in the multiplicative
(polar) and additive (rectangular) representations in Sections 2 and 3. Particular attention is given to
the 7-pair symmetry overseen in the seminal publication [5]. The reader may choose to skip the two
initial sections in the first approach, where arbitrary S'*" dimensions and ¢ roots are undertaken. In
the remaining manuscript, square roots in S'*2 are treated in detail. In Section 4, square roots in the
additive representation are expounded using multiplicative angle variables and additive rectangular
variables. In Section 5, the geometric representation of scators and their construction via the addition
or product of their components is described. In Subsection 5.1, the geometric visualization of the
square root in S'*2 is presented. Conclusions are drawn in the last section.

2. Scators Roots

Scator elements in the multiplicative representation are written as a product of exponentials

o= o ﬁ e#i% ¢ s'tn
j=1
where the multiplicative scalar ¢ and the multiplicative director coefficients ¢;, for j from 1 ton € N,
are real quantities and €; ¢ R. The scator set S is a subset of R™™ where the scator product
and the multiplicative representation exist. The product of two scators is evaluated by performing
the multiplicative scalars product and the addition of the multiplicative director coefficients with the

same director unit,

&3 = (ozo ﬁ exp (%"%’)) (ﬁo ﬁ exp (Bjéj)) = aofo ﬁ exp [(a; + f5) €]

j=1 j=1 j=1

The components having the same director &; satisfy the addition theorem for exponents. In contrast,
components with different director units & and €&, (I # m) do not, i.e., exp (&) exp (Bmém) #
exp (€ + Bm€m). An expression for the exponential of a scator with 142 components has been
derived in [7]. The conjugate of the scator @ = o | e®i® is obtained by taking the negative of

the director components goo* S e~ %i% . The magnitude of a scator { is H‘OPH = g%gop* = ¢y, the

multiplicative scalar thus represents the scator magnitude. The multiplicative inverse <Op = O*||<Op||_2

exists, if the scator magnitude is not zero. The additive representation of scator elements is
n
o v
o=fo+ > fi&
=1
where the additive scalar component fy and the additive director components f;, for j from 1 ton € N,

are real quantities and €; ¢ R. The scator set S'*+7 requires that the additive scalar component must

be different from zero, if two or more additive director components are not zero,

s = L= fo+ > f8;: fo £ 0if I f£1#0, forany j £1}
j=1
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The multiplicative and additive representations are related by

n n n n n
¢ =0 [ 7% = o [] cos(wr) + w0 d_ [ cos (or)sin(;) & = fo+ > f;8;

j=1 k=1 j=1k#j j=1

If fo # 0, then the magnitude in terms of additive variables is given by

o = f?
el = 1ol TT 1+JT]2 (1)
j=1 0
and if fo = 0, then ||@|| = | ;|- A constant magnitude generates the cusphere isometric surface. Other

relevant properties of elliptic scator algebra are summarized in [7].

In S'*1, the multiplicity of roots is due to the trigonometric functions 27 periodicity. Scators with a
single director component are isomorphic to the set of complex numbers, i.e., S'*! 2 C. Thus, the ¢
roots familiar from complex algebra are reproduced, for each €&;, if all the other director components
vanish. In S'*2 or higher dimensions (S!*",n > 2), the 27 trigonometric functions periodicity can
be applied to each of the n ¢;’s. Then, there are ¢ roots per each of the n hypercomplex director
directions. According to this reasoning, Corollary 1 in [5] stated incorrectly: “There are at most ¢"
different roots for a scator g?: € S*7 raised to the power %”. In scator algebra, when two or more hyper-
imaginary units are present, the arguments of two multiplicative components can be simultaneously
modified by w. Their product leaving the element invariant. This symmetry increases the multiplicity

of the roots. These assertions are formulated in the following propositions.

Definition 2.1. The m-pair transformation symmetry requires the simultaneous displacement by 7 of

the argument of two multiplicative director components of a scator element. Given <Op = o H;'L=1 e?i% €
1+n . . o ol .

ST a m-pair transformation ¢ — ¢ is

n
P =go [] ew®ieloEmeclontnen

J#Lm

for any [, m pair from 1 to n.
Proposition 2.2. Elliptic scators are invariant under w-pair transformations.

PROOF.
v v o P
For the components €; and é&,, of a scator ¢ = g H;‘:l eri®i,
n
o L .
¥ = ®o H ePiigfi€lgpmem  gltn
J#lm

Perform a m-pair displacement of the components €; and é&,,

n n
o/ & 5 5 X - . . .
© = o I | e¥iCi e(soz:tw)ele(SDm:l:ﬂ)em = ¥ | I ePiCi egolelegpmemezl:wele:l:wem
i#Flm J#lm

then

o/ ) o

¢ = peteeEmem = 5 (~1)(-1) = ¢

This m-pair displacement can be carried over an arbitrary pair of components. Therefore,

n
!/ v
8 = o [T elorormss = g
j=1

for o; = 1 applied in pairs. If o; = 0, then the 4% component is unaltered. [J
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Corollary 2.3. The w-pair displacement of components k and [ and subsequent m-pair displacement

of k and m is equal to the m-pair displacement of [ and m.

PROOF.

The k and [ m-pair displacement is
n

©0 H %1% exp (¢ 4+ 7) ;) exp (o1 + 1) &) exp (©mem)
J#k,lm

and the subsequent k and m m-pair displacement is

n

vo [ €% exp ((or + 71 +7) &) exp (91 + ) &) exp (g + ) ém)
J#k,lm

Due to the 27 symmetry this scator is equal to

n

vo [[ €7 exp(orér)exp (o1 + ) &) exp ((om + ) &)
j;ékalvm

that is the [ and m m-pair displacement. [

In the multiplicative representation, Theorem 1 in [5] established the roots of a scator due to the 27
trigonometric periodicity. This theorem can now be extended to include the roots arising from the

m-pair symmetry.

Theorem 2.4. In the multiplicative representation, for a scator g% = o [1j=1 e®i® € S'*™ raised to
the power % such that ¢ € Z, the exponent % distributes over the scator component factors

n 1 n
(,OO% _ (SOO H etpje]> _ é H f(90j+27rrj+aj7r)éj (2)
=1 =1
where r; € Z, from 0 to ¢ — 1 and o5 is 0 or 1, the sum of all o; is even, for j from 1 to n.

PROOF.
Let goa = zq. From the distributivity of an integer exponent over the scator factors, stated in Theorem
3 7],
n n q n
b= w0 [T exp (e + 27+ oym) &) = (G0 [ e (8)) = T exp (as8,)

j=1 J=1 J=1
equating components, ¢g = ¢{ and @j +2mrj + o;m = qC;, where r; € Z takes values from 0 to ¢ — 1
and o; = 0 or 1 in pairs, for each subindex j. The 277; addend in the argument makes explicit
the fundamental symmetry of the exponential function with unit directors that satisfy €;&; = —1.
Whereas the even sum of o; exhibits the m-pair symmetry of components couples. Evaluate the above

equation to the power %,

S

QT = (900 I1 exp (%%)) = ¢o [ exp (¢8))
j=1 j=1

1
Substitute (; = % and (o = ¢g , Equation 2,

1 L 1 n
‘OPq_(WOHeXP(SDjeJ) = SH ( (¢j + 277 + ojm )éj)

j=1
is obtained. [
Corollary 2.5. A scator g% € S to the power % has at most 2pq™ different roots, where p is the

number of different w-pair possibilities.
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Proor.
For r; € Z, from 0 to ¢ — 1, there are ¢ possible arguments for each of the n director components.
Therefore, there are ¢" possible permutations. For each of them, there is a number p of m-pair

possibilities, where every m-pair has two possible values. Thus, there are 2p ¢" possible configurations.
O

In many cases, the number of different roots is less than 2pq™, either because some root values are
repeated or involve only a single director component. Restricted to S'*2, gOO = @peP=er ey where
in low dimensions z,y, z lower case roman letters are used instead of numbering the subindices. The
multiplicative Victoria Equation 2 is then

ol 5 o5 \3 1 & 1 :

HT = (me@zez e@e;,) 7 _ %;eq(<pz+27rrz+an)ezeq(goy+27rry+mr)ey (3)
where 14,7, € Z, from 0 to ¢ — 1 and o = 0,1. For S'*2, there is only one m-pair possibility, both
components with either 0 or 7 phase shift. Thus, there are at most 2¢> roots in S'*2.

3. Roots in the Additive Representation

Theorem 2 in [5] establishes the equation for the roots of scator numbers with the multiplicity due to
the fundamental 27 symmetry of the trigonometric functions. This theorem is extended here in order
to encompass the roots arising from the m-pair symmetry.

Theorem 3.1. A scator g% € S raised to the power %, q € 7Z, in the additive representation satisfies

the Victoria equation

1
q

Q=
|

o . v
! = (900 [Ti=1 cos or + 3271 o [Ti.; cos vk Sm%‘ej>
o

CTITZ'”rnﬁ'lU?"'Un

1

= od TIR_ cos (% (pr + 27y, + Ukﬂ'))

1
+ 22721 96 11iz; cos (% (pr + 271y + Umr)) sin (% (pj +2mr; + O'jﬂ')) €;

for r; € Z, from 0 to ¢ — 1, and oy, 0; = 0 or 1, where >_}'_; 0}, is even for j,k from 1 to n. Provided
oq

that the ¢ products of and its n components are associative for a given set of r;’s and
o

T172:Tn,0102:"0n

. . . o4
o-pairs is a root of © = ¢,y
K

) 4717'2"'7"7170'10'2"'0% 0102::0n "

Proor.

The sum of oy, is even if the value of 1 is always assigned in pairs. For each pair o, = o, = 1,
Il # m from 1 to n, the ¢; and ¢, arguments of the trigonometric functions are displaced by .
The scator @ = o [[7_; cos @y + > 7=1 90 [1)z; cos prsinp;é; is left unchanged by this transfor-
mation since cos (p; + ) cos (@m + T) = €OS Y] COS Py, €0 (Y + T)sin (@) + 7) = cos @, sin ¢; and
cos (¢; + m) sin (¢, + m) = cos¢ysingy,. For odd n director dimension, the remaining unpaired ¢;

should not be displaced to leave g% invariant. This m-pair symmetry is carried through to the RHS of
oq

Equation 4. Write the scator ¢ = ¢ S in the additive representation with multiplicative

01090n
variables

n n n n n n q
0o H cos py + Z o H oS i, sin ;€ = (CO H cos (i + Z Co H cos (j sin Cjéj) (5)
k=1 j=1  k#j k=1 j=1  k#j

From Theorem 4 in [7], that generalizes De Moivre formula to S'*" scator space, provided that the
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product of the factors and its components are associative,

n n n n n n
©o H Ccos py, + Z ©0 H cos ¢y sin p;&; = (¢ H cos (qCx) + Z @ H cos (qCx) sin (¢¢;) €;  (6)
k=1 J=1  k#j k=1 J=1  k#j
Equating the additive scalar components
n n
0o H cos (¢ + 2mry, + o) = ¢§ H cos (qCk) (7)
k=1 k=1

whereas for each j director component

n n
©o H cos (¢ + 2mry, + o) sin (@ + 271 + om) €5 = ({ H cos (qCx) sin (¢¢;) €;
k#j k#j

where the fundamental 27 symmetry of the trigonometric functions as well as the 7-pair symmetry
are written explicitly, each r; € Z goes from 0 to ¢ — 1 and o; = 05, = 0,1 are set in pairs with
equal values, any unpaired o is set equal to zero. If all &; coefficients are zero except one, say the
& coefficient, ¢ sin (¢ + 27r; + oym) = (¢ sin (¢¢;) and the relationship between angles is straightfor-
ward. In this case, o; is unpaired and equal to zero. If two or more &; coefficients are different from
zero, cos (¢j + 2mrj + o;m) # 0 and cos (¢¢;) # 0 for all j, since ¢ € S'". The products can then be
completed for all £ and each of the &; equations become

n n
wo [T cos (pr + 27y, + o) tan (@ + 277 + ojm) &5 = ¢f [ cos (agi) tan (¢¢;) &;
k=1 k=1

With the use of Equation 7,

1

tan (¢(j) = tan (@; + 271 + 0jm) = (§ = p (pj +2mrj + ojm) (8)
1

for all j from 1 to n. Replace the angles (; = é(SOk + 27r, 4+ ojm) in Equation 7, to find (o = ¢ -

Evaluate Equation 5 to the power é,

Q=
|

o n n n . 5 %

p? = (goo I cospr + > wo [] cos g sm«pje])
k=1 j=1 k#j

o

CTITQ"'TH70102"'0'71

= CO kﬁl COSCk + i (O ﬁ COSC]C SIDCJéJ

J=1  k#j

Rewrite the (; variables in terms of ¢; from Equation 8 to obtain,

1 o in 1
Sooq = C'rlrgmrn,olagmcfn = ((Pg H COs (q (@k + 27(7% + Ukﬂ))

k=1
+ Z g H COS < (pr + 277 + akﬂ)) sin ( (pj + 2mr; + ajw)) éj>
=t kg M q
oq
The derivation of Equation 6 from Equation 5 required associativity of the (,. ;... products. How-
[

ever, due to the multi-valued inversion that followed, it is possible that for certain C, ,,.... 5109-0n
q

o
solutions, some of the ¢ products of ¢ do not satisfy associativity. From [8] Theorem 2.1,

T1ir2:Tn,0102:0n

associativity is insured if all possible product pairs have a non vanishing additive scalar component.

o
For each (,\py. 51090, 10 D€ & TOOL,
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oq i n

1
(rlrg---rn,alo'g---an = |:<)0(31 kl:ll COs (% (Sok + 277y + UkTr))

n 1l n 1 1 4
+ > ¢ I cos (5 (pr + 277y + O'kﬂ')) sin (5 (pj +2mr; + ij)) éj] 9)

must be associative. Thus, none of the ¢ x n products should give a scator with zero additive scalar

o
component if two or more director coefficients are different from zero, then (. ... 510,..0, Satisfies
K

oq o

=¢p. O

CTITQ“‘Tnyo'IO'Q‘“Un

The scator roots are identical in the multiplicative representation (Theorem 2.4) or the additive
representation (Theorem 3.1), unless obstructed by the lack of associativity. Recall that associativity
is not an issue in the multiplicative representation. However, in the additive representation, non-

associative products can lead to spurious roots. This problem is discussed at length in [5].

4.Square Roots in 14+2 Dimensions

Lemma 4.1. The square roots of cop = () COS Py COS Py + P COS Py Sin Yz €, + Yo €S Y sin @, €, are

1 o 1
52 = (10 =Fp5 (cos % Ccos % + cos % sin %ex + cos % sin SDQyéy) (10)
and from the m-pair symmetry
0% o 1
@2 = = (g1 = %95 (sm % sin % — sin % cos %éz — sin % cos iyéy) (11)

Proor.
For ¢ = 2 in S™2, from the Victoria Equation 4 in Theorem 3.1, the roots of g% are

1
cos (5 + & 4 7ry) cos (% + &t + 7ry) + @ cos (% + &+ 7ry) sin (5 + G +7ry) €,

(NI
Ol

o
Y =@

1
+d cos (£ + G + 7mry) sin (5 + I 4+ 7ry) &y
o

= Crxry,a
for r;,7,,0 = 0, 1. In this particular case, the r,,r, different values change the sign of all components,
— for r, # ry and + for r, = r,. This degeneracy halves the number of roots arising from the 27
symmetry from ¢" =4 to 2,
1

1
27 = +pd [cos (% + F) cos (B + FF) +cos (§ + F)sin (5 + F) &

" (12)

<

+cos (4 4+ &) sin (% + &)

o
= Cio

The multiplicity coming from the m-pair symmetry is 2p = 2, since there is only one possible pairing.

Hence, the total number of possibly different square roots is 4. If ¢ = 0 in Equation 12, two of the

square roots are given by Equation 10. If o = 1, the other two square roots, since cos (% + ) =

—sin <p23 and sin (gj + %) = cos %J , are given by Equation 11. [

In the subsets S'*1, where either the &, or &, coefficient is different from zero, there are two roots
since these subspaces are isomorphic to the complex plane. In [5], it was wrongly stated that “For
elements cop € St \ S0 there are only two different square roots in the additive representation”.
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The 7-pair symmetry now included, has corrected this mistake. There can be, as shown above, up
to four different square roots in S'*2\ S!*1. The number of 2pg™ roots in S!*" for n > 2 increase

considerably due to the m-pair p different pairing possibilities as well as the n dimensions.

4.1. Square roots with additive variables

Lemma 4.2. The square roots of <Op =s+x& +yé, are

\/g = Zi,o

+sgnx\/ (V22 —s) (VT3 +5) & "
+Sgny\/(\/82+—a:2 +5) (V217 ) éy]
and for the 7-pair symmetry
Vo =t
-4l /T [sgmgnyﬂm_s)( TP —s) »
14

—sgny\/(\/m+ s) (\/W - S)ém
_ng;\/ (Vo4 a7 —s) (Vo H 2+ éy]

PROOF.

o . v . v . I .
The scator ¢ = g cos @, €os @y + o COs Py, Sin Y, €, + g cos Y, sin p, €, in terms of additive variables
is g% = s+ xé&; +yé,. The relationship between multiplicative and additive variables is

5 = (P COS Pz COS Py, T = Qg COS Py SIN Yz, Y = P COS Pz SIN V.
From the quotient of the directors over the scalar coefficient

and 7 = tan Py, = COS Py = i (15)

s
Vs? + x? s /s2 1 42
In order to write the square roots in terms of the additive variables, rewrite the half angles in terms
of angles cos £ = %\/1 + cos ¢ and sin § = %«/1 — cos ¢. These substitutions put together give

T
— = tan @z, = CoS Y =
s

Pz

cos (2) cos (2> - ;J (1 + \/3217332) (1 + \/7> (16)

(17)

s
52 492

(o () =2 (1t Y (10t

2 2 Vs? +a? NEE

. 90y> (%)_sgny ( s > s

sin| —|Jcos|— | = 14+ — 1l — 18

<2 2 2 V8?2 + x? Vs? + y? (18)

(22 ) sin () — sy J (- i) () )
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where sgn is the sign function. The scator magnitude from Equation 1 is

2l — — 22 yj_i 2 2,/a2 2
||g0||_g00_|s|\/1+82\/1—i-52 = ‘S‘\/s +x2\/s2+y

Evaluate the product of the magnitude’s square root

1
— = /52 2, /g2 2
v o \/‘S‘ §°+x°4/8° +y

times Equations 16-19. Substitution in Equation 10, Lemma 4.1, gives Equation 13. The m-pair

multiplicity is obtained from substitution in Equation 11.
If z or y are zero, the usual square root of a complex number is recovered. For example, from Equation

13,ify =0, \/§ = + <\}§\/\/m+s+5gg\/\/52+$2 —séx). The z or y zero limit does not

o
make sense for (4 ;, because these novel roots arise from the m-pair symmetry that requires at least

two nonvanishing director components. [
Corollary 4.3. The square roots of g% = s+ xé&; +yé, lie on the plane
(cos g — cospy) S +sing, X —singp, Y =0 (20)

that in additive variables is
s (\/32 + 22 — /52 —i—y2) S—a\/s2+ 12 X +yvs?+22Y =0 (21)

PROOF.
Since the roots come in 4 pairs, zero must be on the plane where the roots lie. Let this plane be
apS + a, X + ayY = 0. Substitute the positive value of the roots Equations 10 and 11, upon division

by cos % cos %, the equations are

y Py

ag + tan %am + tan %ay =0 and ag — cot %ax — cot 2 ay =0
Write the semiangles in terms of angles tang = 1-??0959 and cot g = 1fiéloie. Isolate sin ¢, a, and add

the two equations
1 1-—
2a0 + (1+cosipy) - ( €0s y) sin pgza; =0
14 cos p, 1 —cosp,

Upon rearrangement
— sin @, — sin @y
Ap = agp, ay = ag
(cos ¢y — cos ) (cos g — cos @y)

where a, follows an analogous procedure. From

oS — sin @, Y _ sin (o, aY =0

(cos py — cos ) (cos g — cos @y)
Equation 20 is obtained. A similar procedure starting with Equations 13 and 14 gives Equation 21.

O]

This result is particular to square roots. Higher order roots no longer lie on a plane as evinced by

cube and higher order roots in [5].

In the multiplicative representation, the square roots in S'*? from Equation 3 with ¢ = 2, are
1 . .\ 2 1 (op, m . ™ 5
(0)02 _ ((poeapzezegoyey> 2 _ (pg6(%+g§+m~z)eze(%JrcraJrﬂry)ey (22)

for o = 0,1 and 7, = 0,1 and r, = 0,1. The e™=€r and e™v® factors introduce a minus sign if
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Ty # Ty. The four possibly distinct square roots of a scator @ = ppeP e eve are

Py ~ 1 P
ez v i(pé@(?z'i'%

Y

Y

T )éy (23)

ol

o

1
©° = Fpje

s

~—
<
8
9]
—~
A

5. Geometric visualization

The scalar and the two director components of a scator g% € S'*2 can be depicted in orthogonal

directions in a three dimensional space as shown in Figure 1.

€y
A
e‘Pyéy 777777777777777777777777777777
* Ky

Figure 1. Geometrical representation of the unit magnitude (@9 = 1) scator goo = COS Pz COS Py +
COS (y Sin @ €, + cos Y, sin @, €,. In additive variables goo =s5+x¢ +yé,.

1. The additive components of a scator g% = s+x &, +y &, can be represented as directed line segments

in the s, &, &, axes respectively.
2. In terms of the multiplicative variables:
(a) ¢p is the distance given by the scator magnitude of the point g% to the origin,

(b) ¢z is the angle that the projection of the point <Op onto the s,z plane makes with the positive
scalar axis and,

(c) @y is the angle of the projection onto the s,y plane with the positive scalar axis.

3. A scator can be constructed from the sum of its components, ¢ = (s) + (z&,) + (y&,). This
procedure is visualized with dash-dot blue lines in Figure 1. The tip of the goo scator does not match
the sum of the three components because the scator magnitude is not an Euclidean magnitude.

4. A scator can also be constructed by the sum of two scators with a scalar component, g%sz =stxré, =
cos goye%éz and g(z))sy = s+ ye, = cos 0 efey. g?)sm and g%sy are depicted by green dashed lines with
arrows in Figure 1. However, the additive inverse of the scalar component has to be added to achieve
the appropriate result g(())sm—{—g%sy—s = 2s5+xé,+yé,—s = s+xé&,+y¢é, Having a scalar and a director
component, permits the representation in polar coordinates. Notice that the g%sx and g%sy scators have a
somewhat smaller magnitude than their counterparts in the multiplicative representation. The scators
ePr8r = cos p, + sin @&, and e¥v® = cos py + sin ¢, €, have been depicted in the figure ending with

o - v P . o _ v é
a dot. The scators p,, = s + €, and e?"® are collinear, thus are ¢,, = s+ yé, and e?v°v.
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5. Scators can also be constructed from the product of their components,

o) “ « 1 o o 1 v v

Pp=staltyey = —Pupy = (s+28)(s+yéy)
provided that product with the multiplicative inverse of the additive scalar component is included.
In the multiplicative representation, g% = @pePere¥v8 is equal to the product of the multiplicative
director components (?3 = g00$<0py = (./apoe‘f’zél) (,/cpoewyéy), where the magnitude has been symmet-
rically split between components. This product can be seen as a rotation of the /pge?*® scator by
¢y in the &, direction (plane depicted in semitransparent yellow). It can of course be seen the other
way around, a rotation in the &, direction (plane depicted in semitransparent green) of the scator

/gpoe@yéy .

This last property of scators is in sharp contrast with vector elements, where the product of components
cannot be used to construct a several component vector.

Scator products geometrically represent rotations, although the term rotation is a bit of an abuse. The
product of an arbitrary scator with a unit scator geometrically represents a rotation that preserves
the scator magnitude. However, they are not rotations in the Euclidean sense because the Euclidean
metric is not preserved. For this reason, the end point of the scator cop is not equal to the end point
of the three components sum. In contrast, the tip of each of the g%sx or g%sy scators coincides with the
sum s + €, or s + yé, respectively, since the scator magnitude in 1 4+ 1 dimensions is equal to the
Euclidean magnitude.

5.1. Geometric representation of the square root

The scator square roots involve halving the ¢, and ¢, angles and taking the square root of the
magnitude ¢p. Some of the square roots also involve adding a m and/or a § term to the argument.
The scator angles and half angles without any other terms are geometrically depicted in Figure 2.

€y
A

So

Y
©)
8

Figure 2. Geometrical representation of a square root \/g of a scator g% The ¢, and ¢, angles are
halved and the square root of the magnitude is evaluated.

A scator ¢ (in green) is projected in the s, &, and s, &, planes (green dotted lines). The angles ¢,
and ¢, are the angles that these projections make with respect to the scalar s axis. These angles are

halved and represent the projections of the resultant scator \/5 (in red). A unit magnitude scator is
assumed, so that the tip of both scators must lie on the unit cusphere surface.
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The projection of 40,0 in the s,é, plane (green dotted line) is the scator LOpx = %% Tt is a unit
magnitude hypotenuse with projections cos ¢, and sin ¢, in the s and &, axes, that correspond to the
additive representation of this scator c?)x = e¥*® = cos p, + sin ¢, &,. The scator magnitude of goox,

from Equation 1 is ||| = [fol /1 + % = \/f8 + f2, equal to the Pythagorean identity. The scator
0

magnitude v/s2 + 22 in S'! is identical to the Euclidean magnitude. Thus, a right angle triangle
where the tip of the hypotenuse matches the sum of the directed catheti is obtained.

An analogous result is obtained for the projection of goo in the s, &, plane (green dotted line), g%y =
e#v® = cos py +sin ¢, €,. Again, a unit magnitude hypotenuse is made up from a right angle triangle,
but this time in the s, &, plane.

The product of these two projections g% = g%mg%y = (e%éz) <e¢yéy), construct the g% scator. Its additive

representation is g% = COS (P COS Py + COS Py SiN , €, + COs , sin y €,. Its magnitude, from Equation
||@||—II¢ \/1+ \/s2+x2+y + 5

2]l = \/ cos? , cos? iy, + cos? py sin? p, + cos? ¢, sin? ¢, + sin? p, sin? p, =1

1is

242 cos? gy sin? g cos? g sin?

where the last term QCSQ o 5 ?v is crucial to attain this result. The tip of the
a cos? @y

scator <Op = s+ x €, + y &y, cannot match the tip of the directed sum of the three components (That
would imply a magnitude \/s% + 22 + y2).

The ¢ scator root (in red) is now the product of the two projection scators e% e and e3%. Tt also
has unit magnitude and is leaned closer to the s axis in both &, and &, as expected for smaller angles.

Figure 3. Roots (green points) of ¢ = cos G cos T + cos g sin g &, + cos gsin £ &, (red point). The
origin is located at the black point. The (2\@ —-1- \/5) s+2x— 2\/ 2 — iy = 0 plane is shown in

semitransparent yellow. The four roots lie on this plane but not the ¢ scator (red).
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Consider as a numeric example, the scator

g%:\f(\/5+1)+;(xf5+1) éz+i 2(5—%5)(31,

where the values have been chosen so that the two different angles are rational (relative primes)
functions of m. From Equation 13, two roots are given by

(\/§+1) 5+\/5+ (ﬁ—l)ﬁv

(V3+1) (v5-1)
3 3 e; + 8v/2

and the other two m-pair symmetry roots from Equation 14 are

Si,w:i(<\/§_l8)\/<§\/g_l) (vB+1) (Vi) . (\/5—1)méy)

v

Sy

o
Cro=1=%

8v2 8
This scator in multiplicative variables is
¥ coswcos7T +cos7Ts' Wé +cos7rs' Wé
= — — —sin — —sin —
’ 6“5 56 65 Y
Its roots from Equations 10 and 11 are

0%_2 _i<COS7TCOS7T+Cos7rsin7Té —|—cos7Tsin7ré>
p°=Cro= 12 10 10 12°° 12710

and

O%*Z ﬂ:(sinﬁsin7T sin - cos — & sinﬂcosﬂé)
LA e 12710 10 127 127710 7

These roots are depicted in Figure 3. The equation of the plane where the four roots lie, from Equation
21 is

B

(2vB-1-V5)s+22 -2 g—7y=0

1.0
- - o
L o L

0.5 — - ()0 0.5 — SO

. [ 6 . [

(ST i ey i

¢ 0.0 0.0

-0.5 - -0.5 —
7|\|\|\\\\|\|\|\|\|\ _1.07\\\\]\|\|\|\|\||\|\
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0

S S

Figure 4. Projections of the roots (green points) of ¢ (red point) in the s,&, (left) and s,é&, (right)
planes.

The halving of the angles is not at all evident in the three dimensional plot. However, in Figure 4,

where the projections in the s, &, and s, &, planes are shown, the angle division is clearly depicted.
o o o
Furthermore, the other three roots, (_ o, ¢, ; and (_ ; are seen as 7, § and 7+ 7 rotations respectively

of the first root.
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6. Conclusion

Scator roots exist in S'T”, and their values in the multiplicative and additive representations are
given in closed forms by the Victoria equations in Theorems 2.4 and 3.1. These extended versions of
previous theorems exhaust all possible values for the roots of a scator. The multiplicity of the ¢** root
of a scator 4?3 € S is at most 2pg™, where p is the number of different m-pair possibilities (Corollary
2.5). The ¢"* root of a scator involves the division of the scator angles by ¢. The @; angles are the
multiplicative director components of the scator. They can be represented geometrically as the angle
of the projections in the s, &; planes. The square root of a scator in S'*+2 has at most four different
values that are contained in a plane (Corollary 4.3). Their values are given by Lemmas 4.1 and 4.2.
These roots can be nicely depicted in three-dimensional space with the s, x &, and y &, components
drawn in orthogonal axes. The geometric construction of a scator by adding its components is not
surprising since vectors and other algebraic structures exhibit this feature. However, the construction
of a 1+ n dimensional scator via the product of its 1+ 1 components is quite novel and uncommon in

most algebraic structures.

In future studies, the square roots obtained here may be successfully used to find the inverse orbits
in the quadratic iteration dynamic scator space. Thus, an algorithm for visualizing the scator fractal
Julia sets in 142D may be provided. Moreover, this square roots inverse visualization procedure
may be implemented. We believe the present results also pave the way for studies on considering
higher-order roots and evaluating square roots in higher dimensional scator spaces.
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1. Introduction (Compulsory)

Quaternions include diverse fields such as game programming, robotics, animation, and navigation
systems [1-3]. In addition to these areas, quaternions are important for the theory of curves and
surfaces. Bharathi and Nagaraj have introduced the Serret-Frenet formulae for quaternionic curves
in R® and R* [4]. By utilizing this study, numerous studies have examined quaternionic curves.
One of them, the authors have proved that if the bitorsion of a quaternionic curve does not vanish,
then there is no quaternionic curve in E*. Therefore, they have expressed (1, 3) type Bertrand
curves for quaternionic curves [5]. Babaarslan and Yaylh have examined constant slope surfaces with
quaternions [6]. In [7], the authors have expressed the ruled surface as quaternionic and computed
some properties of the ruled surface. Moreover, they have investigated the dual ruled surface using
dual quaternion [8]. In light of these studies, Caligkan have examined the quaternionic and dual
quaternionic Darboux ruled surfaces [9]. In [10], the authors have examined the advantage of the
dual number of Clifford algebra to make the singular ruled surfaces transform into dual singular
curves. Aslan and Yayli have defined the quaternionic shape operator by the quaternion. Their article
has aimed to find a way to the invariants of the surface using Darboux frames and quaternions [11].
In [12,13], the connection between split quaternions and surfaces with the constant slope in Minkowski
3-space has been explored. It is demonstrated that these surfaces can be transformed using rotation
matrices associated with quaternions and homothetic motions. A surface is said to be ruled if it is
generated by moving a straight line continuously in R3. Thus, a ruled surface has a parameterization
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in the form A(s,v) = d(s) + vi(s) where we call o the base curve and Z the generator vector of
the ruled surface [14]. Ruled surfaces are important for robot kinematics. Ryuh has suggested that
ruled surfaces play an important role in robot end-effectors [15]. In another study, the ruled surfaces’
differential properties drawn by the developed trihedron’s generator vector have been examined [16].
In [17], the authors have introduced a new type of ruled surface defined using an orthonormal Sannia
frame on a base curve. They have studied the properties of these surfaces using the first and second
fundamental forms, as well as the mean and Gaussian curvatures. They have provided conditions for
when these surfaces are developable and minimal and present some examples of these ruled surfaces.
Eren et al. have introduced new types of ruled surfaces in Euclidean 3-space. These surfaces have been
obtained using the evolution of an involute-evolute curve pair and studied with the modified orthogonal
frame. They have provided some results on these surfaces’ Gaussian and mean curvatures [18,19].
Bilici has examined ruled surfaces produced by a Frenet trihedron of closed dual involute for a specific
dual curve. He has specifically focused on the relations between the pitch, the angle of the pitch, and
the drall of these surfaces [20]. Some ruled surfaces produced using the Frenet trihedron, Blaschke

frame, and the surface family are studied in [21-24].

In Section 2, we provide some necessary background information about the problem of the paper that
was mentioned in the introduction. In Section 3, we give characterizations of ruled surfaces drawn
by the unit Darboux vector using quaternions. We obtain the quaternionic shape operators and their
matrix representations using normal and geodesic curvatures. In the last section, we exemplify the
findings.

2. Preliminaries

Let a : I — R? be a unit-speed curve. Then, the three vector fields #(s), 7i(s), and b(s) on the curve
a are unit vector fields that are mutually orthogonal at each point. We call i(s),7(s), and b(s) the
Frenet vectors on the curve a. The Frenet formulas can be given

t(s) = k(s)ii(s), n'(s) = —r(s)i(s)+ 7(s)b(s), and ¥ (s) = —7(s)ii(s)

where k(s) and 7(s) are the first and second curvature of the unit-speed curve, respectively [25]. For
any unit-speed curve a : I — R3, the vector W(s) is called Darboux vector defined by

W (s) = 7(s)t(s) + k(s)b(s)

If consider the normalization of the Darboux C(s) = ———W (s), we have

W (s)]
Ci(s) = sin &(s)E(s) + cos &(s)b(s)

where cos&(s) = ||v’:/(( ))H siné(s) = ”VTV(( ))” and Z(W (s),b(s)) = &(s). A quaternion is a unit length of

four-vectors ¢ = d + aej + bés + ce3 characterized by the following properties:

dl=el=cl=exébxe=-1, _ _ _ .
= - [ - [ - = 617627636R
e1 X eg =e3,€62 X €3 =e€1,3 X €1 = €9

The quaternion product of two quaternions ¢; and ¢o, which we write as g1 X ¢o, takes the form
@1 X q2 = didy — (a1az + biba + cic2) + (diag + arda + bica — c1bg)é]
+(d1ba + bida + bras — a1be)és + +(dica + c1da + a1bs — bras)és

The complex conjugate of a quaternion ¢ is denoted as ¢ = d — aé} — bés — c€3. The norm of ¢ is

N(q) = Vd2 + a2 + b2 + ¢
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Pure quaternion is denoted as ¢ + g = 0 = ae1 + bés + c€3. The quaternion multiplication of two
pure quaternions is ¢; X g2 = —(q1,4¢2) + q1 A g2. The unit quaternion can be written in the form as
q = cos ¢ + sin o7 where ¥ € R3 and ||7]| = 1. Let ¢ be a unit quaternion and 1 be a pure quaternion.
Then,

W =gxwWxqg!

is rotated 2p about the axis ¥. We say finally that the desired rotation matrix fixing the direction v is

[ 1 +sin2 p(u? — u? — ud —1)  —sin2pus + 2sin? pujus sin 2pug + 2 sin? pujusg
R= sin 2¢us + 2sin? puiug 1 +sin? p(u3 —uf —u3 — 1) 2sin? pugusz — sin 2puy
| 2 sin? pujug — sin 2pus sin 2puq + 2sin? pugug 1 + sin? go(u% —uld —u?—1) |

where R is an orthogonal matrix. For detailed information on the theory of quaternion, see the
references [1, 3, 26].

If p is a point of M, for each tangent vector X to M at P, Sp()_f) = —V)?Z. Sp is defined as the shape
operator of M at p. The shape operator is the symmetric linear map. Here, Z is the unit normal
vector field. A surface M in R? is flat provided its Gauss curvature is zero, and minimal provided its
mean curvature is zero. Moreover, the Gauss and minimal curvatures are independent of the choice

of basis. These curvatures are found in the equations

_ !\S(TEU))Aﬁ(f(t))\I H- HS(T(U))Mi(t)ﬂL :(U)AS(Tﬁ(t))II
IT(u) NT) 2|T(u) NT@)]

where T'(u) and T'(t) are the tangent vectors of 3(u) and ((t), respectively [25]. Let 8 be a curve that
is traced on a surface and Darboux frame {T'(u),Y (u), Z(u)} is an orthogonal frame. The equations
of motion of the Darboux frame can be written as

T'(u) 0 ko) Fnlw) | [ T(w)
Vi) | =8l | <ko(w) 0ty || V) (1)
Z'(u) ko) —tyw) 0 || Z(w

Here, kj, k4, and t, are the normal curvature, the geodesic curvature, and the geodesic torsion,
respectively [14, 25].

Theorem 2.1. [11] Let M be a surface with parameter v and S(u) be a unit speed curve in M.

—

Using the quaternion operator Q(u) = kp(u) +tg(u)Z(u), the shape operator can be given as
S(T(w)) = Q(u) x T(u) (2)
The quaternion ) will be called a quaternionic shape operator.
Quaternionic shape operator can be given by the unit quaternion p(u) = cos 2¢p(u) + sin 2¢(u)Z (u) as
Q(u) = \/kn2(u) + t,2(w) (cos 2p(u) + sin 2 (u) Z (u))

Then, we can say that the vector Q(u) x T'(u) is obtained by revolving T'(u) around the normal vector

7 (u) of the surface through twice the angle of ¢ [11].

Theorem 2.2. [11] Let M be a surface, X be a local parameterization of M, N be the unit normal
vector field of M, and Q(t) and Q(u) be the quaternionic shape operators. Then, the Gauss curvature
K and mean curvature H of M are as follows:

o _ l@wxT

() A Q) x (1))
T(u) A T(0)|

” 3)
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and

3. Main Results

In this section, the quaternionic expression of the ruled surfaces drawn by the unit Darboux vector
and the striction curve on the surface are given. We obtain some interesting results, such as rotation

matrices, Gauss, and mean curvatures of the surface.

Theorem 3.1. Let @ be a striction curve belonging to a ruled surface A(s,v) = @(s) +vC(s). The
quaternionic equations of the ruled surface and striction curve are given by

—

A(s,v) = d@(s) + vp(s) x (s)

and ) .
. (C'(s),t(s)) =
a=d(s)—wv p(s) x t(s)
1C7(s)]1?
PRrROOF.
By taking into account the unit quaternion p(s) = 7(s) - r(s) 7i(s) and the pure

B T VR OFT(2(s) VR +T(9)2(s)
quaternion t(s), we obtain the ruled surface as follows:

A(s,v) = a(s) +vp(s) x i(s)

_ & 7(s) - K(s) n £
a(5)+v<\/n2<s>+7(s>2<s> \/n2<s>+r<s>2(s>”(8)) x 1)

= a(s) +vC(s).
Similarly, we can obtain a striction curve using quaternion. [J

Theorem 3.2. Let K(s, v) = @(s) + vC(s) be a ruled surface. There exists a frame of the curve a(s)
which is called Frenet frame and denoted by {#(s),7(s),b(s)}. The relations among frames can be

given by ) ) ) o )
T(s) mEaE T is)
}:(3) = m_l_f_p mn21+52 7?‘:(3) (5)
L Z(s) | | 0o -1 0 [0 ]
and ' T e ) Tr o1
T(v) W) L t(s)
% S C (s o 6
() W (sl W (s)] () (6)
| Z(v) | 0 ~1 | b(s) |

where m = 1 + v(||i/7l;/((83)||>/ and I = ”(”{%(fﬁm),‘

ProoOF.
The partial derivative is taken according to s and v for the ruled surface A, we obtain

> o 7(s) \/= k(s) \'z»
Ao =t <<||W<s>|r> )+ (7@ b(s)>

A, = C(s)

and
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Arriving at this equation, we reach the tangent vectors of the parameters curve as follows:

S 7(s) K(s) \'p
» A, (H”(VV( >||)> £s) + () b(s)
T N
s 7( K(s)
\/< W >> (U(||W<s>||>)
and R
T(v) = /},U = C(s)
[[Au]|
For v < HTS) v ,H(z - RZ s) , the unit normal vector of the ruled surface A is given as
A TAL T
[As A Ay

Y (s) and Y (v) depending on Frenet frame at point a(s) can be obtained as

—

Y(s)=Z(s)AT(s) =

and

=~

R O N S O I
) = Z0) A T0) = =5 2l + 5B

=

=
o
=

If the Darboux frame denoted by {T'(s), Y (s), Z(s)} is written in matrix form, this completes the proof
of the theorem. [J

Theorem 3.3. Let K(s, v) = @(s) +vC(s) be a ruled surface. The singular point of the ruled surface

W (s0)llx(s0) )
k(s0)T'(s0)+7(s0)x’(s0) )

is given by P(sg,v0) = (0, —

PROOF.

The unit normal vector field of the ruled surface A is defined by Z = ”ﬁ::ﬁzn at those points (sg,v9) €

Z at which Ag x A, does not vanish. Then, A is a regular surface if and only if the unit normal vector
field Z is everywhere well defined. The points for which A x A, vanishes can be called singular points.
The equation

||W(1 NE \/(”W(SO)HK(SO) + vo(k(80)7"(50) — T(80)K (80))2 =0

can be written to have singular points. Hence, we can write
W (s0)[[5(s0)
k(s0)7'(s0) + 7(s0)'(s0)

Then, the singular point of the ruled surface is P(sg,vo) = (so, -

[As x Ayll(s0,v0) =

Vg = —

W (s0) I (s0)
Toalsle ). O

Taking into account Equation 1, we can write proposition as follows:
Proposition 3.4. The normal and the geodesic curvatures of the ruled surface A can be given by

() = —rle) <1 +o(ron) > (e () k) =0

N 2 N 2
(1 +o(e) ) + (”(||v?(<s)>> )
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and

m(®) (HU(nvg(?)) ) Tl (nv%(f)m),

(1+U<V7T-/(2)ll)/) <(|IW ))

Theorem 3.5. Let A be a ruled surface and Q(s) and Q(v) be quaternionic shape operators. The
shape operators S(T'(s)) and S(T'(v)) are obtained by

ty(s) = ty(v) = 0

S(T(s)) =

and

ProOF.
By using Proposition 3.4, quaternionic shape operators are given by

Qs) = knls) +1ty(5)Z(s)

e (hw( T )/> +T(S)U( Kie] )l_ [T(S) (HU( Tl >l) e ( LTI )I] 7
N2
<1+v(||V7T—/((Ss))|) > +(“(||‘;v<<ss>)|)

and

S(T(s)) = Q(s) x T(s) = ka(s)T(s) + t(s)¥ (s)

\/<1+v< 480 )> + (v( o )) ;

and

are expressed. [

Corollary 3.6. The operator Q(s) rotates the tangent vector f(s) in the tangent plane of the ruled
surface and around the normal vector Z (s) of the surface. The rotation matrix which provides that

rotation is

1 +sin?p(n? —n3 —n2 —1) sin 2pns3 + 2sin? pning — sin 2png + 2sin? pning ]
R= —sin2png + 2sin? pning 1 +sin? p(nd —n? —n2 —1) 2sin? pnong + sin 2pny
2sin? pnins + sin 2pns —sin2pn; + 2sin? pngng 1+ sin? p(n2 —n3 —n? — 1)
where Z(s) = —n(s) = (—n1, —n2, —n3) and the cosine and sine of the angle of between T'(s) and

Q(s) x T(s) are

—mk(s) + I7(s)
V(m? +12)(2(s) + 7(s)%(s))

lk(s) +m7(s)
V(m? +12)(2(s) + 7(s)%(s))

cos2¢(s) = and  sin2p(s) =
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Theorem 3.7. The ruled surface A is flat. The mean curvature H of this surface is obtained by

_ 2()+T( )*(s)
B o () +17(9)

PROOF.
The Gauss curvature is a measure of the intrinsic curvature of a surface, and it is defined as quaternionic

as follows:
_ H(Q(s) x #(s)) A (Qv) x T(v))]
I£(s) A T(v)]

If we substitute the quaternionic shape operators and tangent vector of parameter curves, we obtain

1 [(—r(5)E(s) + 7(5)b(s)) A ) |
TS ! 2 K(S / 2 ”5(8) /\ f(”)”
\/(1 * U(||VV((3)||) ) + <”<||Vv((3)) >

=0

K:

This means the surface is flat. The mean curvature is a measure of the extrinsic curvature of the ruled

surface, and the curvature is calculated as quaternionic as follows:

1(Q(s) x f(s)) A T(wv) +s) A (Q(w) x Tw) |
2/i{s) AT

If we substitute the quaternionic shape operators Q(v), we get

_ Q) x #{s)) A T(w)]
2(s) AT(v)]

By taking into consideration Equations 5 and 6 and Theorem 3.5,

\/%2 (5)%(s)
H=5= mT( )

H =

is arrived. O
Considering the above theorem, we reach the following corollary.

Corollary 3.8. If the base curve of the ruled surface A drawn by the unit Darboux vector is a line

and planar, then the surface is minimal.

In differential geometry, the Darboux vector is a vector-valued function that measures the rate of
change of the tangent vector of a curve as it moves along the curve. The ruled surface generated by
the unit Darboux vector can be expressed as a function of the £(s), which is the angle between Darboux
and binormal vectors. This means some surface characterizations can be studied and analyzed as a
function of £(s).

Theorem 3.9. Let K(s v) =da(s) + (

) be a ruled surface. There exists a frame of the curve a(s)
called Frenet frame and denoted by {t( ),7(s),b(s)}. The relations among frames in terms of £(s) are
given by

- 1+vg’(s) cos§(s) 0 —vg’(s) sin £(s) -
(s) VIREL)Eeni) 10t () VIRE R costle) 1 o) t(s)
Y — siné(s 0 +v{'(s) cos§(s —
(s NIRRTy T e | | )
Z(s) 0 -1 0 b(s)



Journal of New Theory 42 (2023) 43-54 / Characterizations of Unit Darboux Ruled Surface with Quaternions 50

and
Yj(v) sinf(s) 0 cos&(s) t(s)
Y() | = | —cos&(s) 0 siné(s) 7i(s)
Z(v) 0 -1 0 b(s)
PROOF.

If the partial derivative is taken according to s and v using the angle £(s), we have

Ry = 1s) + v (&(s) cos §(s)E(s) — € (s) sin(s)5(s) )

and
A, = C(s)
Arriving at this equation, we reach to
Froy = A (14 08(5) cose(s) Tls) — vl (s) simE(s)F(s)
HASH y 2 /{(s) "2
(1 +v€'(s)cos&(s))” + <U(W(S)”)
and R
T(v) = \|1§UH = sin&(s)E(s) + cos £(s)b(s)

For v < Czs,(i()s ), the unit normal vector of the ruled surface A is given as

Ag A Ay

Z: — = =
[As A Ayl

—1i(s)

Y (s) and Y (v) depending on Frenet frame at point a(s) can be obtained

— -

o v€'(s) sin§(s)t(s) + (1 4 v€'(s) cos{(s)) b(s)
2

Y(s)=Z(s) NT(s) =
\/(1+v( 7(s) )/)2—1—(1)( K(s) )’)
W ()l W)l

Y (v) = Z(v) ANT(v) = —sin&(s)i(s) + cos £(s)b(s)

and

This completes the proof of the theorem. [

Theorem 3.10. Let A be a ruled surface and £(s) be the angle between the Darboux vector and the

binormal vector. The singular point belonging to the ruled surface is given by P(sg, v9) = (So, CZS, (550‘9)()) )

Proor.
To determine the normal vector for a singular point, the denominator of the normal vector must be
zero. As a result, when performing the necessary operations, the singular point becomes P(sg,vg) =

(0 58")- ©

Taking into account Equation 1, we have the following result.

Corollary 3.11. The normal and the geodesic curvatures of the ruled surface in terms of angle £(s)

can be expressed as follows:

() = —(cos &(s) +v€'(s))|W ()|
") = T (s) 2o £(s) + 08/ (s))

kn(v) =0

and

@il e
) TR el ey



Journal of New Theory 42 (2023) 43-54 / Characterizations of Unit Darboux Ruled Surface with Quaternions 51

Using the angle £(s), quaternionic shape operators are given by

—(cos&(s) +v€'(s)) W ()] N siné(s) [ W (s)|

O = T () 2eos€(s) +0€(s) T T+ 0 ()2 eosE(s) + € (9))

7i(s)

and
Q(v) = kn(v) + ty(v) Z(v) = 0

Theorem 3.12. Let A be a ruled surface and £(s) be the angle between the Darboux vector and
the binormal vector. Using the quaternionic operators, the shape operators S(T'(s)) and S(T'(v)) are
obtained by

S(f(s)) =Q(s) x f(s) = *(COS5(8)HW(S)|LTiig(lé‘()sH)‘(/g(Ci)sllg((CS)Sfiéfgzg;);ES/(g) cos §(s)+1))t(s)

4 (in &)W (5)[[+0€ ()| W (5)](sin 26 ()€’ () sin € (5)))b(s)
(140’ (s) (2cos £(s) v ()2

and

—

S(T'(v)) = Q) x T(v) =0
PROOF.

The proof of the theorem is similar to the proof of Theorem 3.3. [

Corollary 3.13. According to £(s), the angle between Darboux and binormal vectors, the cosine and
sine of the angle of between T'(s) and Q(s) x T'(s) are as follows:

cos2p(s) = —cos§(s) —vf'(s)
20 = AT ) oo €] 1 o€ )

_ sin &(s)
V1+0E (s)(2c0sE(s) + v (s))

and

sin 2¢p(s)

Theorem 3.14. The ruled surface A is flat. The mean curvature H of this surface is obtained by
[W(s)ll
2|1+ v&'(s)|
ProOF.
The proof of the theorem is similar to the proof of Theorem 3.7. [

Example 3.15. The various position of the generating unit Darboux vector is obtained from the

ruled surface. Such a surface has a parameterization,

A(s,v) = (\/1 + 52, In(s+ V1+s2),s+ v)

If we choose the quaternion as p(s) = —¥2 — —¥2 1,s5,0), then we can write the surface with
q p D) o/1+s2 s U)y

quaternions as follows:

A(s,v) = (\/ 1+ s2,In(s + V1 + s2), s) + \/2—11——2321}1)(8) X (s,1,V1+ s2)

This ruled surface is provided in Figure 1.
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Figure 1. The ruled surface drawn by unit Darboux vector and the base curve of the surface

The quaternionic shape operator, denoted as (Q(s), is a mathematical construct that can be used to

analyze the shape of the surface. It is calculated as

- 1 1
Q(s) = kn(s) +tg(s)Z = W21+ 52 2a(l 1 )

The shape operator, denoted as .S (f (s)), is obtained by taking the quaternionic product of the quater-

(1,—s,0)

nionic shape operator and the tangent vector ff(s) The tangent vector is a vector that is tangent to
the surface at a particular point and points in the direction of the surface at that point. The shape
operator is then calculated as

S(T'(s)) = Q(s) x T(s) = M

The shape operator for the parameter v, denoted as S (T (v)), is equal to 0. Hence, by Equations 3

(s,1,0)

and 4, it is easy to express Gauss and mean curvatures as

V2
e

This means that the surface is developable and is not a minimal surface. The operator Q(s) rotates

K=0 and H=

the tangent vector T(s) in the tangent plane of the ruled surface and around the normal vector Z(s)
of the ruled surface. In this case, the rotation matrix for the unit quaternion ¢ = cos ¢ + sin goZ (s) is
given as
) V2-8(V2-1) —s(vV2-1) sV1+s?
Ry = NCTEEE) —s(v2-1) 1 1
—sm -1

1+s2

where Z(S) = <ﬁ, *ﬁ,())

4. Conclusion

Quaternions are an essential topic in animation, robot kinematics, and rotational motion in 3-dimensional
space. Ruled surfaces have a vital role in technology (especially robot end-effectors). Moreover, it is
known that Gauss and mean curvatures and the shape operator are the invariants in the surface of
theory. These invariants are quaternionically calculated for the unit Darboux ruled surface.
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In this study, we combine some points on two critical subjects. Besides, we provide some theorems
related to the invariants and then show how to find a rotation matrix. Based on the quaternionic
shape operator and the rotation matrix, we derive different situations of the invariants and rotations:
one from the curvatures of the base curve and the other one by the angle £(s) between W (s) and b(s).
Thus, we observe what happens when we express the relation form of the frame equations using &
instead of the curvatures. Furthermore, we obtain the shape operators by revolving tangent vectors
of parameter curves around the surface’s normal vector through twice the angle of ¢ and then get

rotation matrices.

In further research, it would be valuable to replicate similar approaches in different spaces, such as
Galileo or Lorentz spaces. These alternative spaces could potentially yield different results and provide
a deeper understanding of the results herein being studied.
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Abstract — Uncertain data is a challenge to decision-making (DM) problems. Multi-criteria
group decision-making (MCGDM) problems are among these problems that have received
much attention. MCGDM is difficult because the existing alternatives frequently conflict with
each other. In this article, we suggest a novel hybrid model for an MCGDM approach based on

Article Info modified rough bipolar soft sets (MRBSs) using a well-known method of technique for order

of preference by similarity to ideal solution (TOPSIS), which combines MRBSs theory and
Received: 26 Oct 2022

TOPSIS for the prioritization of alternatives in an uncertain environment. In this technique,
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1. Introduction

Various issues in social sciences, engineering, medical sciences, economics, and other domains include
uncertainty. It is impossible to address these issues using traditional mathematical approaches. The
traditional mathematical model is a rational model of decision-making (DM) that depends on the
hypothesis that decision-makers have access to complete knowledge and can make the best decision by
weighing every alternative. Due to this, the mathematical model is highly complicated, and an accurate
solution cannot be obtained. To overcome this trouble, scholars are endeavoring to discover suitable
methodologies and mathematical theories to address data uncertainty. These theories include fuzzy
sets (F'Ss), rough set (RS) theory, vague set theory, automata theory, etc., but they have only partially
been successful in solving the problems. These theories diminished the space between traditional
mathematical concepts and ambiguous real-world data.

Zadeh [1] developed the FS theory to characterize fuzzy data mathematically. But, in FSs, finding
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the membership function might sometimes be challenging. Consequently, Molodtsov [2] developed
the soft set (SS) concept as a new strategy for modeling uncertainty, liberated from this trouble.
SS theory needs an approximate description of an object as its initial viewpoint. The selection of
suitable parameters like numbers, functions, words, etc., makes SS theory very advantageous and
straightforward to use in reality. Maji et al. [3] established several operations on SS. Ali et al. [4]
offered a variety of novel operations on SS. Cagman et al. [5] projected the idea of fuzzy SS theory.
Al-Shami and Mhemdi [6] offered to belong and non-belong relations on double-framed SS.

The RS theory [7,8] is an effective mathematical strategy for handling uncertainties. In RSs, uncer-
tainty is characterized by a set’s boundary region. Pawlak examined how close a bunch of objects are
to the information associated with them using their lower and upper approximations.

The connections between SS theory, RSs, and F'Ss were provided by Feng et al. [9,10], leading to three
kinds of hybrid models: rough SS (RSS), soft RSs (SRSs), and soft-rough FSs (SRFSs). Shabir et
al. [11] redefined a version of an SRS called a modified SRS (MSRS). Shaheen et al. [12] established
the concept of dominance-based SRSs.

Bipolarity is critical in various kinds of data when establishing mathematical modeling for specific
problems. Bipolarity takes both the positive and negative characteristics of the data into account.
The positive data delivers what is conceivable, whereas the negative data emphasizes the impossibility.
The idea behind the existence of bipolar information is that a large variety of human DM relies upon
bipolar judgmental cognition.

Shabir and Naz [13] put the groundwork for bipolar SSs (BSSs) due to the significance of bipolarity.
Following this research, the BSS theory gained much fame among scholars. Karaaslan and Karatag [14]
reformulate BSS with a novel approximation, offering a prospect to explore the topological structures
of BSS. Mahmood [15] redesigned a form of BSS, known as T-BSS, and employed this concept for
DM problems. Moreover, Naz and Shabir [16] established the idea of fuzzy BSS and investigated
their algebraic structures. Al-Shami [17] came up with the idea of bipolar soft sets and the relations
between them and ordinary points, along with applications.

Karaaslan and Cagman [18] originally suggested bipolar SRSs (BSRSs) tackle the roughness of BSS,
which was then changed and improved by establishing the conception of MRBSs by Shabir and Gul [19].
Gul et al. [20] established a new strategy of the roughness for BSS with applications in MCGDM. Gul
and Shabir [21] pioneered the concept (o, 5)-bipolar fuzzified RS using bipolar fuzzy tolerance relation.

In decision analysis, several multi-criteria DM (MCDM) frameworks have been carried out in the
literature. TOPSIS is one of the classical MCDM methods offered by Hwang and Yoon [22] in 1981.
The fundamental notion of TOPSIS is to measure the distance between every alternative and ideal
solution. The optimal alternative should be the one that has to have the shortest distance from
the positive ideal solution (PIS) and the farthest distance from the negative ideal solution (NIS).
PIS addresses the scenario for the best possible decision, whereas NIS shows the scenario for the
worst. Chen [23] generalized the TOPSIS approach for taking the MCDM problem in a fuzzy context.
Afterward, Chen and Tsao [24] proposed the interval-valued fuzzy TOPSIS. Boran et al. [25] fostered
the TOPSIS for MCDM problems based on intuitionistic F'S. Ali et al. [26] offered the TOPSIS model
for probabilistic interval-valued hesitant fuzzy sets with application to healthcare facilities in public
hospitals. Eraslan [27] gave a DM method using TOPSIS on SS theory. Eraslan and Karaaslan [28]
gave a group DM method based on TOPSIS under a fuzzy SS environment.

Shabir et al. [29] proposed an algebraic approach to N-SS with application in DM via TOPSIS. Akram
et al. [30] generalize the TOPSIS and ELECTRE-I methods in a bipolar fuzzy framework. Akram
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and Adeel [31] extended the TOPSIS for MCGDM via an interval-valued hesitant fuzzy N-SS context.
Xu and Zhang [32] constructed a strategy based on maximizing deviation and the TOPSIS to explain
multi-attribute DM problems. In 2014, Zhang and Xu [33] extended the TOPSIS in MCDM using
Pythagorean FSs. Mousavi-Nasab and Sotoudeh-Anvari [34] gave an MCDM-based method using
TOPSIS, COPRAS, and DEA for material selection problems. Mahmood et al. [35] pioneered a novel
TOPSIS method based on lattice-ordered T-BSS with applications in DM.

Inspired by the previously mentioned earlier studies and the basic principle of MRBSs, we have
observed that the BSS can manage the bipolarity of the data concerning specific alternatives with
the assistance of two mappings. The positive side of the data is addressed by one mapping, whereas
the other mapping measures the negative side. Keeping in mind the relationship between RSs and
BSS, Karaaslan and Cagman [18] attempted to explore the roughness of BSS, which has certain
shortcomings. To overcome these shortcomings, Shabir and Gul [19] pioneered the idea of MRBSs.

Moreover, to per best of our knowledge, there does not exist any investigation on the appropriate
fusion of TOPSIS with MRBSs. This gap motivates the current research to propose a novel TOPSIS
approach using MRBSs and discuss their application in DM.

In a nutshell, to expand the theory of MRBSs, the primary goal of this study is to establish a novel
TOPSIS approach for MCGDM problems via the MRBSs environment. We introduce a DM algorithm
that determines the best and worst decision among some alternatives, with implementation on selecting

the optimal candidate for a particular post.

This article is structured as follows: Section 2 introduces basic notations related to RS, SS, BSS,
BSRS, and MRBSs. These notions will assist us in discussing our work and suffice the paper for the
reader. After this, we give the general procedure of the TOPSIS technique. Section 3 puts forward
the new TOPSIS-based strategy for addressing MCGDM problems using MRBSs. Section 4 states our
suggested algorithm for choosing the optimal alternative, which we validate through a fully developed
case study in Section 5. Section 6 represents a comparative analysis between the proposed technique
and the other existing methods in solving MCGDM problems. Finally, Section 7 ends with an outline
of the current work and a few perspectives for the future.

2. Preliminaries

In this section, we recapitulate a few essential notions associated with the background of this study.
Throughout this article, unless stated otherwise, we will use U for an initial universe, 2 for the set of
all the parameters related to the objects in U, and 20 for the power set of U.

Definition 2.1. [7] Let @ # U be a finite universe, and o be an equivalence relation of U x U. Then,

(U, 0) is stated to be an approximation space.

If @ # Q C U, then Q may or may not be expressed as a union of some equivalence classes of U. If Q
is expressed as a union of some equivalence classes, then Q is said to be o-definable; in any other case,
it is referred to as o-undefinable. If Q is o-undefinable, then the lower and upper approximations of

Q concerning ¢ are given as follows:

apr (Q) ={q€U:[q, € Q} (1)
and

apr,(Q) ={qeU: g, NQ#0} (2)

where
qle ={rev:(¢q,r) o}
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The boundary region of the RS is characterized as:
Bnd,(Q) = apr,(Q) — apr _(Q)
From Equations (1) and (2) we can see that

i. An element ¢ belongs to the lower approximation apr (Q) if all elements equivalent to g belong to

Q.

i1. An element ¢ belongs to the upper approximation apr,(Q) if at least one element equivalent to ¢
belongs to Q.

Let U be a non-void universe and 2l be a set of parameters. Then, an SS is defined through a set-valued

map, as described below.
Definition 2.2. [2] A pair (f, 20) is called an SS over U, where f: A — 2Y is a set-valued map.

In other words, an SS over U gives a parameterized collection of subsets of U. An SS over U may also

be represented as:

A

(f.20) = {(p, f(p) 1 p € U, f(p) € 2°}

A BSS is obtained through two set-valued maps by considering not only a set of parameters but also
an associated set of parameters with an opposite meaning known as “not set of parameters”.

Definition 2.3. [3] By a “NOT set of parameters” of 2, we mean a set having the form 2 =
{—p: p € A} where ~p = not g, for all p € 2.

Definition 2.4. [13] A triplet (f,ﬁ : ) is termed as a BSS over U where fo2 — 29 and
9 : A — 25 such that, for all p € A, f(p) N §(—p) = 2.

In other words, a BSS over U offers a couple of parameterized families of subsets of U and f (p)NG(—p) =
), for all p € 2, is used as a consistency constraint. A BSS might be characterized as:

A

(F:9:2) = {(0, /(9),9(-9)) : 9 € A, ~p € Wand f(p) Ng(~p) = &}

After this, the collection of all the BSSs over U will be denoted by BSSP.

Definition 2.5. [18] Let (f,g :A) € BSSP. Then, = (U, (f,f] : A)) is termed as a BSA, (bipolar
soft approximation space). For any Q@ C U, the bipolar soft rough approximations based on (3 are
defined:

BS4(Q) = (S50(Q),S4v(Q))

and
3755(9) = (SBP(Q),E,BN(Q))
where
Spr(Q) ={aev:3penlge flp) c 9}
Sn(Q) = {a€B:3p e g€ d(-p).3(-p) N # 2]}
Ser(Q) ={aev:3pe 1€ fp). f(p)n Q# 2]}
and

Ser(Q ={ae0:3p e [gei(-p) c T}

Moreover, if BS3(Q) # BS3(Q), then Q is called a BSRS; else Q is called bipolar soft 3-definable.
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The boundary region of a BSRS is described as:
BND3(Q) = (Spr(Q) \ Spr(Q), Spn (Q) \ Spn (Q))

BSRSs were originally initiated by Karaaslan and Cagman [18] to manage the roughness of BSSs,
which was subsequently altered and improved by Shabir and Gul [19] by launching the idea of MRBSs.
MRBSs are characterized as follows:

Definition 2.6. [19] Let (f,§: ) € BSSY such that f: A — 29 and § : A — 2°. Construct two

different maps as follows:
O:0 — 2%

¢ — ®(q) = {p:q€ fp)}
and _
.0 — 2%
q — Y(q) = {~p:q€j(-p)}
Then, Q = (U, (P, ¥)) is called a modified rough bipolar soft approximation space (MRBS-AS).

For any @ # Q C U, the lower modified bipolar pair (LMBP) and the upper modified bipolar pair
(UMBP) concerning €2 are defined in the following manner, respectively:

MQ(Q) = (Qq:Hr ) Q\II*)

and . -
MBSo(Q) = (@" . Q")
where
Qpr ={p € Q:0(p) # P(r), for all r € Q°}
—ot
Q" ={pel:d(p)=2(r), for some r € Q}
Qy- ={peU:¥(p) =¥(r), for some r € Q}
and

@\1[_ ={pe Q:¥(p) #¥Y(r), forall r € Q°}

Here, Q¢ = U — Q. Generally, Q4 @¢+, Qy-, and @\r will be called ®-lower positive, ®-upper
positive, U-lower negative, and W-upper negative MRBS-approximations of Q C U, respectively. If
]\/@Q(Q) # M BSq(Q), then Q is said to be an MRBSs; otherwise, Q is said to be MRBS-definable.

The corresponding positive, boundary, and negative regions under MRBSs are listed as follows:
Posa(Q) = (4. Q")
—pt+ — —
Bndo(Q) = (Q" \ Q4+,Q" \ Qu-)

and

Nego(@ = (@) (24)")

TOPSIS is one of the most frequently utilized techniques for MCDM because it ranks alternatives and
chooses optimal alternatives in the concept evaluation procedure using Euclidean distances. Suppose
that for any DM problem, there are n criteria and m alternatives. Then, a decision matrix is described
as ® = [jj]mxn where i € {1,2,--- ,m}, j € {1,2,--- ,n}, and d;; demonstrates the preference value

of an alternative for design criteria.
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The procedure of TOPSIS described in [36] is as follows:

m_ 2
\ 2iz1 03

normalized decision matrix. Here, v;; = w;r;; is a weighted normalized value where w; is the weight

i. Construct the normalized decision matrix Dpor = [1j]mxn Where r;; = and weighted

of a criteria.

it. Evaluate the positive ideal solution (PIS) and negative ideal solution (NIS) as:
o ={(Ven) lie1).(Awy) lieT)}
and

o7 = {(Awy) 15 €D, (Vo) 15 € )

7 i

where Z and J are related to the benefit and cost criterion, respectively.

1i5. Determine the separation measure of each alternative from PIS and NIS by using n-dimensional
Euclidean distance:

(’Uij*?),j»)z, 1,6{1,2,,771}
=1

n
J]=

and

5 = > (g —v)? i€ {12, ,m}

J=1

1. Evaluate the relative closeness coefficient of each alternative to the ideal solution, given as:
Cl = % '
LT e i€{1,2,---,m}
(2 (2
v. Sort the alternative concerning the value of C;. The optimal alternative is the object with the
highest value of C/. That alternative would have the least distance from the PIS and the largest

distance from the NIS.
3. An Integrated Model of MCGDM using TOPSIS Technique and MRBSs

The MCGDM is one of the substantial components of modern decision theory. MCGDM aims to select
the optimal from finite alternatives by incorporating the evaluation information of various alternatives
acquired from a group of experts(decision-makers). It is instrumental in economic evaluation, clus-
tering analysis, site selection, medical diagnosis, etc. In MCGDM, the primary step is to consider
a finite number of alternatives in terms of multiple conflicting criteria based on the experts’ opin-
ions. Characterizing the evaluation information for several attributes is a significant problem in the
MCGDM. In real-life MCGDM problems, uncertainty is inevitable because of imprecise judgment by
decision-makers. TOPSIS is a practical and extensively used multi-criteria DM (MCDM) technique
for sorting alternatives and determining the optimal alternative in the concept evaluation procedure.
The aggregating function computed in TOPSIS indicates “closeness to ideal solution”. To make cri-
teria with the same units, TOPSIS employs vector normalization. The critical concept of TOPSIS is
that the alternative that has been selected as the optimal should have the smallest distance from the
PIS and the greatest from the NIS.

In this section, we utilize the TOPSIS technique for MCGDM based on the MRBSs. The systematic
procedure of the TOPSIS under the MRBSs is explained as follows:
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3.1. Description of Problem

In this subsection, we first give the essential explanation of the MCGDM problem under consideration.
Suppose that O = {u1, 2, . .., n} be the set consisting of n alternatives in which the best object is to
be selected and A = {p1, P2, ..., Em} be the set of parameters (criterion) of objects. Assume that we
have a group of independent experts G = {Py, Pa, ..., Py} consisting of k decision-makers to evaluate
the objects in . Each expert needs to review all the objects of U and will be requested to only
choose “the optimal alternatives” as their evaluation result. Hence each expert’s primary evaluation
result is a subset of U. For the sake of simplicity, we assume that the evaluations of these experts
in G are of the same importance. Let Q1,Qs,..., Ok are non-void subsets of U, indicate primary
evaluations of experts Pp, P, ..., Pk, about n alternatives concerning m parameters, respectively, and
Bi,Bs, ..., B, € BSSY are the real results previously captured for the same problems in various lo-
cations or various periods. Specifically, we can take the MRBS-approximations of the expert P;’s
primary evaluation result Q; concerning the MRBS-AS Q = (U, (®,¥)). The ®-lower positive ap-
proximation Q;,. can be interpreted as the set consisting of the objects which are undoubtedly the
optimum candidates according to the expert P;’s primary evaluation. Similarly, the ®-upper positive
approximation @¢+ can be interpreted as the set consisting of the objects which are possibly the opti-
mum candidates according to the expert P;’s primary evaluation. The W-lower positive approximation
Qi can be interpreted as the set consisting of the objects which are possibly the worst candidates

according to the expert P;’s primary evaluation. Likewise, the U-upper negative approximation Q\P
can be interpreted as the set consisting of the objects which are surely the worst candidates according
to the expert P;’s primary evaluation. Then, the DM for this MCGDM problem is: “how to resolve
differences of the evaluation conveyed by the individual experts to determine the object which is highly

favorable by the entire group of experts”.

3.2. Methodology

Here, we present the step-by-step mathematical formulation and process of the TOPSIS technique
under the framework of MRBSs for the MCGDM problem.

P T —
Definition 3.1. Let MBSy (Q;) = (Qj,,,2;,-) be the LMBP and MBSs,(Q;) = (;"", Q;"")
- T4q T Tq

be UMBP of Q; such that j € {1,2,---, k} concerning B, = (fq,gq :A) € BSSY, for q € {1,2,...,7}.
Then,
<%q>irv%\p1—> <%¢fﬂ%\pl—> <%¢j’%\p;>

M= <%q>;r>%xp;> <@¢;v@\y;> <%©;’%@2‘>

<%q>j7%\1;;> <%¢j7&\1/;> T <%¢¢’%\IJZ>

rxk
and . ~ N B . _
@, 9" (@M@, (@)
7o @™ e (@% ") - (@ e")

@".a") @&".&") - @ e

are stated to be modified bipolar soft lower and upper approximation matrices, respectively, where

%q); = (Mqu);vNqu);L? cee 7:unjq>q+)
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%\1/; = (ﬂ\yqf’@q};"”’ﬂmqj;)

P —of —aof __oF
Qj / :(/’Llj qu/’LQj q)"'hunj q)

and
7\11_ S - —_ - —_
Q; ¢ = (m; e 5" . T )
Here,
Lo € &)
Mij o = e
—LPy 07 J273 §é £¢q+
1
5 i €A
i g = —¥a
—¥q 0, /Jl ¢ ﬁ\yq,
1 — Pt
e 5 M €X;
% =2
J 7@4‘
0, wigX; "
and

U _1a 122 S ?]\I/;
Hij 1 = -
0, ¢ A&

Remark 3.2. From Definition 3.1, we have

et
1. %@ : and qu)q show the ®-lower and ®-upper positive MRBS-approximation of the evaluation

Q; C U by the gt expert related to ¢ actual result represented by the BSS B, = (fq,gq ).

1. Qj\p_ and @\y‘; show the U-lower and W-upper negative MRBS-approximation of the evaluation
T a

Q; C U by the gt expert related to ¢** actual result represented by the BSS By = (fq: G4 : 2).

Definition 3.3. Let M and M be modified bipolar soft lower and upper approximation matrices
concerning M BSp (Q;) and M BSp, (Q;). Then,

app Qre e Qg

AT Qg1 Q2 -t Qg
A=A T = (0=

Qr1l Qp2 - Qpf

is regarded as aggregated parameter matrix, where every element has the form:
ot W - -
ay = (aj; o ) = <ﬁ¢+ ® Xj@jvﬁy b Xj‘l/;>
q q

ot _ v _ —dF ) Y.
such that oy —J(PJEBXN); = (...,umj¢++umj i,...) and o _ﬁxpg@/yj‘l’; = (...,uqu}_,ﬂL
umj‘l’;, ... ). Here, the operation @ stands for the vector addition.

Definition 3.4. Assume that A is an aggregated parameter matrix. Then,

S = (<s$~+, s%—”)mk

k
o . s . + + -
is said to be a standardized decision matrix where s?;- = < E a%) and s;I; = (

m=1 J
that i € {1,2,...,r} and j € {1,2,...,n}.
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Remark 3.5. From Definition 3.4, we have noticed that sgf is the positive information for the jth

coordinate of the vector sum of the i*" row of the matrix A and sfj’f is the negative information for the

4t coordinate of the vector sum of the i*" row of the matrix A. 1 other words, each row in the matrix

S is a vector obtained by taking the column sum of A. Thus, <s§1;+ , sf’jf) represents the standardized
MRBS-approximation of alternative u; under the scenario of j** real result previously acquired for the

same problems in various locations or various periods.

Definition 3.6. Let S be a standardized decision matrix. Then,

nipy niz2 - Nk

— (.. _ |21 n22 - N2k
N = (nj),p =

Nr1 Ny2 - Npk

is called a normalized decision matrix where each entry is of the form n;; = ?}ﬂngw with the

following conditions:

o+
ij

ot _ $
Nij =

and

Definition 3.7. Let X be a normalized decision matrix. Then,

011 O12 -+ Ok
021 O22 -+ O
D=0)pg =" T :
57"1 67’2 co 5rk
is called an average weighted normalized decision matrix where each entry is of the form:

+ —

|+ [t

52’]’ = 5

Definition 3.8. Let © be an average weighted normalized decision matrix. Then, the expressions:
MPIS = {627 627 ... 6"} = {max(6;;):i € I,} such that I, ={1,2,--- 7}

and
MNIS = {6y .85 ,--- .60 } ={min(6;;):4 € I,} suchthat I, ={1,2,---,r}

are called modified PIS and modified NIS, respectively.

Definition 3.9. Let MPIS and MNIS be positive and negative ideal solutions. Then, the separation
measurement of each alternative to MPIS is determined as follows:

+

S‘P = (62] — (5;;)+)2, 1€ {1,2, cee ,7“}

1
J=1
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Similarly, the separation measurement of each alternative to MNIS is evaluated as follows:

S = )3 (6ij75}“‘)2, ie{1,2,--,r}

Definition 3.10. Let S;I’ " and SZ-‘I’ ~ be separation measurements of MPIS and MNIS, respectively.
The relative closeness of alternatives to the ideal solution is defined as:

o
) S :
Q@ =——, 1€{1,2,---,r
7 S;P + S;p+ { }
Here, 0 < Qg(w’qﬁ) <1, for all : € {1,2,---,r}. The larger value of sz@Jr’\r) corresponds to the

most desirable alternative. It has the least distance from the MPIS and the highest distance from the
MNIS.

4. An Algorithm for the Proposed MCGDM Problem

In this section, we present an algorithm for the developed TOPSIS-based MCGDM problem considered
in Section 3. The related steps are outlined as follows:

Step 1. Take primary evaluations Q; of experts P; such that i € {1,2,---  k}.
Step 2. Construct By, B, ..., B, using the real results.

Step 3. Determine MBSy (Q;) and MBSp,(Q;), for j € {1,2,--- ,k} and ¢ € {1,2,---,r}, from
Definition 2.6.

Step 4. Construct M and M according to Definition 3.1.

Step 5. Construct the aggregated parameter matrix from Definition 3.3.

Step 6. Compute the standardized decision matrix using Definition 3.4.

Step 7. Compute the normalized decision matrix according to Definition 3.6.

Step 8. Construct the average weighted normalized decision matrix using Definition 3.7.
Step 9. Determine the MPIS and the MNIS using Definition 3.8.

Step 10. According to Definition 3.9, calculate separation measurements of MPIS and MNIS for

every alternative.
Step 11. Determine relative closeness of alternatives to ideal solutions using Definition 3.10.
Step 12. Ranking the preference order.

The flowchart of the above algorithm is displayed in Figure 1.
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Development of
MCGDM

Take Primary
evaluations of experts

Construct BSS using
real results

Compute lower Compute upper
modified bipolar pair modified bipolar pair

Construct modified Bipolar soft lower Construct modified Bipolar soft upper
approximation matrix approximation matrix

Compute aggregated parameter matrix

Compute standardized decision matrix

Compute normalized decision matrix

Compute average weighted normalized
decision matrix

Determine MPIS Determine MNIS

Calculate separation Calculate separation
measurement of MPIS measurement of MNIS

Calculate relative
closeness

Rank the preference order

Figure 1. Flowchart of TOPSIS using MRBSs

5. Case Study

In this section, we discuss a design example of the MCGDM problem in MRBSs to illustrate the
potential of the above-formulated TOPSIS method.

Example 5.1. Due to globalization’s growing competition and mechanical upgrades, global markets
are forcing companies to deliver top-quality things and services. This must be achieved through
the participation of suitable employees. Employee selection is a procedure selection of people with
the essential capabilities to perform a specific job at best. It chooses the information nature of
employees and performs a crucial role in personnel management. Growing rivalry in worldwide markets
encourages organizations to put greater emphasize on the recruitment process. Several companies
determine the best job-hunter using rigorous and expensive identification methodologies. A candidate
may be judged by various parameters such as managerial skills, ability to work under pressure, fluency
in English, etc. It is wise to consult experts to accurately judge the candidates based on these
parameters.
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Assume that a production corporation wants to hire a marketing manager for a vacant post. Let
U = {p1, po2, p3, pa, 15} be the set of five candidates who might fit the marketing manager position
at the production company. A panel of experts G = {P1, P2, P3} is set up to hire the most suitable
candidate for this job. The panel will evaluate the candidates according to the set of parameters
A = {p1, p2, p3} such that p; = managerial skills, po = ability to work under pressure, and p3 =
fluency in English. The following calculations are performed to solve the MCGDM problem using the
proposed methodology.

Step 1. The panel of experts G = {P1, P2, P3} gives their primary evaluations for the candidates as:

Q1 ={p1, 2,5}, Qo ={pi,p3, pus}, and Qs = {uo, pa, p5}

Step 2. Real results in three various times and places are displayed as BSSs B; = ( fl,gl 2 20,
Bo = (fa, 92 : ), and Bs = (f3, g3 : A) as follows:

fi:—s 28 G A — 20
A {uiy, o= {us, us}, —p=-p1
o — filp) = {1, s}, p =2 —pr— g1(p) =4 {us}, —p=-p
{pa, ps}, o= g3 {ur, us}, —p=—ps3

fo: A — 20 Go: A — 20
A {pe}, o=@ {pr, pa}, —p=—-p1
p — fa(p) = {pe, pa}, o =2 o Go(—p) =9 {us}, —p=-p2
{us, pa}, o= p3 {ui,us}, —p=—p3

and

fa: A — 2V G3: A — 20
A {uz, ps}, © = {p1, p2}, —p=-p1
o f3(p) =1 {u}, o= o g3(p) =1 {m}, —p=-p
{:U'27:u5}7 0 = 3 {vaﬂ?)}a P = T3

Step 3. Using Definition 2.6, the LMBP and the UMBP for Q;, Qs, and Q3 concerning By, B, and
Bz are as follows:

MB1(Q1) = ({N17M5}7{N1a/127ﬂ47/$5}) MBSBl(Ql) = ({/’L17ﬂ27u37u5}7{uluﬂ5})
MB1(Q2) = ({M17M5}7{M17u37:u’5}) MBSBl(QQ) = ({/’L17/1/27M37u5}7{/’Llau37,u/5})
MBSp,(Q3) = ({1a, s}, {12, pas pis}) MBSp,(Q3) = ({u2, 13, pa, s}, {2, pa, s })
MBSg,(Q1) = ({1, 2, ps}, {1, ps}) MBSp,(Q1) = ({1, 2, w5}, {p1, p2, p3, 15 })
MBSg,(Q2) = ({1, 13, s}, {11, pa, 3, s }) MBSp,(Q2) = ({11, 13, s}, {11, 15 })
MBQ(QS) = ({/‘LQ’M4}’{M2’M37M4M‘L5}) MBSBQ(Q3) = ({/‘1aﬂ2’ﬂ47/‘5}7{ﬂ47/‘5})
and
MBSg, (Q1) = ({p2, us}, {12, pa, pis}) MBSp,(Q1) = ({p1, 2, poas s}, {pas p1a, pis})
MBg(QZ) = ({M37M5}a{ﬂla/ﬁ3a#5}) MBSBg(Qz) = ({M1,#3,M4,M5},{Mbusa%})

MBSg, (Q3) = ({u2, s}, {12, pa, pis }) MBSp,(Q3) = ({p1, 2, pras s}y, { o, p1a, pis})



Journal of New Theory 42 (2023) 55-73 / A Hybridization of Modified Rough Bipolar Soft Sets and TOPSIS for MCGDM 67

Step 4. Using Definition 3.1, the modified bipolar soft lower upper approximation matrices are ob-
tained as:

<(1,0,0,0,1),(—%,—%,0,—%,—%» <(1,0,o,0,1),(—%,0,—%,0,—%)> <(0,0,0,1,1),(0,—%,0,—%,—%»
M= <(1,1,o,o,1),(—%,0,0,0,—%)} <(1,0,1,0,1),(—%,—%,—%,0,—%» <(0,1,071,0),(0,—%,—%,—%,—%)}
<(0,1,0,0,1),(0,—%,0,—%,—%» <(0,0,1,0,1),(—%,0,—%,0,—%» <(0,1,0,071),(0,—%,0,—%,—%»
and
<(%,%,%,0,%),(—1,0,0,0,—1» <(%,%,%,0,%),(—1,0,—1,0,—1» <(o,%,%,%,%),(o,-1,o,-1,—1)>
M= <(%,%,0,0,%),(-1,-1,-1,0,-1)) <(%,o,%,0,%),(—1,0,0,0,—1)> <(%,%,0,%,%),(0,0,0,—1,—1))
<(%é,0,%,%),(0,—1,0,—1,—1)> <(%,0,%,%,%),(—1,0,—1,0,—1)> <(%,%,0,%,%),(0,—1,0,—1,—1»

Step 5. According to Definition 3.3, the aggregated parameter matrix is constructed as:

<(1A5, 0.5,0.5,0,1.5), (—1.5, —0.5,0, —0.5, —1.5)> <(1,5,0.5, 0.5,0,1.5), (—1.5,0, —1.5,0, 71.5)> <(o, 0.5,0.5,1.5,1.5), (0, —1.5,0, —1.5, 71,5)>
A= <(1.5,1.5,0,0,1.5),(71.5,71,71,0,71.5)> <(1.5,0,1.5,0,1.5).(71,5.70.5,70.5,0,71.5)> <(o.5,1.5,0,1.5,0,5),(0,70.5,70,5,71,5.71.5)>

(©5:1:5,0,0.5,1.5), 0, ~1.5,0,-15,-1.5))  ((0:5,0,1.5,0.5,1.5), (-1.5,0,~1.5,0, 1.5 ) ((0.5,1.5,0,0.5,1.5), (0, ~1.5,0, 1.5, ~1.5) )
Step 6. Compute standardized decision matrix using Definition 3.4, we have
(3,-3)  (1.5,—2) (1.5,—15) (1.5,=2) (4.5,—4.5)
g | (35-3) (3,-2) (1.5,-2) (1.5,—15) (3.5,—4.5)
(15,—15) (3,-3) (1.5,—1.5) (1.5,—3) (4.5, —4.5)

Step 7. According to Definition 3.6, the normalized decision matrix can be determined as:
(0.619,—0.666) (0.333,—0.485) (0.577,—0.514) (0.577,—0.512) (0.620,—0.577)
R = [ (0.722,-0.666) (0.666,—0.485) (0.577,—0.686) (0.577,—0.384) (0.482,—0.577)
(0.309,—0.333) (0.666,—0.728) (0.577,—0.514) (0.577,—0.768) (0.620,—0.577)

Step 8. Using Definition 3.7, the weighted normalized decision matrix is obtained as follows:

0.643 0.818 0.546 0.545 0.599
o= |0.694 0576 0.632 0.481 0.530

0.321 0.697 0.546 0.673 0.599

Step 9. According to Definition 3.8, MPIS and MNIS are obtained as follows:
MPIS = {0.818,0.694,0.697}

and
MNIS = {0.545, 0.481, 0.321}
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Step 10. By Definition 3.9, the separation measurements of MPIS and MNIS for every parameter

are calculated as:

ST = 0.415 SYT =0.234

ST =0.118 SY = 0474

ST = 0.317 SY™ =0.271

ST = 0.347 SY =0.352
and

ST =0.291 SY = 0.287

Step 11. The relative closeness of each alternative to the ideal solution according to Definition 3.10

can be calculated as: 4o
el = 0.361

el — 0.801

eV = 0.461
el — 0,465
and
+ -
eI = 0.497

Step 12. Ranking the preference order is given as:

Mo = fs 7 g 2 3 2

This indicates that uo is the optimal candidate for the marketing manager position. We also note
that although the initial selection of three experts favored candidate us more, considering the previous
three evaluations regarding BSS and the proposed TOPSIS method revealed a different ranking with
more intelligence and insight into the given scenario. Note that “>" is the symbol of the preference
order of alternatives. The graphical display for the ranking of the candidates is also given in Figure 2.

0.8l 0.801 ]
" I
$ 06" .
: b
o 0.497
» 0.461
o I
(8]
o 045 0.361
2 I
‘l‘-u' L
T, L
X 0.2+

0.0

uy u; us Uy Us
Candidates

Figure 2. Graph for the ranking of candidates
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6. Comparative Analysis and Discussion

In this section, we discuss the merits and drawbacks of the proposed technique and compare the
suggested study with a few existing approaches.

6.1. Merits of the Proposed Model

Real-world MCGDM issues typically arise in a complex environment under ambiguous and imprecise
data, which is tough to handle. The suggested model is highly appropriate for the considered problem
when the information is complicated and uncertain, especially when the current information depends

on the bipolar data by experts. Some advantages of the suggested approach are summarized as follows:

1. The suggested technique replicates each alternative’s positive and negative characteristics as BSS.
To manage aggressive DM, this integrated model is more comprehensive and suitable.

7. This approach is also preferable because, in this method, the experts are free from any external

constraints and requirements.

175. There is no possibility of losing collective information throughout the process since aggregation is
done in the final step.

1. The established strategy not only takes experts’ assessments but also integrates the previous
experiences by the MRBS-approximations in real circumstances. Therefore, it is a more generalized
approach for a better understanding available data and using artificial intelligence to make decisions.

6.2. Drawbacks of the Proposed Model

The suggested model has a few minor shortcomings, including its complicated structure and the
massive information in the form of BSS. Such huge information is challenging to address because of
enormous calculations, which are difficult to handle. However, one may establish MATLAB program-
ming to ease these calculations simpler. Moreover, in the proposed model, parameters are independent
of the environment. Therefore it cannot produce a ranking result when the parameters are dependent.

6.3. Comparison with Other Models

In this subsection, we compare the suggested strategy with TOPSIS approaches in fuzzy and bipolar
fuzzy settings. Among the various MCDM approaches, the TOPSIS technique is the most favored

one.

In the fuzzy TOPSIS technique, linguistic evaluations are used instead of numerical values. That
is, the rating of the objects and the weights of criteria within the problem are evaluated utilizing
fuzzy linguistic variables. Although the TOPSIS technique is the most effective approach in a fuzzy
setting, it just gives us a mechanism to estimate the truth membership. On the other hand, the
suggested TOPSIS technique offers a modified method for coping with MCGDM problems in which

the subjective data is provided via a decision-maker in the form of BSS.

The researchers initiated and investigated bipolar fuzzy TOPSIS [30,37] and extended the TOPSIS
method based on IVHFNSSs [31]. It is generally known that the models can manage some DM
problems to convey the idea of experts by using a crisp number. But, due to the uncertainty of the
objective world and the complexity of the decision problems, they cannot address some group DM
problems. For instance, some experts argue the membership degree of an object to a set and cannot
compromise each other. One wants to assign 0.3, but the other prefers to choose 0.5. In this situation,
MRBSs can be a perfect solution to this problem.
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We explore the following points if we compare our proposed model with the TOPSIS techniques
described in [27,28,38]. Firstly, these methods cannot address the bipolarity in the DM process,
which is a critical feature of human cognition. Secondly, these techniques do not ensure harmony in
decision-makers’ opinions. Applying the most recent techniques presented in [18,19] to Example 5.1
yields the following ranking results among the alternatives, displayed in Table 1.

Table 1. The ranking results of various methods to Example 5.1

Current Methods Ranking Orders

Karaaslan and Cagman [18] s = o = 3 R by = 4
Shabir and Gul [19] Mo = U1 = U3 >~ M5 ~ M4
Our proposed approach P2 =[5 2 f4 2 p3 =

A characteristics comparison of various approaches with suggested technique is given in Table 2. The
comparison is evaluated with features: membership function (MF), non-membership function (NMF),

parametrization, number of decision-makers, and ranking of alternatives.

Table 2. Characteristics comparison of different methods with proposed method

Methods Characteristics
Handle MF  Handle NMF  Manage parametrization Decision-makers Ranking

Akram et al. [30] Yes Yes No One Yes
Alghamdi et al. [37] Yes Yes No One Yes
Eraslan and Karaaslan [28] Yes No Yes More than one Yes
Feng [39] Yes No Yes More than one Yes
Saeed et al. [40] Yes No Yes More than one Yes
Sarwar [41] Yes No No More than one Yes
Proposed Method Yes Yes Yes More than one Yes

7. Conclusion

MRBSs are treated as practical tools for portraying the uncertainties and vagueness involved with the
MCGDM problems. Thus decision-makers become more flexible in representing their judgment using
MRBSs. In this work, we have presented a novel application of the MCGDM problem with the data
having bipolarity and uncertainty. The framework is based on the TOPSIS method and MRBSs. We
have defined a detailed mathematical procedure for the TOPSIS-based MRBSs method. The proposed
approach integrates the strength of MRBSs theory in handling uncertainty and the advantage of the
TOPSIS evaluation technique in MCGDM. An algorithm of DM is also established, which has two key
benefits. Firstly, it evaluates the bipolarity of the data, containing uncertainty. Secondly, it considers
the opinions of any (finite) number of experts about any (finite) number of objects. Additionally,
we provide an application to demonstrate that the proposed strategy can effectively apply to specific
issues, including uncertainty. At last, a comparative study of the suggested approach is conducted.

Numerous topics require further investigation. Bearing in mind the above, future perspectives will

focus on the following:

1. The hybridization of the MRBS theory and more comprehensive selection models, such as VIKOR,
ELECTRE, AHP, COPRAS, and PROMETHEE.

71. The proposed method can be generalized to a fuzzy environment, and useful DM methods could
be established.
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1. Introduction

The algebra of hyperbolic quaternions in abstract algebra is a non-associative algebra over real numbers
with elements of the form
q = qo€o + q1€1 + q2€2 + g3€3

where qo, ¢1, 2, and g3 are real numbers and eg, e, ez, and es are the standard basis in R*. The

hyperbolic quaternion multiplication is defined using the rules
6% = 6% = 6% = 6% = 1, €1€2 = —ege] — €3, €23 — —e3€y = €71, and €361 = —e1€3 = €2
This algebra is also non-commutative. Let ¢ = qoeg+qi1e1+g2ea+gses and p = poeg+pie1 +paea+pses

be any two hyperbolic quaternions. Then, the addition and subtraction of the hyperbolic quaternions

are
qgFp=1(q Fpoeo + (q1 Fp1)er1 + (g2 Fp2)ea + (g3 F p3)es

and multiplication of the hyperbolic quaternions is

qp = (qoeo + qie1 + gae2 + gse3) (poeo + pie1 + paea + pses)
= (qopo + q1p1 + q2p2 + q3p3)eo + (qop1 + q1po + q2p3 — q3p2)er
+ (qop2 — q2p0 + q1p3 + q3p1)e2 + (qops + q3po — q1p2 + q2p1)es
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Moreover, for k € R, the multiplication by scalar is
kq = kqoeo + kqie1 + kqzea + kqses
and conjugate and norm of the hyperbolic quaternion ¢ are

q = qoeo — q1e1 — g2€e2 — g3€e3

lgll = \/lqal = /@& — @& — & — &3

respectively. One of the non-associative hyperbolic number systems, ideal for studying space-time

and

theories in relativities, is the hyperbolic quaternions. Many studies have been published on hyperbolic
quaternions. Macfarlane yields the hyperbolic counterpart of the spherical quaternions in [1]. Kosal
introduces hyperbolic quaternions and their algebraic properties in [2]. The four-dimensional real
algebra of bihyperbolic numbers is studied by Bilgin and Ersoy in [3]. An alternative representational
method is proposed for the formulation of classical and generalized electromagnetism in the case of
the existence of magnetic monopoles and massive photons after presenting the hyperbolic quaternion
formalism by Demir et al. in [4]. Kuruz introduces hyperbolic matrices with hyperbolic number entries
in [5]. Assis presents some properties of mathematical and physical interest in generalized algebras of
two, three, and four dimensions in [6]. The Fibonacci and Lucas sequences {Fy},~, and {Ly},,~, are

defined by two order recurrences, respectively,

Fob=0, Fi=1, and Fio=F,p1+F, (1)
and
Lo=2, Li=1, and Lypjo=Lp1+ Ly (2)
Here, F,, and L, are the nth Fibonacci and Lucas numbers. First few terms of these sequences are,
respectively,
0,1,1,2,3,5,8,13,21, 34,55,89, 144
and

2,1,3,4,7,11,18,29,47,76,123,199
The Recurrences 1 or 2 involve the characteristic equation
2 —r—-1=0 (3)

The roots of Equation 3 are

1 1—
+2\/5 and f— 2\/5

Then, the following relations can be derived

a+B8=1 a-8=V5 af=-1

o =

Therefore, the Binet formulas for the Fibonacci and Lucas sequences are, respectively,
a” — 5n
a—p

More information for the Fibonacci and Lucas numbers are given in [7,8]. The Leonardo sequence

F, = and L,=ao"+ "

{£n},>¢ is defined by recurrence

ﬁ():l, L4 =1, and £n+2:£n+1+£n+1



Journal of New Theory 42 (2023) 74-85 / On the Hyperbolic Leonardo and Hyperbolic Francois Quaternions 76

where L,, is the nth Leonardo number. An expression of the relationship between Leonardo and

Fibonacci numbers is
L,=2F,y1—1, n>0

The Binet-like formula for the Leonardo sequence is
n+1 _ agn+l1
cn:2(1£f>—1 (5)

where a and 3 are given Equation 4. Other studies about Leonardo numbers can be listed in [9-15].
2. The Francois Numbers
This section presents a new definition, called the Francois sequence, related to the Lucas-like form of
the Leonardo sequence as follows:
Definition 2.1. The Francois sequence {F,} is defined by

Fn=Fon1+Fno+1l, n>2 (6)
with initial conditions Fy = 2 and F; = 1. Here, F,, is the nth Francois number.

First few terms of this sequence are 2, 1, 4, 6, 11, 18, 30, 49, 80, 130, 211. The Recurrence 6 can also
be written as follows

Fn+s =2Fny2 — Fn (7)

In fact, by the equalities Fp, 13 = Fni2 + Fnt+1 + 1 and Fpp0 = Fry1 + Fn + 1, we reach Equation 7.
Equation 7 satisfies the characteristic equation

-2 4+1=0 (8)

The roots of Equation 8 are 1, «, and 3. Here, the other roots except 1 are the same as those of
Equation 3. Taking Fy = 2, F1 = 1, and F2 = 4, we can easily reach the following result.

Theorem 2.2. The Binet-like formula for the Francois sequence is

an—i—l _ pn+l
b -1

.FnZOé +5 +W 5

n>0 (9)
where a and [ are given in Equation 4.

PRrROOF.
Assume that F,, = aa™ + b8" + c¢. Thus, we have

Fo=a+b+c=2
Fi=aa+b8+c=1

and
Fo=acd’ +b6>+c=4

By performing the solution with the Gaussian elimination method, we can find that

o B
a—pf’ a— L’

and c= -1

This proof is complete. [
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Theorem 2.3. For n > 0, the following identity is valid:
fn:Ln—f—F»,H_l—l, TLZO

PROOF.
The proof is clear by Theorem 2.2. [

Studies similar to the Leonardo and Francois numbers can be seen in [9,16-18]. The hyperbolic

Fibonacci and hyperbolic Lucas quaternions are defined as follows, respectively,
HF, = Fyeo+ Fypiie1 + Fioea + Fi3e3

and
HL, = Lyeo + Lpy1e1 + Lpg2ea + Ly 3es

The Binet-like formulas for the hyperbolic Fibonacci and hyperbolic Lucas quaternions are as the

form, respectively,

aa™ — Bp"
HF, = 10
and
HL, = aa" + 38" (11)
where
& = ey + el + oey + adeg
and

B =ey+ Ber + Bles + Bes
The hyperbolic Fibonacci and hyperbolic Lucas quaternions and some of their generalizations are
given in [19-23].

3. Hyperbolic Leonardo and Hyperbolic Francois Quaternions

In this section, we define the hyperbolic Leonardo and hyperbolic Francois quaternions, and we pro-
vide their Binet-like formulas and generating functions. Then, we obtain certain binomial sums,
Honsberger-like, d’Ocagne-like, Catalan-like, and Cassini-like identities of the hyperbolic Leonardo

quaternions.
Definition 3.1. The hyperbolic Leonardo quaternion sequence {HLy}, - is defined by

HL, = Lneg+ Lpy1e1 + Lpyoes + Ly13€3 (12)
where Le,, is the nth Leonardo number and ey, e1, ez, and e3 are units of the hyperbolic quaternions.
Definition 3.2. The hyperbolic Francois quaternion sequence {H.F,}, is defined by

HFn = Fneo + Fniie1 + Fnioea + Frnises
where F,, is the nth Francois number and eg, e, e2, and ez are units of the hyperbolic quaternions.

Theorem 3.3. (Binet-like Formula) The Binet-like formula for the hyperbolic Leonardo quater-

A~ n+l _ Bpantl
Hﬁn:2<o‘o‘ a_gﬁ )-i, n>0 (13)

nions is
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where
& =eg+ ae; + a262 + a363
B =ey+ Ber + BPes + Bes
and
T=eyg+e1+es+es
PRrROOF.

From Identities 5 and 12,

HL, = Lyeo+ Lpji1e1 + Lyyoea + Lyi3e3
n+1 _ an+l1 n+2 _ an+2
Y it e Y it -
a—p a—p3
an+4 _ Bn+4
2] —— | —1
( a=p ) ]%

an+1 /Bn+1
=2 (eo + aer + ales + a’ez) — (eo + Ber + B%es + BPes) | — (eo + €1+ ea + e3)

€y + e +

_|_

a—pf a—pf
B &an+l_ﬁﬁn+1 .
()

is obtained. O

Note that the hyperbolic Leonardo quaternion sequence can be expressed in terms of the hyperbolic

Fibonacci quaternion as:
HL, =2HF, {1 — 1, n>0
where HF;, is nth the hyperbolic Fibonacci quaternion.

Theorem 3.4. (Binet-like Formula) The Binet-like formula for the hyperbolic Francois quaternions
is

da”'H . Bﬁn—i-l

HF, = aa™ + BB + 3 —1, n>0 (14)
o —

where

& =eg+ae + a’es + a3eg

B =eo+ Ber + BPes + Fes
and

izeo+€1+€2+€3

PROOF.

It is proved similarly to the proof of Theorem 3.3. O

Note that the hyperbolic Francois quaternion sequence can be expressed in terms of the hyperbolic

Fibonacci and hyperbolic Lucas quaternion as:
HF,=HL,+HF, .1 -1, n>0

where HL,, and HF,, is nth the hyperbolic Lucas and hyperbolic Fibonacci quaternions, respectively.
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Theorem 3.5. (Generating Function) The generating function for the hyperbolic Leonardo quater-

nions is
A — Bx + Cx?
) = o
where
A =eg+ el + 3es + bes
B=ey—e1+er+e3
and
0260—61—62—363
PROOF.
Let

Gur(x) = i HLz" = HLy + HLix + HHox? + HLzz® + ...+ HLpz™ + ...
n=0

be generating function of the hyperbolic Leonardo quaternions. Assume that multiply every side of
the expansions above by —2z and 22 as follows:

—22Gyr(x) = —2HLoz — QHL 2% — QHLox? — QH L3z — . — QH L™ — .
and

23Gue(x) = HLox® + HLia* + HHoa® + HLsa® + ..+ HL,a" > + .
Then, we write
(1 =22 + 23)Gye(x) =HLo + (HLy — 2HLy)x + (HLs — 2HL )2 + (HL3 — 2HLy + HLo)x3 + . ..
+(HL, —2HL, 1 + HLp—3)2™ + ...

By using the values,
HLy = eg + e1 + 3ea + Ses

HL1 = eg + 3e1 + bes + 9eg
HLs = 3eg + 5e1 + 9eq + 15e3
/Hﬁg = 560 + 961 + 1562 + 2563

and
HL, —2HL, 1 +HL,_3=0

are obtained. [

Theorem 3.6. (Generating Function) The generating function for the hyperbolic Francois quater-

nions is
E — Fx+ Ga?
where
E:260+€1+462—|—663
F =3eqg — 2e1 + 2e5 + e3
and

G =2eg — 2e1 — ey — 4eg
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Proor.
The proof is similar to one of Theorem 3.5. [

Theorem 3.7. (Exponential Generating Function) The exponential generating function for the
hyperbolic Leonardo quaternions is

A oax _ pAR.BT
gHL(x)_2<aaea_gﬁe ) _fen

PROOF.
Using Equation 13,

Enc(z) = gﬂcnﬁ
S e )
_ jfaﬁ > (Of,) B amﬁ i <ﬁ:;)" s é %T
, <aaea; - gﬁeﬂw> i

is obtained. [

Theorem 3.8. (Exponential Generating Function) The exponential generating function for the
hyperbolic Francois quaternions is
voe®® — Bﬁeﬁx

Enr(z) = aae® + BaebT 4+ 2 G 167
a J—

PROOF.

The proof is similar to one of Theorem 3.7. [

Theorem 3.9. (Binomial Sum) Let m be a positive integer. Then,

m

3 (:) HLpw = HLom + 1(1 — 2™

n=0
PROOF.

Considering Equations 3 and 13 and the binomial formula,

o (m = (m aantl — gpntl N
% (e () P (=) -1
260 I (m\ ., 288 s (m\ ., sk (m
s ()50 s ()
e e m 235 m m
= (a+1) —a_5(6+1) —12
B (da2m+1 562m+1> g N P igm
a—p

=HLom +1(1 —2™)

is obtained. [
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Corollary 3.10. Let m be a positive integer. Then,

S " VHE) k= HLwim+1(1—27),  n>0
k=0 k

PROOF.

Considering Equations 3 and 13 and the binomial formula,

mo (o B mo &an—k-',-l - Bﬁn—k—&-l .
2 (e (3) (=) ]

B m <m> l2 <&amkanm+l _Bﬁmkﬁnerl) B i‘|
B = k a—p

Qdan—m—I—l m m - 2,8,3“ m+1l m - . m m
S e e W 1

k=0 k=0 k=0
26an—m+1 2Banm+l ~
= nm - -4 nHm —12™m
A N LA )
A n+m+1l _ 2antm+1 R R .
:2<0‘0‘ gﬁ >—1+1—12m
o —

=HLpm +1(1—2™)
is obtained. [
Some identities, such as Honsberger, dOcagne, Catalan, and Cassini identities for Fibonacci and its

generating, have been studied by many authors (see [19,24,25]). Here, we obtain similar identities for

the hyperbolic Leonardo quaternion.

Theorem 3.11. (Honsberger-like Identity) Let L, be nth hyperbolic Leonardo quaternion.
The following relation is satisfied:

a2antm _ B2ﬁn+m

a—pf

HLir HLm + HLnH L1 = 4 ( ) ~A(HLnir +HLw), nym >0

PRrROOF.
Using Equation 13,

A~

HLns 1ML + ML MLy g = [2 (22502000 ) ] [ (0208 ) ]

2 ("“ =) — 1] [p (=) - 1

n+m+1 aﬁanquﬁm Baﬁn+1 m+(6) Bn+m+1
(a—p)?

) (7@“”;:@5”“) 21 (8el=00") 4 1

_l’_

(d)2an+m71_d3an6mfl _Bdﬂnam71+(ﬁ)2ﬁn+mfl
i ( @5 )

-8 a—p

. <d2an+m o B2Bn+m
a—p

2] (Be=58") _ 9f (GaT B 4 42

) — 1 (ML + HL)

is obtained. [
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Theorem 3.12. (d’Ocagne-like Identity) Let 7L, be nth hyperbolic Leonardo quaternion. For

n,m >0,

HLmH L1 — HLmia HLn = 1 (HLomi1 + HLn — HLom — HLns1) + 4 (O‘ﬁo‘ Ba - go‘ﬁ a ) 4 2f2

ProOOF.
Using Equation 13,

A m+1 _ Apm4l A n+2 _ Qpant2
HLwHLois — HLmir HLr = lQ (0‘0‘ bp ) _ i] lg (aa pB ) _ 1]

a—pf a—p
Aamt2 — Bﬁm—t—? R aantl — Bﬁn_H .
=) =)
—4 <(@)2an+m+3 — &Bamtignt2 _ Bdﬁm+1an+2 + (3)26n+m+3>
: (= PP
~ o da™tl — Bﬁerl A Gant? — BﬁnJrg i
_21< o7 )—21( P >+1
_4 ((@)2an+m+3 — @Bam-‘&ﬁn-l—l _ B&6m+20én+1 + (B)Zlgn-l,-m.l,_g)
(o — )
- [ Gam™t? — BpmH2 - Gamtt — ppntt -
21( a_3 )+21< P >_1

—i(%£m+1+%£n—Hﬁm—H£n+1)+4<aﬁa p" = pafma >+212

a—p

is obtained. O

Theorem 3.13. (Catalan-like Identity) Let HL, be nth hyperbolic Leonardo quaternion. For
n > r > 0, the following relation is satisfied:

aBpr + Baar

n—r n+r — 2:_171_7"
MLy HLonr — HLE = (—1) ( -

) Fr+102HL, —HLy » — HLpyr) + 212

PrOOF.
Using Equality 13,

ey e, 1= o () -] (5) -
- (o) -] p () -1

_ 4 ((d)2a2n_&éanrﬂn(«kr_ﬁﬁ)(gﬂnran+r+(3)262n>
oa—

—921 (da”‘(l:ﬁﬁ""“) _9i (da"‘t:[éﬁ”*"”) + i2

_4 (d)2a2n7&3anﬁn7Bdﬁnan+(3)252n
(a=p)?

+21 (8e0=02") 4 of (22=08") _ 2
_(_pyner (dﬁﬁr + Baa’

o ) Fr+10QHL, —HLy y — HLpr) + 212

is obtained. [
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Corollary 3.14. (Cassini-like Identity) Let HL, be nth hyperbolic Leonardo quaternion. The
following relation is satisfied:

abp + Paa

HLp HLnsr — HLE = (—1)" ( -

) + 1ML, —HLy—1 — HLy1) +212, >0
ProOOF.

We take 1 instead of 7 in Theorem 3.13 to prove this theorem. [

Proofs of the following propositions can be easily proved using Equations 5, 9-11, 13, and 14.
Proposition 3.15. For n > 0, the following identities are valid:

1. HLpt1e0 — HLpy2e1 — HL 1369 — HLppge3 = —2Lp45 — 3

1. HLpr1e0 + HLpyoe1 + HLpiseo + HLpypaes = 2HL, +2L,45+ 3

Proposition 3.16. The following identities are valid:

. 2 N
i HlpyrFryr = g (HL2n+2r+1 - (_1)n+THL1) —1Fyr, n,r >0

2 A

1. HLp_vFr_y = g (HL2n72T+1 — (—1)n_rHL1) —1F,_., n>r>0
2 A

119. 'Hﬁn_an_Ha = g (HL2n+1 - (—1)”+THL1_2T) - 1Fn—r7 n>r> 0

. HLpyrFp—y = % (HLopy1 — (=1)" "HLgyy1) — 1F,4r, n>7r>0
0. HLyirLpsr =2 (HFopyor41 + ()" HF) — 1Ly, n,r >0

vi. HLp—Ln—y =2 (HFoy_9p1 + (=1)" "HF) — 1Ly, n>
vii. HLp—rLpsr = 2(HFopy1 + (=) "HFy41) = 1Lpyyr, n>7r>0
viii. HLpirLy—r =2 (HFpi1 + ()" ""HFy_9,) =1Ly, n>7r>0
it. HFnirFopr = HFonyor — (—1)"""HFy + £ (HLapyor41 — (-1)"""HLy) —1Foir, 0,7 >0
v. HFn-rFoy = HFop_9p — (—1)" "HFy+ t (HLop—2r41 — (-1)""HLy) — 1F,1,, n>7>0
i. HFn—rFoyr = HFpp — (1)"""HF 9, + £ (HLapy1 — (—1)"""HL1_9,) = 1Fp4r, n>7r>0

28, HFptrLptr = HLop1or +
. an—an—r = HL2TL—27‘

| \/

wit. HFpirFoy = HFoy — (—1)" "HFs + £ (HLgp11 — (=1)" "HLgp41) = 1Fpy, n>1r>0
(=1)"""HLo + HF3, 9041 — (—1)"""HF, —1L,4r, n,7>0
V' "HLy+ HFsy 9,41 — (—1)" "HFy — 1Ly, n>7>0

+ (= >
2v. HFp—yLnir = HLoy + (=1)"""HL_9, + HFyp 1 — (-1)"""HFy_9, — 1Lpy,, n>r

| V

0
avi. HFpyrLy_p = HLyy + (—1)" "HLg, + HF5, 1 — (=1)" "HFy 1 — 1L, ,, n>7r>0
Proposition 3.17. For n > 0, the following identities are valid:

i. HLy +HF, =3HF, 1+ HL, — 21
1. HF, —HL,=HF,+1 +HL,

i, MLy Lot HFFy = 2 (HFoms1 + (—1)" HEY )+ H Fyp— (— 1) H Fy 4 = = (HLany1 = (<1)"HL)~1 (Lo + F)

. 1 N
Ww. HL,Ly,—HFFp, =2(HFo,11 + (71)”HF1)7HF27L+(71)"HF075 (HLgpy1 — (-1)"HLy)—1(L, — F,)
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4. Conclusion

In the present study, we consider the Leonardo and Francois numbers related to the Fibonacci and
Lucas numbers, respectively. We define and investigate the hyperbolic Leonardo and hyperbolic Fran-
cois quaternions. We derive the Binet-like formulas, generating and exponential generating functions
for these new quaternions. We provide certain binomial sums. Finally, we establish well-known iden-
tities for these quaternions, such as the Honsberger-like, d’Ocagne-like, Catalan-like, and Cassini-like
identities. In the future, researchers may examine many more identities of the hyperbolic Leonardo
and Francois quaternions. In addition, these quaternions can be used in interdisciplinary studies.
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1. Introduction

Crossed modules were first used for groups in Whitehead’s work [1] and presented for commutative
algebras by Porter in [2]. The idea of crossed modules modeling homotopy 2-types is well-known for
becoming useful in a wide range of situations. Conduché [3] presented the idea of 2-crossed modules of
groups as an algebraic model of homotopy 3-types. Algebra adaptation of 2-crossed modules is given
in [4].

As an algebraic model for homotopy 3-types, Baues [5] established the concept of a quadratic module
of groups and provided a relationship from simplicial groups. Actually, a quadratic module structure is
a 2-crossed module structure with extra nilpotency conditions. The connection between quadratic and
2-crossed modules was demonstrated in [6]. The relations between the category of 2-crossed modules
and related categories such as simplicial groups, quadratic modules, and crossed squares are given in

the following diagram:

2-Crossed Modules
6] [m (8]

Quadratic Modules T> Crossed Squares W Simplicial Algebras,

The 2-truncation of the Moore complex with a simplicial group results in a 2-crossed module. Since the

2-crossed module can be obtained from a simplicial group’s Moore complex, it makes sense to consider
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this model while researching algebraic topology from the perspective of simplicial groups. 2-crossed
modules have various uses in category theory, including their universal properties, representations, co-
homology, and relations with other categorical structures. For more information on 2-crossed modules,
see [9-13].

Baues and Bleile developed the idea of 4-dimensional quadratic complexes [14] to examine the pre-
sentation of a space X as the mapping cone of a map 9(X) beneath a space D for the algebraic
description of pointed relative CW-complexes with cells in dimension 4. Based on the work of Baues
and Bleile, the idea of 4-Dimensional 2-crossed modules was developed in [15] to examine any probable
equivalence between homotopy 4-types. Moreover, subobjects and quotient objects in this category
are defined in [15].

In this work, we give fundamental properties for a given 4-dimensional 2-crossed module morphism,
including the kernel and the image. The isomorphism theorems explain the connection between
quotients, homomorphisms, and subobjects. For distinct algebraic structures, there are different
iterations of the isomorphism theorem. We also define the direct product to generalize the isomorphism
theorems for 4-Dimensional 2-crossed modules.

2. Direct Product of 4-Dimensional 2-Crossed Modules

In this section, we will obtain the direct product of two given 4-dimensional 2-crossed modules. A
4-dimensional 2-crossed module [15] is a complex of algebras

03 02 o1

o:C3 Cy Ch Co

such that
i. (Cq,C1,Cy,02,0) is a 2-crossed module where {—, —} : C; x C1 — Oy is the Peiffer lifting,
it. Cg is a C1-module where 01(C1) acts trivially, and

7i4. O3 is a homomorphism of Ci-modules where 0,05 = 1.

A morphism between 4-dimensional 2-crossed modules, f : 01 — 09, is a commutative diagram
03

02 01

o1:Cs Csy 1 Cy
fsi f2i fli foi
g9 D3 33 D2 5 D1 ) DQ

where (fo, f1, fo) is a 2-crossed module morphism and f3 is an fp-equivariant homomorphism of mod-
ules. We will denote this category with XoMod*P.

Let g1 = (03, CQ, Cl, Co, (93, 62, (91) and g9 = (Dg, D2, Dl, Do, 53, 52, 51) be two ObjeCtS in X2M0d4D.
We will define the direct product of 4-dimensional 2-crossed modules o1 and oo. For this, we first
define the product of pre-crossed modules 01 and Js.

Proposition 2.1. The algebra homomorphism
‘131: ClxDl — C()XDO
(c1,d1) = ¢1(cr,dr) = (O1(cr), 01(dr))

is a pre-crossed module of algebras.
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PRrOOF.
For direct product algebras C; x D1 and Cy x Dy, let the action of Cy x Dg on C7 x D1 be defined as

(co,dp) - (c1,d1) = (co - c1,dg - dy)
for (¢;,d;) € C; x D; such that ¢ = 0,1. Then, for (co,dp), (¢),dy) € Co x Dy and (c1,d1) € Cy x Dy,

we have

[(Co,d0)+(06,d6)]-(Cl,dl) = Co+co,do+d0) (Cl,dl)

co + 06) - c1, (do + da) . dl)

(
((

= (co- crtch- cr,do-di+dy-di)
(co- e1,do-dr) + (o c1,dp - dr)
(co,dp) - (c1,d1) + (¢, dpy) - (c1,dr)

and
[(co, do)(cp, dp)] - (c1,d1) =

(cocq, dodp) - (c1, dr)
= ((cocp) - c1, (dodp) - du)
= (co- (co- e1),do - (dp-dv))
= (co,do) - (¢ - c1,dp - dy)
= (co,do) - [(ct, dpy) - (c1,dn)]

Therefore, with this action, Cy x D; is an (Cy x Dy)-algebra. Moreover, for (cp,dy) € Cy x Dy and
(Cl,dl) e (Cy x Dl,
®1 ((co,do) - (c1,d1)) = Pi(co-cr,do-di)

(co-c1),01(do - dr))
co - 01 (c1) , dody (dr))
co,do) - (01 (c1) 01 (d1))
co,do) - ®1(c1,dp)

(01
(
(
=
is obtained. Therefore, ®; : C1 x D1 — Cy x Dy is a pre-crossed module. [
C1 x Dy acts on Cy X Dy and C5 x D3 via ®1. Define the Peiffer Lifting as
{=,—=}p: (CixDy1)x(CyxDy) — Ci1xD
((e1,dv), (ch,dy)) = {(e1,d1) ® (. d)) e = ({aa®ci}o, {di @ di}p)

and
(I)i : (Cl X Dz) — Cifl X Di,1

(ciydi) = (Oiei),0i(di))
for i = 2, 3.

PI‘OpOSitiOl’l 2.2. Let g1 = (03, CQ, Cl, C(), (93, 82, 81) and g9 = (Dg, Dg, Dl, DQ, (53, 52, 51) be two
objects in XoMod*P. Then, the direct product of o1 and o9

op :=(C3 x D3,Cy x Dy,Cy x Dy, Cy x Do, @3, P2, 1)
is an object in XoMod*P.

PROOF.
Let g1 = (Cg, 02,01,00,83,62,81) and g9 = (Dg,DQ,Dl,D0,53,52,51) be two ObjeCtS in X2M0d4D.
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Then,
i. PL1. For (c1,dy),(c),d}) € Cy x Dy,
Do{(c1,d1) ® (cf,d))}p = @2 ({1 @ ¢ o, {d1 @ di}p)
= (O2{c1 ® i }e, d2{d1 ® dy}p)
= (1) — 1 - (), drd) — dy - 61(d)))
= (c1,d1)(cy,dy) — (c1, dv) - 1(cy, di)
PL2. For (c2,d2), (ch,ds) € Co x Da,
{®2(c2,d2) @ Pa(ch, dy)}p = {(02 (c2), 02 (d2)) ® (D2 (c3) , 62 (d3)) } p
= ({02 (c2) ® 02 ()}, {02 (d2) ® 02 (d3)} D)
— (cach, dodl)
= (c2,d2)(c3, d3)
PL3. For (c1,ds), (¢}, d}), (¢!, d") € Cy x D,
{(cr,di) @ (e, dy)(ef, d)}p = ({1 @ el Yo, {di @ didf}p)
— ({erd, @ Ve + () - {er © Yo {did) @ Ao + () - {dy ® ;Y )
= {(c1,d1)(cy, dy) @ (cf, d)}p + @1 ((cf,dY)) {(e1,dr), (ch,dy) } P
PL4.a. For (cg,d3) € Co X Dy and (c1,d1) € Cy X Dy,
{®2 (c2,d2) ® (c1,d1)}p = {(02(c2), 02(d2)) ® (c1,dr)}p
= ({(02(c2) ® c1) }e, (62(d2) ® d1)}p)
= (ca-c1 — 02(c2) - c1,dg - di — da(da) - dy)
= (cg,d2) - (c1,dy) — P2 (c2,d2) - (c1,d1)
b. For (c2,d2) € Ca x Do and (c1,dy) € Cy x Dy,
{(c1,d1) ® P2 (c2,d2)}p = {(c1,d1) ® (D2(c2), d2(d2)) } P
= ({a1 ® Oa(c2) }o, {d1 ® 02(d2)} D)
= {c1 ® Oa(c2)}o, {d1 ® 02(da)}p
= (c1 - co,dy - d2)
= (c1,d1) - (c2,d2)
PL5. For (c1,dy), (¢}, d}) € C1 x Dy and (co,dp) € Cy x Dy,
{(c1,d1) ® (¢, dh)}p - (co,do) = ({1 ® ch o, {di @ di}p) - (co, do)
= ({a®@d}tc (co,do), {d ®di}p)
= ({c-co®@c)-dotc,{d1 ®@di}p)
= {(c1 - co,d1) ® (¢} - do,d) }p
= {(c1,d1) - (co,do) ® (¢}, dy)}p
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and
{(e1,d1) @ (1, d1)}p - (co,do) = ({e1 @ ¢ }e, {d1 @ dy}p) - (co, do)

(

({a®dte{d@di}p - (co,do))
{aa®@cite{di-co®dy-do}p)
{(c1,d1 - co) ® (cy,dy - do)}p
{(c1,d1) ® (), dY) - (co,do)}p

7. C9 X Dy acts on C3 x D3 via C'y x Dy trivially. Therefore, Cs x D3 is a Cy x Ds-module.

i1i. For (c3,ds) € C3 x Ds,
Dy ®3(c3,d3) = Po (05 (c3), 03 (d3))

= (0203 (c3) , 0203 (d3))
= (1017 1D1)

= 101 x Dy

is obtained. [

3. Kernel and Image of a Morphism in X,Mod*?

In this section, we give the notions of the kernel and image of a morphism in the category XoMod*P.
Throughout this section, we will consider the morphism
= (f3, f2; f1, fo) : 01 := (C3,C2,C1, Co, 05, 02,01) — 02 := (D3, D2, D1, Dy, 63, 62, 01)
in XoMod*P.
Proposition 3.1. The object
ker f1 x ker f;

{_7_}kerl

ker f3 — ker f2 5 ker f1 ? ker fo

[o2) 2 1

in XoMod*P is an ideal of o1 where 0; are restrictions, for i = 0,1, 2.

Proor.
ker f; is an ideal of Cj, for ¢ = 0,1, 2,3. The commutativity of the following diagram

0 er 0 er 2] er
ker f slier 73 ke]fQ 2l kaTfl L flkerf‘b
Oy —5—Cy——C1—5—Ch

implies 0;(ker fi 1) C ker f;, for i = 1,2,3. The axioms of an ideal in XoMod*” can be calculated
using the definition of a kernel, i.e.,

fa(xo - c1) = fi(xo) - fa(e1) =0+ fa(c1) = 0 implies that xo - ¢1 € ker fo

for xg € ker fy and ¢; € Cy. O
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Definition 3.2. The ideal

ker fi x ker fi

{7}kerl

ker f3 = ker fo = ker f1 ? ker fo

3 2 1

is called the kernel of the morphism f in XoMod*P .

Definition 3.3. The subobject
f1(C1) x f1(Ch)

{7}Imi

f3(C3) f2(C2)

f1(C1) —— fo(Ch)

03 p4 02|ty dily,

of oy is called the image of the morphism f in XoMod*P .

4. Universal Property in X,Mod*?
In this section, we show the existence and uniqueness of a morphism f : o/01 — o9 in Xo M od*P that
makes the following diagram

o —— 09

| A

o/oy
commutative where o7 is an ideal of o1 and o9 is another object in XoMod*P.

Theorem 4.1. [15] Let

02

6 )
o1 . D3 i DQ Dl -

Dy

be an ideal of

03 02

o:C3 Cy

in XoMod*P. Then,
o/o1 : O3/ D3 P Cy/Dy —> C1 /Dy —= Cy/ Dy
is an object in XoMod*P.

Theorem 4.2. Let o9 := (D3, Do, Dy, Dy, d3,02,91) be an ideal of o1 := (C3, Co, C1,Cy, 03, 02,01) in
XoMod*P. If B : 01 — 03 := (F3,FE, E1, Eg,m3,m2,m1) is a morphism, then there exists a unique
morphism « : 01/09 — 03 in XoMod*P.

PRrOOF.

If o9 is an ideal of o7, then

Cl X Cl
N
C3 % Ca 0 C1 o Co
fixfi
| (1)

fs C1/Dy x C1/Dy f2 1 fo

\_7_‘\%]
s/ Ds Cy/Ds C1/Ds Co/ Do

a3 q2 q1



Journal of New Theory 42 (2023) 86-93 / A Note on 4-Dimensional 2-Crossed Modules 92

there exists fiy1: C; — C;/D;, for i = 0,1,2,3. Since, for ¢y € Cp and d; € D;, we have
fit1 (co-do) = (co - di) + Di = (co+ Dy) - (d; + D;) = fo(co) - fi(di), ©=0,1,2,3

and Diagram 1 is commutative. Moreover, f = (f1, fo, f3, f4) is a morphism in XoMod*P. Since, for
all c+ D;, ¢ + D; € C;/D;,

C—i—Di:C/-FDZ‘ = C—C/EDZ‘
= ,81 (C — C/) S ﬁz (Dz)
= Bi(c) = Bi(d) € Bi (Dy)
= D; C Kerp;
= Bi(D;)=1
a;:Ci/D; — E; (i=1,2,3,4) are well defined. Furthermore, for i = 1,2,3,

qiciv1 (ci + Di) = qifiy1 (ci) = Bi (0i (¢i) = 0 (0i (¢i) + D;) = iqi (¢i + Dy)

d4D

As a result, « is the unique morphism in Xy Mod*”, making the following diagram

O3 02 01

03 Cz Cl, C’07
fB\L V?ag f2l Vag fll ',:Val fol ',:ao
C3/D3 —2> Cy /Dy —2> €1 /Dy L Co/Dg

¥ ¥ ¥ ¥

E3 m E2 2 El m E[)

commutative. [
5. Conclusion

In this work, we defined the direct products in the category of 4-Dimensional 2-crossed modules.
We provide the kernel and image of a morphism in this category in order to adapt the isomorphism
theorems. Given a morphism f = (f3, f2, f1, fo) : ¢ — ¢’ in XoMod*P, the mappings f; : o/ ker f —
f(o) defined as f'(x + ker f;) = fi(x), for i = 0,1,2,3, are isomorphisms in this category. Using the
isomorphism theorem on groups, it can be easily shown that f* is an isomorphism. As a result, we
get,

o/ ker f = f (o)

In future studies, isomorphism theorems can be given for this category. Moreover, using semi-direct
product groupoid adaptations can be obtained.
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1. Introduction

Yano [1] has led up to the groundwork of S-manifolds and has defined the concept of f-structures in M2™+S
manifolds. Almost complex (s = 0) and almost contact (s = 1) structures are examples of f-structures.
Goldberg and Yano [2] have defined the concept of the framed f-structures. Moreover, they have suggested a
complex structure by the concept of f-structures. Furthermore, they have proposed the concept of framed
metric manifolds by examining the normality condition of a metric framed structure. Blair [3] has introduced
S-manifolds, generalizing almost complex Kaehler and almost contact Sasakian structures. Sarkar et al. [4]
have found the curvature and torsion of Legendre curves in 3-dimensional trans-Sasakian manifolds with
respect to the semisymmetric metric connection. Ozgiir and Giiveng [5] have propounded biharmonic Legendre
curves in S-space forms. They have analyzed characterizations of the curvature of the biharmonic Legendre
curves in 4 cases.

This paper is organized as follows: Section 2 provides the concept of S-manifolds and some of their basic
properties. Section 3 generalizes the new cross-product in a 3-dimensional almost contact metric manifolds
defined by Camci1 [6] and defines a generalized cross-product in (2 + s)-dimensional S-manifolds. Besides, it
demonstrates that this cross-product in R* is coherent with a triple product [7] by an example. In addition,
Section 3 provides the basic properties of the generalized cross-product. Section 4 calculates the curvature of
Legendre curves using the generalized cross-product and demonstrated that (2 + 3)-dimensional S-manifolds
are imbedded in 3-dimensional space. Finally, the need for further research is discussed.
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2. Preliminaries

This section provides the concept of S-manifolds and some of their basic properties.

Definition 2.1. [1] Let (M, g) be a Riemannian manifold with dim M = 2n + s. It is said to be a framed f-
structure if f is a tensor field of type (1, 1) and rank 2n satisfying £ + f = 0.

Definition 2.2. [2] Let M?™*S be a manifold with an f-structure of rank 2n. Then, f-structure is said to be
has completed frames if there exists vector fields &;,&,, -+, & on M2+ and n,,7,, -+, 7, are 1-forms, then
niof=0,fo§=0,andf?=~I+X_,m ®¢&:.

Definition 2.3. [8] Let M2™+S be an f-structure with completed frames. The framed f-structure is normal if
the tensor field S of type (1,2) given by

S=Iff1+2) dn®¢

vanishes.
Definition 2.4. [2] Let M2™*S be a manifold. Then, M is said to be an S-manifold if the f-structure is normal.

Definition 2.5. [1] Let M?™*S be a Riemannian manifold. The distribution on M spanned by the structure
vector fields is denoted by M, and its complementary orthogonal distribution is denoted by D. Consequently,
TM = D @ M. Moreover, if X € D, thenn;(X) =0, forany i € {1,2,---,s}, and if X € M, then fX = 0.

Definition 2.6. [2] Let M2™*S has an f-structure with completed frames. If there exists a Riemannian metric
g on M?2"*S sych that

gOLY) = gUX 1) + D i (Om(Y)
i=1

and X,Y € y(M?"+s), then M2"™*S is called that has a metric f-structure.

From now on, the notation ¢ is used instead of f.

Definition 2.7. [3] Let M2™*S be an S-manifold. The covariant differentiation V of M2"*S satisfies
Vyéi = —¢pX, i€{1,2,-,s}

and

(Wx®)Y = ) [g(@X, )& +mi(V)H?X]
i=1

for all X,Y € y(M). Besides, for all i € {1,2,-+-,s}, ny Any A== Ang A (dn,))™ # 0 and ® = dn; on an S-
manifold such that @ is the fundamental 2-form defined by

X, Y) = gX,¢Y), X,Y€TM
Definition 2.8. [9] A submanifold of an S-manifold is called an integral submanifold if
ni(X) =0, i€{1,2,--,s} forall X € y(M)

Definition 2.9. [5] A 1-dimensional integral submanifold of an S-manifold (M2"+S,¢,§i,nj,g), i,j €
{1,2,---,s} is called a Legendre curve of M. In other words, a curve y:I - M is called a Legendre curve if
n;(T) =0, forall i € {1,2,---, s} such that T is the tangent vector field of y.
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3. Generalized Cross product in (2 + s)-dimensional Framed Metric Manifolds

This section, firstly, generalizes the cross-product in a 3-dimensional almost contact metric manifolds defined
by Camci [5] and defines a generalized cross-product in (2 + s)-dimensional S-manifolds.

Definition 3.1. Let A be a matrix of type s X (s + 1). Then,

i. A, such that i,k € {1,2,---,s}and j € {i + 1,i + 2,---,s + 1} is the matrix obtained by deleting the i*"
and j* columns and k" row of the matrix A. Specially, for s = 1, det A;,; = 1.

ii. Zmn such thatm € {2,3,---,s}andn € {m + 1,m + 2,---,s + 1} is the matrix obtained by deleting the i*"
and j** columns of the matrix A and adding the first column of the matrix A to the left of the first column as a
new column.

For example, for s = 3, let

ai1 Q12 Q13 QAq4
A=0z1 QA Q3 Q24].
az1 Q3 A3z dzg
Then,
e az1 Qg
Az = | |
231 az1 QA3zs
and

. a11 Q11 A14
Ayz = [A21 Q21 A4
az1 Az1 Q34
Definition 3.2. Let M = (M?*5,¢,&,m;,9), i,j € {1,2,+,s}, be a framed metric manifold in (2 + s)-
dimensional space. We define a generalized cross-product x by

¢’X1 ¢X2 ¢’Xs+1
5 s, (X)) mX) - ni(Xeiq)
Xy XXy XX Xgpq = (=DM (X, X;) det A |& + (1)
ns(Xl) ns(XZ) TIS(XS+1)
such that X4, X5, -, X541 € TM and
M (X1) mXz) - n1(Xsp1)]
N2(X1) m2(Xz) - n2(Xs41)
A=
—ns(Xl) ns(XZ) ns(Xs+1)—

Moreover, /L-jk, i,ke{12,---,standj e {i+1,i+2,---,s + 1}, isas in Definition 3.1. For example, for s =
1, we obtain

X1 X X, = (X1, X3)&1 + 11(X2)p X1 — 11 (X1) X, )

Equation 2 gives the cross product in 3-dimensional almost contact metric manifolds defined in [6]. For s = 2,
the generalized cross-product is
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X1 XXy X X3 = (‘D(X1:X2)772(X3) — O(Xq, X3)n2(X2) + ¢(X2»X3)772(X1))'51
+(—¢(X1:X2)771(X3) + O(Xy, X3)n1(X2) — ¢(X2»X3)771(X1))'52

»X1 »X; hX;3
+[m X)) mX2) nXs)
M2(X1) m(Xz) n2(X3)

Secondly, it demonstrates that this cross-product in R* is coherent with a triple product [7] by an example.

Example 3.3. For the subspace V = {(x;,x,,0,0) | x,,x, € R} of the 4-dimensional Euclidean space
R* (x4, x5, x3,%4), the projection function m(xy, x5, x3,x4) = (x1,%5,0,0), and the almost complex plane
J(xq, %2, %3, %4) = (X, =%, —%4,%3), (R*(xy, %5, %3,%4), ¢, Ei,nj,g), i,j €{1,2}, is a framed metric
manifold such that ¢ = Jom, n; = dx3, n, = dx,, & =(0,0,1,0), & = (0,0,0,1), and g is the standard
Euclidean metric. As aresult, X; X X, X X5 = X; A X, A X5 such that X; A X, A X5 is the triple product in R*
provided in [7].

Finally, this section provides some of the basic properties of the generalized cross-product.

Theorem 3.4. Let M = (M?*S,¢,&,n;,9), i,j €{1,2,-,s} be a framed metric manifold in (2 + s)-

dimensional space. Then, for all X;,X,,:-,Xs+1 € TM, the generalized cross-product has the following
properties:

i. The generalized cross-product is bilinear and antisymmetric.
ii. X; XX, X -+ X X¢, 41 is perpendicular to each of X;, X5, -+, X4 1.
|||¢X =€1 sz X"'XES X X.

Proor.
i. The proof is straightforward from the fundamental 2-form & and the determinant function’s bilinearity.

ii. We need to show that g(X; X X, X - X Xs,1,X;) =0, fort € {1,2,---,s + 1}. For t = 1, from Equation
1, we obtain

0 9(PX2, X1) - g(PXsi1,X1)
S s s+l N1 (X1) 11 (X2) M1 (Xs4+1)
GO XXy X X Xy, X) = ) (D7) (<D (X, X)) det Ay |06 + @3)
k=1 \i=1 j=i+1 : : :
ns(Xl) T’S(XZ) 775(X5+1)
Thus,
0 9(@X2X1) - g(PXsi1,X1)
11 (X1) n1(X2) N1 (Xs41) s [s+1 Sk _
=3 D (=1 (X, X)) det Ay |m, (X1) €)
k=1 \j=2
ns(Xl) ns(XZ) ns(Xs+1)
If we substitute Equation 4 for Equation 3, we get
S s+1

ICH X Xy X Xy X oo Ky, X) = ) ) (~DH@(X, X;) det A

i=2 j=i+1
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Here, the A, i€ {2,3,--,s}and je{i+1,i+2,---,s+ 1}, is as in Definition 3.1. Thus, det/i-j =0.

Therefore,

ijs

gX1 X Xz X X3 X X Xgyq,X1) =0
Similarly, it is proved that g(X; X X, X X3 X -+ X X¢,1,X;) =0, fort € {2,3,---,s + 1}.
iii. If &, =Y, foralli € {1,2,---,s},and X =Yy, forall X,&,,&,,-+-,& € TM, from Equation 1,

oY o, o PYen
s s stl m) m2) o 1Y)
EXEX WXEXX=Yy XYy X XYy = Z Z Z (- (Y, ;) det Ay | & + (5)
k=1 \i=1 j=i+1
ns(yl) Us(Yz) ns(Ys+1)

From Equation 5, CD(Yi,Yj) =0,1i,j €{1,2,:,s + 1}. Then, if we substitute the expressions ¢Y; = ¢p&; =0
and Y., = X in Equation 5, we get &; X & X .. X & X X = ¢X. O

4. Legendre Curves in S-manifolds

Let y:1 - M be a unit-speed curve in an n-dimensional Riemannian manifold (M, g) and ky, k5, -, k, be
positive functions on I. If there is an orthonormal basis {V;,V,, -+, V}.} along y that satisfies the following
Frenet equations, y is called a Frenet curve of osculating order r:

Vi=y'
V1/1V1 =k,V,
VV1V2 = —k1V1 + k2V3

VV1Vr = —kr1Vrq

Theorem 4.1. Let M = (M?*S,¢,&,m;,9), i,j € {1,2,--,n} be an S-manifold and y: 1 — M be a Legendre
curve of osculating order (2 + s). Then, for e = +1, the following equations are obtained:

VZ = £¢V1
S
v, = — ZE
3~ "~ s
\/§a=1
kz = \/E
and
k3 = 0
Proor.

For the function ;;: I - R defined by o;;(s) = g(V;,¢;), fori € {1,2,--,s + 2} and j € {1,2,+-, s},

S+2

$j = ZaijVi' jef{12,+,s} (6)

i=1
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Let y be a Legendre curve. Then,

Oy =013 = =015 =0
Moreover, from Theorem 3.4,
V, Vs . Vg Vsio
021 031 - OG+1)1 O(s+2)1
PV, = (15t |022 032 . O(st1)2 O(s+2)2
O2s 03s - O(s41)s O(s+2)s
If we take the derivative from a;; = 0 = g(V1, &), then
021 = O3 =03 =+ =05 =0
From Equations 8-10,
031 = O(s+1)1 O(s+2)1
032 =+ O(s+1)2 O(s+2)2
PV = (—1)s+1 V2
035 -+ O(s+1)s O(s+2)s
If we substitute Equations 7 and 9 in Equation 6, then
€171 931 %41 - O+2)1q[ Vi ]
& 032 042 o Os42)2|| Vy
&1 LO3s 042 o O(s42)s1LV 5]

B

99

()

(8)

©)

(10)

(11)

Since {¢;,&,, ..., & and {V;, ..., V., } are orthonormal systems, B is an orthonormal matrix. In this case, |B| =

+1 where |B| is the determinant of the matrix B. From Equation 10, for ¢ = +1,

From Equation 12,

If we take the derivative from o,; =

PV, = eV,

PV, = €Vy

g(V21§i) = 0! [ E {1'2l'”ls}1

kyos, = g(Va, V), k €{1,2,-,5s}

(12)

(13)

(14)
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From Equation 8,
g(Vz, ¢V1) =1

Then, from Equations 14 and 15,
k20-3k = 1, k (S {1,2,"',5}

In this case,

1
O3 = k—z, ke{12,--,s}

Since B is an orthonormal matrix,

D (ot =1
k=1

From Equations 16 and 17, for e = %1,

&
O == kE{12,,5)

and

If we take the derivative from Equation 17, then
—k29(V2,61) + k3g(Vy, §1) + g(Vs, ¢pV1) = 0
From Equations 9 and 12, Equation 19 becomes
kso41 =0

Similarly,

k3047 = k3043 = -+ = k3045 = 0
As the matrix B is orthonormal,

(041)% + (042)% + -+ (045)* = 1

From Equations 20-22,
k3 = 0

Since B is an orthonormal matrix, we can write Equation 11 as follows:

V3 51
Vsi2 $s
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(15)

(16)

(17)

(18)

(19)

(20)

(21)

(22)

(23)
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From Equations 11 and 18,

& & &
Vs Vs Vs
BT _ 041 (W) Oys (24)
[0(s+2)1  O(s+2)2 " O(s+2s)s.
and from Equations 23 and 24,
S
v, =~ z £
3 \/E a
a=1

is obtained. O

Remark 4.2. In [5], Ozgiir and Giiveng assumed that V, = ¢V; and obtained the same results as in Theorem
4.1 for biharmonic Legendre curves. Thus, Legendre curves are also biharmonic.

In [10], Hasegawa et al. have introduced R?*S(—3s) space as follows: Let the coordinate functions’ set of
M = R?*S be {x,y,z,,*, zs}. In this space,

d
§=2—, i€{1,2,s}

aZi’
1 .
n; = E(dzj —ydx), j€{1,2,,s}
(25)

and

1 N

g= Z(dx2 +dy?) +Zm- ®n;
j=1

with

X = g + g +i g e y(M

Thus, (M = R?*S,¢,&;,1 j»g) is an S-space form with the constant ¢-sectional curvature ¢ = —3s. Besides,
{e, pe, &1,&,, -, &} is an orthonormal basis on R?*5(—3s) such that

2—, i€{1,2 s}

QD

N
a 0
elzezza’ 62:¢e:2<a+yzfi>’ and fi
i=1

According to this basis, the Levi-Civita connection is calculated as

i

Vee =Vyepe =0

Vegpe = ZS: $i
i1

(26)
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N
Vpee = —Z $i
i=1

Veéi = Ve e = —dpe (26)
and

Vepeli = Ve, e = e
We will examine Legendre curves in R2*S(—3s). Let y: I » R?*5(—3s) be a Legendre curve. Let

y(@® = (x(6), y(£), . (©), ..., 2, (1))

such that t is the arc-length parameter. If the tangent vector field of y is V;, thenn;(V;) = 0, j € {1,2, -, s}
since y is a Legendre curve. From Equation 25,

z1(t) = z3(t) = - = zg(t) = y()x'(t)
If z;(t) = f(t), then
y(@®) = (x(6),y(@), f(t) + ¢y, f (&) + ¢z, f(E) + ¢5)
If the tangent vector field of the curve y in terms of basis {e, ¢e, &, &,, ..., &} is as follows:
1
Vi=50'e+x'¢e)
Since y is a unit speed curve,
)2+ () =4
Hence, we have the following example:

Example 4.3. y:1 - R2*5(=3s),y(t) = (x(t),y(®), f(t) + c1, f(t) + c3, ..., f(£) + ¢5) is a unit speed
Legendre curve such that

2

x(t) = _ cos o(t) + xq
2

y(t) = ;Sine(f) + Yo

1 2 2
f(t) = —sin26 +ﬂc059 ——t
c c c

and
0(t) =ct+c,

The tangent vector field of y in terms of basis {e, ¢e, &;,¢5, ..., &} isV; = cos 0 e — sin O ¢pe. From 26,
S
Vye= siHHZ &
i=1

S
Vy, ¢pe = cos 6 Z &
i=1

Vy,§i = —sinfe—cosB e, i€{12,s}

Vy, Vi = —csinf e — ccos 6 pe
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and
k1 =cC
Then, V, = —(sinf e + cos 6 ¢e) and ¢pV; = cos 8 e +sinf e = =V, If
Ey=y' =W
E, = VV1V1
and
(Vy, (Vy, V1), Vy, V1) (Vy, (Vy, V1), V1)
E; = Vvl(vvlvﬂ - — . V1~ —— 1
(Vy, V1, Yy, V1) (V1, V1)
then
E3
Ve =
T E
and
S
Vy, (Vy, V1) = —c*cos B e + c*sin 6 e — cz &
i=1
Then,
(Vy, (Vy, V1), Vi, V1) = 0
<VV1(VV1V1)' Vi) = —c?
N
Ey = —Cz $i
i=1
and
B
Vs

From k, = (Vy, V5, V3) and

S

Vy, Vo = —(ccos@e —csinf ¢e +Zfi>

i=1

we obtain k, = +/s. Similarly, since
Vy, Vs = Vs(sinf e + cos 6 ¢e)
and
VV1V3 = _k2V2 + k3V4

we obtain k3V, = 0. Thus, k; = 0. O

103

Let a: I — M be a unit-speed curve in a 4-dimensional Riemannian manifold (M, g). The Frenet vectors of the

curve a are

14

a a' xa' xa
B rET T |

V1 = a,, VZ and V3 = V4_ X V]_ X VZ

(27)
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and the system {V,,V,, V3, V,} is an orthonormal system in 4-dimensional space [11]. From Equation 27,
V4_ = _V1 X V2 X V3 (28)

is obtained.
Theorem 4.4. Let M = (M?**2,¢,&;,nj,9), i,j € {1,2}, be an S-manifold and y:I > M?*2 be a Legendre
curve of osculating order 4. Then, V, = % (& —&).

Proor.

From Equations 1 and 28,

Vy, = (Q(Vp PV, (V3) — g(Ve, dVadn, (Vo) + g (v, ¢V3)U2(V1))§1

KR N R

+(_9(V1:¢V2)771(V3) + g(V1, oV3In, (V) — g(Vs, ¢V3)771(V1))§2 + () () n(V3)
(V1) n(V2) ma(V3)

From Equations 9, 12, 13, 18, 28, and 29,

£
Vy = 5(51 - 52)

is obtained. O

Example 4.5. Let ¢4, ¢, € R. Then, the curve y: I - R?*2(—6) defined by
y(@) = (21n |\/1 +t2 + t|,2\/1 + t2,4t + ¢y, 4t + cz)

is a unit speed Legendre curve. The tangent vector field of y in terms of basis {e, ¢e, &, &, 1} is

t

1
Vi, = e+ e
Vit \/1+t2¢

From Equation 26,
1

Vye= —m(fl +&2)
Ve = ——— (& +&)
! Vi+t?
Vy, & = \/%(e —tpe), i€{1,2}
Vy, Vi = - 3, €~ - 3 de
oA+ a4+t
and
ki = !
1+ t?
then

1 t
Vs —ﬁe—ﬁd) and oV, ==V,
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Thus,
t
Vy, Vo = — areyla © (1+t2) sde— (1 + &)
and
VV1V2 == —k1V1 + k2V3
Therefore, we obtain
+
k2 = \/iand V3 = __51\/;2
Since Vy, V3 = m(e + tgpe) and Vy, V3 = —k,V, + k3V,, we obtain k3 = 0. From Equation 28,
e Pe & &
1 t
— 0
Vi+t2  V1+¢t? 1
V. = t 1 =—(&,—-¢&)
4 - - 0 \/7 52 fl
Vi+tz V14t
0 0 1 1
V2o 2
is obtained. O

Theorem 4.6. Let M = (M?*3,¢,&;,m;,9), i,j € {1,2,3}, be an S-manifold and y: I > M?*3 be a Legendre
curve of osculating order 5. y is imbedded in the 3-dimensional K-contact space.

Proor.
Let
U; =cos8V, —sinf Vg
(30)
U, =sin8V, + cos0 Vs
such that
6(s) = f k,ds (31)
From Equations 30 and 31,
VV1U1 = 0
and
VV1U2 = 0

Therefore, U; and U, are constant. From Equation 30, {V,V,, V5, Uy, Uy} is an orthonormal basis. For the
functions

fi:I-R
s = fi(s) = (y(s) —y(0),U;)
such that i € {1,2} from Equations 30 and 31, we get, for all s € I,

fi(s) =(V,U;) =0
fis)=ceR
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and
fi(0) = {y(0) —y(0),Uj)=c=0
Hence, forall s € I,
fi(s) =0, ie{1,2}
Then, y(s) — y(0) € Sp{V;,V,,V5}. Letw = {X € y(M) : g(X,U;) = 0A g(X,U,) = 0}. Since
w = Sp{V,, V5, Vs}and y(s) —y(0) € w

For the function

m:xy(M) » w

M+ Ay + Asg

X -»nX)=X+ 3

suchthat X € D = {X € x(M) : 1;(X) = 0,Vi € {123}}, X = X + 1u&y + A&, + A&y, and § = 52788
wegetn =n, +n; + 13, ¢ = ¢, and § = 3g, then (w3, $,&,71, §) is a K-contact space. Since § = 3g, then

I =T/ and V= V. Because dn = dn, + dn, + dnz = 3dn, = 3® = 3g = g, then & = dr. Moreover,

1 2 1 3 i
M%) = §(V7‘L’X§1 + Voxés + Vixés) = ?(].')(TTX) = —p(X) = —F(1X)

verf = Vax (
As
(V) = (g + 12 +13) V) =01 (V) + m2(Vy) +13(V,) =0
The curve y is also a Legendre curve at w. O
5. Conclusion

This study generalized the cross product defined in 3-dimensional almost contact metric manifolds and defined
anew generalized cross product in (2n + s)-dimensional framed metric manifolds such that n = 1. Moreover,
it characterized the curvatures of Legendre curves in S-manifolds. Moreover, this study proved that Legendre
curves are biharmonic. Besides, it demonstrated that (2 + 3)-dimensional S-manifolds are imbedded in 3-
dimensional space. In future studies, researchers can investigate Slant curves in S-manifolds using the
generalized cross product herein.
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