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Statistical Convergence of Double Sequences in Intuitionistic
Fuzzy Metric Spaces

Ahmet Ozcan! Y, Gokay Karabacak? "’ , Sevcan Bulut® ', Aykut Or?

Abstract — Statistical convergence has been a prominent research area in mathematics
Article Info since this concept was independently introduced by Fast and Steinhaus in 1951. Afterward,
Received: 6 Jan 2023 the statistical convergence of double sequences in metric spaces and fuzzy metric spaces has

Accepted: 3 May 2023 been widely studied. The main goal of the present study is to introduce the concepts of sta-

Published: xx Jan 202x

tistical convergence and statistical Cauchy for double sequences in intuitionistic fuzzy metric
spaces. Moreover, this study characterizes the statistical convergence of a double sequence
doi:10.53570/jnt.1230368 by an ordinary convergent of a subsequence of the double sequence. Besides, the current
Research Article study theoretically contributes to the mentioned concepts and investigates some of their basic
properties. Finally, the paper handles whether the aspects should be further investigated.

Keywords Statistical convergence, statistical Cauchy sequences, double sequences, intuitionistic fuzzy metric spaces

Mathematics Subject Classification (2020) 40A05, 40A35

1. Introduction

Statistical convergence, a generalization of ordinary convergence, is based on the natural density of
a subset of N, the set of all the natural numbers. Fast [1] and Steinhaus [2] have established this
concept separately in 1951. Many mathematicians particularly Salat [3], Freedman and Sember [4],
Fridy [5], Connor [6], Kolk [7], Fridy and Orhan [8], and Bulut and Or [9], have contributed to the
development of statistical convergence. Pringshem [10] has introduced the convergence and Cauchy
sequence of double sequences. After that, Mursaleen and Edely [11] have studied double sequences’

statistical convergence.

Fuzzy sets, defined by Zadeh [12], have been used in many fields, such as artificial intelligence,
decision-making, image analysis, probability theory, and weather forecasting. In addition, Kramosil
and Michalek [13] and Kaleva and Seikkala [14] have first examined fuzzy metric spaces (FMSs).
Further, George and Veeramani [15] have redefined the concept of fuzzy metrics to construct the
Hausdorff topology. Lately, Mihet [16] has studied the point convergence (p-convergence), a weaker
concept than ordinary convergence. Moreover, Gregori et al. [17] have put forward the concept of s-
convergence. Morillas and Sapena [18] have defined the standard convergence (std-convergence). Gre-

!ozcannaahmet@gmail.com; 2gokaykarabacak@klu.edu.tr; 3sevcanbulut7@gmail.com; *aykutor@comu.edu.tr (Corre-
sponding Author)

Li4Department of Mathematics, Faculty of Science, Canakkale Onsekiz Mart University, Canakkale, Tiirkiye
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3Department of Computer Engineering, Faculty of Engineering and Natural Sciences, Istanbul Rumeli University,
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gori and Minana [19] have introduced the concept of strong convergence (st-convergence), a stronger
concept than ordinary convergence. Li et al. [20] have proposed the statistical convergence and statis-
tical Cauchy sequence in FMSs and examined some of their basic properties. After that, Park [21] has
recently introduced the intuitionistic fuzzy metric spaces (IFMSs) by intuitionistic fuzzy sets, defined
by Atanassov [22], and triangular norms and triangular conorms [23]. Moreover, Park [21] studied
the convergence sequence concerning in IFMSs. Varol [24] has suggested the statistical convergence
in IFMSs and analyzed statistical Cauchy sequences in IFMSs. Besides, Savas [25] has introduced the
statistical convergence and statistical Cauchy sequences for the double sequences in FMSs. Motivated
the article [25] and the studies done in the literature on this subject, this paper defines statistical
convergence and statistical Cauchy sequences for double sequences in IFMSs.

Section 2 of the handled study provides some basic definitions and properties to be needed in the
following sections. Section 3 describes statistical convergence and statistical Cauchy sequences for
double sequences in IFMSs. Finally, it discusses the need for further research.

2. Preliminaries

This section presents some basic definitions and properties to be used in the following sections.
Definition 2.1. [4] The natural density of a set A C N is defined by
ke A: k<
5(A) = lim €A S )]

n—00 n

where |[{k € A : k < n}| denotes the number of elements of A that do not exceed n. It can be observed
that if the set A is finite, then 6(A) = 0.

Throughout this paper, Y denotes N x N.
Definition 2.2. [11] The double natural density of a set A C Y is defined by
j A:j< <
53(A) = lim {(.k) € A:j<mandk <n}|

m,n—00 mn

where [{(j,k) € A:j < mand k < n}| denotes the number of elements of A, whose the first and

second components do not exceed m and n, respectively. It can be observed that if the set A is finite,
then d2(A) = 0.

Definition 2.3. [11] Let (z;;) be a double sequence in R and zg € R. Then, (i) is called statistically
convergent to xo, if, for all € > 0, 62({(j,k) € Y : |zj — x0| > €}) = 0 and is denoted by sty —

; }{gnoo Tjk = Tp.

Definition 2.4. [23] Let @ : [0,1]2 — [0,1] be a binary operation. Then, @ is called a triangular
norm (t-norm), if it satisfies the following conditions:

1. @ is associative and commutative.
ii. a®1=a, for all a € [0,1].
iti. If a1 < ag and ag < ayq, for each ay,az,as,aq € [0,1], then a1 @ ag < as P ay.

Definition 2.5. [23] Let ® : [0,1]*> — [0,1] be a binary operation. Then, ® is referred to as a
triangular conorm (t-conorm), if it satisfies the following conditions:

1. ® is associative and commutative
. a®0=a, for all a € [0, 1].

iti. If a1 < ag and ag < ayq, for each ay,az,as,as € [0,1], then a1 ® ag < as ® ay.
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Example 2.6. [21] The following operators are basic examples of t-norms and t-conorms, respectively:
1. a1 B az = ajas

it. a1 @ az = min{ay, as}

iti. a1 ® ag = max{ay,as}

. a1 ® ag = min{a; + ag, 1}

Definition 2.7. [21] Let B be an arbitrary set, @ be a continuous t-norm, ® be a continuous t-
conorm, and ¢, ¥ be fuzzy sets on B2 x (0,00). For all 21,29, 23 € B and u,s > 0, if ¢ and o satisfy
the following conditions:

i. o(x1,mo,u) + P21, 22,u) <1

ii. p(x1,2,u) >0

. p(x1,x9,u) =1 11 = 29

w. o(z1,T2,u) = @(T2,T1,U)

v. o(x1,23,u + 5) > p(x1,2,u) D P(T2, 23, 5)

vi. The function ¢4, : (0,00) — (0,1], defined by ¢z, = @(z1, 22, u), is continuous
vii. Y(x1,x2,u) >0

viit. H(x1,x2,u) =0 S 11 = 29

ix. ¥z, o, u) = I z2, 21, U)

z. Iz, z3,u+ 8) < (a1, x2,u) @ Va2, z3,5)

zi. The function ¥z, 4, : (0,00) — (0, 1], defined by V4,4, = ¥(x1,x2,u), is continuous
then a 5-tuple (B, ¢, ¥, ®, ®) is said to be an intuitionistic fuzzy metric space (IFMS).

The values ¢(x1,x2,u) and ¥(x1, x2,u) represent the degree of nearness and non-nearness of x; and

To concerning u, respectively.
Example 2.8. [21] Let (B, d) be a metric space. Define a1 ®as = ajaz and a1 ® ay = min{a; + ag, 1},
for all a1, as € [0,1], and suppose that ¢ and ¥ are fuzzy sets on B2 x (0, 00) defined by

U d(xy,x2)
- - d 9 R S A EA
u+d(x1,:1:2) an (w17$27u) U—l-d(ajl,l’g)

for all x1,29 € B and u > 0. Then, (B, ¢, ¥, ®, ®) is an IFMS.

o(z1, 22, u) =

Remark 2.9. [24] If (B, ¢, 9, ®,®) is an IFMS, then (B, ¢, @) is an FMS. Moreover, if (B, ¢, ®) is
an FMS, then (B,p,1 — ¢, ®,®) is an IFMS such that a1 ® a = 1 — [(1 — a1) ® (1 — ag)], for all
ai,a € [0, 1].

Definition 2.10. [21] Let (B, p,9,®,®) be an IFMS. Then, a sequence (z,) in B is said to be
convergent to xo € B concerning intuitionistic fuzzy metric (@, 9), if, for all e € (0,1) and u > 0, there
exists ne € N such that n > n, implies that

©(Tn, xo,u) > 1 — ¢ and V(zp, x0,u) < €

or equivalently

nh_}r)go o(Tp, z0,u) =1 and nh_}rrgo HXp, xo,u) =0

@
and is denoted by 2; — ILm Ty, = To OF Ty~ To AS N — 0O.
n o
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Definition 2.11. [21] Let (B, p,9,®,®) be an IFMS. Then, a sequence (z,) is referred to as a
Cauchy sequence in B concerning intuitionistic fuzzy metric (¢, ), if, for all v > 0 and € € (0,1),
there exists n. € N such that n, N > n. implies that

o(Tp,xn,u) > 1 —¢e and FHzp, 2N, u) < €
or equivalently

lim ¢(zn,zn,u) =1and lim I(z,,zn,u) =0
n,N— oo n,N—oo0

Definition 2.12. [24] Let (B, ¢, 9, ®, ®) be an IFMS. Then, a sequence (z,) in B is called statistically
convergent to xg € B concerning intuitionistic fuzzy metric (¢, ), if, for all € € (0,1) and u > 0,

d{n € N:p(xn,zo,u) <1—¢ or I xn,zo,u) >c}) =0

or equivalently
y Hk <n:e(xg,xo0,u) <1—c¢cor ¥ xg, xo,u) > e}
im =

n—00 n

0

Definition 2.13. [24] Let (B, ¢, 9, ®, ®) be an IFMS. Then, a sequence (z,,) is said to be a statistically
Cauchy sequence in B concerning intuitionistic fuzzy metric (@, ), if, for all € € (0,1) and v > 0,
there exists N € N such that

d{n eN:p(zp,zn,u) <1—¢or Hep,xn,u) >c})=0

Definition 2.14. [25] Let (B, ¢, ®) be an FMS. Then, a double sequence () in B is called statis-
tically convergent to zp € B concerning fuzzy metric ¢, if, for all u > 0 and ¢ € (0, 1),

S({(, k) €Y p(xjr, x0,u) <1 —€}) =0
and is denoted by stas — lim wj; = xo.
J,k—00
Definition 2.15. [25] Let (B,¢,®) be an FMS. Then, a double sequence (z;;) is referred as a

statistically Cauchy sequence in B concerning fuzzy metric ¢, if, for all v > 0 and ¢ € (0,1), there

exists m,n € N such that
62({(]7 k) €Y: <P($jk,$mn,u) <1- E}) =0

3. Main Results

This section defines the concepts of statistical convergence and statistical Cauchy sequences for double
sequences in IFMSs. In addition, it provides some of their basic properties.

Definition 3.1. Let (B, ¢,?,®,®) be an IFMS. Then, a double sequence (z;) in B is said to be
convergent to xo € B concerning intuitionistic fuzzy metric (@, d), if, for all e € (0,1) and u > 0, there
exists n. € N such that j, k > n. implies that

o(xji, xo,u) > 1 — ¢ and ¥(xjk, xo,u) < €

or equivalently

lim @(zjk, vo,u) =1 and lim Y(xk,x0,u) =0
J,k—o0 j,k—00

%)
and is denoted by Zg — lim x5 =z or xj 25 x0 as 7,k — o0.

J,k—o0
Definition 3.2. Let (B, p,¥,®,®) be an IFMS. Then, a double sequence (xj;) in B is called sta-
tistically convergent to xy € B concerning intuitionistic fuzzy metric (¢, ), if, for all ¢ € (0,1) and
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u > 0,
52 ({(j’ k) €Y: @(xjk,l’o,u) S l—cor ﬁ(xjk,Io,U) 2 5}) =0

or equivalently

lim {(j,k) € Y:(j <mand k <n)and (p(xji, 0, u) < 1 —¢c or Iz, xo,u) > )}
m,n—00 mn

=0

P st .
and is denoted by 7 sty — 'llﬁim Tjk = To OF T, —— g as j,k — oo.
2 — 00

Example 3.3. Let B =R, a1 ® a2 = aja2 and a1 ® ag = min{a; + ag, 1} for all aj, as € [0,1]. Define

o and 9 by
u \xl —5172’

T1,T9,u) = ——  and ¥(x1, T2, u) =
p(@1, 22, u) P (1, 22,u)

u+ |z — 22
for all 1,22 € R and u > 0. Then, (R, ¢,?,®,®) is an IFMS [21]. Moreover, define a sequence (z ;)
by

1, 7 and k are squares
Tjk =
0, otherwise

Then, for all € € (0,1) and for any u > 0, let

K=A{(,k)eY:(j<mand k <n)and (¢ (zj0,u) <1—¢cord(z;0,u)>e)}

Hence,
=@ (< < U <] — e
K {(J,k) €Y:(j<mandk<n)and <u+|xjk’ sl-eor ut|zse] = 6>}
={(,k)eY:j<m, k<n, and zj;, = 1}
={(j,k) €Y :j<m, k<n, and j and k are squares }
and thus
@: |{(j,k) € Y:j<m, k<n, and j and k are squares } | < \/%\/ﬁ—>0asm,n—>oo
mn mn mn

Consequently, (z,1) is statistically convergent to 0 concerning intuitionistic fuzzy metric (¢, 9).

Lemma 3.4. Let (B, p, 9, ®, ®) be an IFMS, (z;;) be a double sequence in B, and 2y € B. Then, for
all e € (0,1) and u > 0, the following statements are equivalent:

. SO . _
1. hstg — lim x; = 2o
v J,k—o0 J

ii. 02 ({(4, k) € Y : @ (xjk,x0,u) >1—¢c}) =0 {(J, k) € Y: 9 (xjp,xo,u} <e})=1
iii. 02 ({(4,k) € Y : @ (xjk,x0,u) <1 —¢€}) =06 ({(J, k) € Y : 9 (xjp,x0,u) >¢€}) =0

PROOF.
The proof is straightforward using Definition 3.2 and the density function’s properties. [

Theorem 3.5. Let (B, p, 9, ®,®) be an IFMS. If a double sequence (z;;) in B is statistically conver-
gent concerning intuitionistic fuzzy metric (¢, ), then the statistically limit is unique.

PROOF.

Suppose that §sto — lm zj, = 1, §sto— lim xz;, = @2, and z1 # xo. For a given ¢ € (0,1), choose
j,k—)()o ],k—}OO

n € (0,1) such that (1 —-7) & (1 —n) > 1 —¢c and n ®n < €. Then, define the following sets, for any

u > 0,

Ki(n,u) :=={0,k) €Y :p(@jr,x1,u) <1—n}

Ko(n,u) :=={(, k) €Y : (@), x2,u) <1—n}
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Ti(n,u) = {0, k) € Y : 0 (2jp, 21,u) > n}

and
TZ(ﬁaU) = {(j7 k) eY: ﬂ(xjk,Ig,U) > 77}

By Lemma 3.4, since (xj;) is statistically convergent to x; and xp concerning intuitionistic fuzzy
metric (p, 1), for u > 0,

b2 (K1(n,u)) = 02 (T1(n,u)) = 0 = 62 (Ka(n,u)) = d2 (T2(n, u))

Let
An,u) = (Ki(n,u) U Ka(n,u)) N (T1(n, u) UTz(n, u))

for u > 0. Hence, 93 (A(n,u)) = 0 which implies that d2 (Y\A(n,u)) = 1. If (5, k) € Y\A(n, u), then
(4 k) € Y\ (K1 (0, u) U Kz (n,w)) or (4, k) € Y\ (T1(n,w) UTs(n, u))
Let (j,k) € Y\ (Ki(n,u) U K2(n,u)). Then,

u u
<,0(.’,U1,$2,U) Z¢<$laxjka2) @Sp(xjkvx2a2> > (1_77)@(1_77) >1-—¢

Therefore, ¢ (x1,z2,u) > 1 —&. Since € € (0,1) is arbitrary, for all u > 0, ¢ (1, x2,u) = 1 and thus

Ir1 = X9.

Let (j,k) € Y\ (T1(n,u) UTs(n,u)). Then,

2
Therefore, ¥ (x1,x2,u) < €. Since ¢ € (0,1) is arbitrary, for all u > 0, ¥ (z1,22,u) = 0 and thus

U (21, 22,u) <V (5617%'1@7 ;) ® v (wjk,xm u) <nen<e

T = x9. [

Theorem 3.6. Let (B, p, Y, ®,®) be an IFMS and (z;;) be a double sequence in B. If () is
convergent to xgp € B concerning intuitionistic fuzzy metric (¢, ), then it is statistically convergent
to zp concerning intuitionistic fuzzy metric (¢, 9).

PROOF.
Let (z;) be convergent to xy concerning intuitionistic fuzzy metric (¢, ). Then, for all € € (0,1) and
u > 0, there exists ng € N such that j, k > ng implies that ¢ (x5, zo,u) > 1 —¢ and 9 (1, xo,u) < €.
Hence, the set

{(5,k) €Y o (xjr,x0,u) <1 —€or V(zjk,x0,u) >}

has a finite number of terms. Therefore,
0 ({(J, k) € Y: ¢ (xjg, xz0,u) <1 —¢or ¥ (zj,x0,u) >¢e}) =0

Consequently, (1) is statistically convergent to x¢ concerning intuitionistic fuzzy metric (¢,). O
The converse of Theorem 3.6 is not always correct.
Example 3.7. For the IFMS provided in Example 3.3, define a double sequence (z;i) by

jk, j and k are squares

Ljk =
0, otherwise

(xj) is statistically convergent to 0 concerning intuitionistic fuzzy metric (p,v). However, (z;1) is
not convergent to 0 concerning intuitionistic fuzzy metric (¢, ).
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Theorem 3.8. Let (B, ,?,®,®) be an IFMS and (z;;) be a double sequence in B. Then, (z;i)
is statistically convergent to zp € B concerning intuitionistic fuzzy metric (¢, d) if and only if there
exists a subset K C Y such that

b0(K)=1 and §— Lim @, = 30
(m,,n)EK

PROOF.
(=:) Let fsto — lim zj; =z and
J,k—00

K, (u) = {(j,k) €Y :p(xjg,xo,u) >1— % and 9 (xx, xo, u) < r}’ reN
Then, according to Definition 3.2,
b2 (K (u)) =1 (1)
such that » € N. From the definition of K, (u), it is clear that
Ki(u) D Ko(u) D -+ D Ky(u) D Kyy1(u) D -+ (2)

such that » € N. Choose an arbitrary element (¢1,s1) € Kj(u). According to Equation 1, there exists
such that a (tg,s2) € Ka(u) satisfying the conditions to > ¢ and s > s1, for each (m,n) such that
m >ty and n > s9,

where

k<m
I<n
(k)€K (u)
Further, according to Equation 1, there exists such that a (¢3,s3) € Ks(u) satisfying the conditions
ts > to and s3 > s9, for each (m,n) such that m > t3 and n > s3,
Ks(u)(m,n) _ 2
- > —
mn 3

etc. Therefore, by induction, construct a sequence (t,,s,) of the set Y such that
ti<to<...<tr<...and s1<s3<...<8-<...

(tr,sr) € K(u), for all r € N, and

K, (u)(m,n) S T= 1
mn T

, 1reN (3)

for each (m,n) where m > ¢, and n > s,. Form the set K as follows: Each element between (1,1)
and (t1,s1) belongs to the set K, further, any element between (¢,,s,) and (¢,41, sy+1) belongs to K
if and only if it belongs to K, (u) such that » € N. According to Equations 1 and 3, for each (m,n)
such that t, <m < t,11 and s, <n < sp41,
K(m,n) S K, (u)(m,n) = 1
mn mn r
Thus, it is obvious that d»(K) = 1. Let u > 0 and ¢ € (0,1). Choose an r such that 1 < e. Let
(m,n) € K such that m > ¢, and n > s,. Then, there exists a number [ > r such that t; < m < t;41,

s1 <n < spy1, and (m,n) € K;. Hence,

—

1 1 1
go(xmn,$o,u)>1—721—7>1—5and19(a:mn,x0,u)<7§7<5
r r



Journal of New Theory 43 (2023) 1-10 / Statistical Convergence of Double Sequences in Intuitionistic Fuzzy Metric Spaces 8

Thereby, ¢ (Tmn, xo,u) > 1 — e and I (Xmn, xo,u) < €, for each (m,n) € K where m > t, and n > s,,
ie.,
Y — lm  Zpn = To

¥ mn—oo
(mn)eK

(«<:) Suppose that there exists a set K = {(m,n) € Y : m,n = 1,2,...} such that J3(K) = 1 and

ﬁ — ml%rgoo Tmn = X0, 1.€., for all e € (0,1) and u > 0, there exists n. € N such that m,n > n. implies
(m,n)eK

that ¢ (Tmn, zo,u) > 1 — e and I (X, xo,u) < €. Hence,
A(€,’LL) = {(]7 k) EY: ® (xj/mx()vu) S l—cor ) (xjkax(hu) 2 5} g Y\ {(jn5+17 kn5+1) ) (jn5+2a kn5+2) y Tt }
Therefore, d3 (A(g,u)) = 0. Consequently, Jsto — lim zj; = 9. O
J,k—00
Definition 3.9. Let (B, ,¥,®,®) be an IFMS. Then, a double sequence (i) is referred to as a

Cauchy sequence in B concerning intuitionistic fuzzy metric (¢, ), if, for all v > 0 and € € (0,1),
there exists n. € N such that j > p > n. and k > ¢ > n. implies that

O(Tj, Tpg,u) > 1 — e and Iz, Tpg,u) < €

or equivalently

lim Tik, Tpg, W) = 1 and lim Iz, Tpg, ) =0
pgﬁ\oo‘»o( ks Tpgy W) P (Tjks Tpgs )

Definition 3.10. Let (B, p, Y, ®, ®) be an IFMS. Then, a double sequence (z;) is called a statistically
Cauchy sequence in B concerning intuitionistic fuzzy metric (@, ), if, for all € € (0,1) and v > 0,
there exists (p,q) € Y such that

({4, k) € Y : o(zjp, Tpg, u) <1 —€ or Hajp, Tpg,u) > €}) =0

Theorem 3.11. Let (B, p,9,®,®) be an IFMS and (x;;) be a double sequence in B. If (z;;) is
statistically convergent concerning intuitionistic fuzzy metric (p, ), then it is a statistically Cauchy

sequence concerning intuitionistic fuzzy metric (p,9).

PROOF.

Let sty — -Em xji = xo. Then, for all e1,e2 € (0,1) such that (1 —e2) ® (1 —e2) > 1 — ¢ and
J,Kk—00

€9 ® &9 < €1, and for all u > 0,

) ({(j, k)EY: ¢ (l‘jkzaxm Z) <l-g ord <55jk7$0’ ;) > 61}) =0

In particular, for j = p and k = ¢,
U U

52 ({(p7 Q) €Y: ¥ (quwx()a 2> <1l-¢gqo0r v (quwx(); 2) > El}) =0

Since
U U
0 (Tjk, Tpg, u) > @ <$jk,$0, 2) Dy (qu,xm 2) >(l-e)@d(l-e)>1-g
and
U U
QQ(.’Ejk,[qu,u) < % ($jk7'1"07 2> ® v <qua$07 2> <ea®er <éeq

then

02 ({(J, k) €Y : @ (mjp, pg,u) <1 —e1 or U (xjp, Tpg,u) > €1}) =0

That is, (1) is a statistically Cauchy sequence concerning intuitionistic fuzzy metric (p,4). O
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Theorem 3.12. Let (B, p,9,®,®) be an IFMS and (xj;) be a double sequence in B. Then, the

following statements are equivalent.
i. (xji) is a statistically Cauchy sequence concerning intuitionistic fuzzy metric (¢, ).

it. There exists a subset K C Y such that d2(K) = 1 and the subsequence (), indexed by elements
in K, of the sequence (z;;) is a Cauchy sequence concerning intuitionistic fuzzy metric (¢, ).

Proor.
The proof is similar to the proof of Theorem 3.8. [

4. Conclusion

This paper investigated the concept of statistical convergence, a generalization of ordinary convergence,
for the double sequences in IFMSs. Additionally, it researched statistical Cauchy sequences and
revealed characterizations of these concepts for double sequences. In further works, researchers can
study the concept of Lacunary convergence in an IFMS using the concepts and results herein and
analyze some of its basic properties.
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1. Introduction

Quasilinear spaces and normed quasilinear spaces were introduced by Aseev [1]. Then, several results
on normed quasilinear spaces were obtained by defining proper quasilinear spaces in [2—4]. Later on,
the quasilinear functions with bounded interval values were studied, and the Hahn-Banach extension
theorem was analyzed in [5, 6], respectively. Then, quasilinear inner product spaces, generalizations
of inner product spaces, were defined to develop quasilinear functional analysis in [7-10]. In addition,
Yilmaz et al. [11] demonstrated that Hilbert quasilinear spaces are a special class of fuzzy number
sequences. In [12,13], Levent and Yilmaz included some quasilinear applications, such as signal

processing.

Molodtsov [14] introduced soft sets in 1999. His next presentation covered a variety of applications
of this theory in economics, engineering, and medicine. Following that, Maji et al. [15] presented
several operations on soft sets. After, Das and Samanta introduced soft elements [16] and soft real
numbers [17]. Additionally, they worked on soft linear operators, soft linear spaces, soft inner product
spaces, and some of their features in [18-21]. Afterward, they introduced soft normed spaces in a
novel perspective, along with soft inner product spaces and soft Hilbert spaces in [22,23], respectively.

Bozkurt [24] introduced soft quasilinear spaces and soft normed quasilinear spaces, being more gen-
eralized than the previous notions of soft linear spaces and quasilinear spaces. Afterward, Bozkurt
and Gonci defined soft inner product quasilinear spaces and soft Hilbert quasilinear spaces in [25].

Moreover, they worked on some properties of soft inner product quasilinear spaces.
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In this study, we give some properties of soft quasi-sequences and several new theorems related to their
convergence in soft normed quasilinear spaces. Moreover, we study the completeness of soft normed
quasilinear spaces. Besides, we define the regular and singular subspaces of a soft quasilinear space
and find several conclusions that are related to these notions. In addition, we provide a few examples
of soft normed quasilinear spaces. Finally, we discuss the need for further research.

2. Preliminaries

The objective of this section is to introduce some concepts in soft set theory and some basic notions,
such as soft quasilinear spaces and soft normed quasilinear spaces, concerning soft set theory. Let Q)
be a universe, P be a set of parameters, P (Q) be the power set of (), and B be a non-empty subset
of P.

Definition 2.1. [14] A pair (G, P) is called a soft set over @), where G is a mapping defined by
G:P— PQ).

Definition 2.2. [19] A soft set (G, P) over @ is said to be an absolute soft set represented by @, if
G (v) = Q, for every v € P. A soft set (G, P) over @ is said to be a null soft set represented by @, if
G (v) =0, for every v € P.

Definition 2.3. [17] Let @ be a non-empty set and P be a non-empty parameter set. Then, a
function ¢ : P — @ is said to be a soft element of (). A soft element ¢ of @) is said to belong to a soft
set G of @, which is denoted by q € Q, if ¢ () € G (), v € P. Thus, for a soft set G of @ with respect
to the index set P, we get G(v) = {q(v),v € P}. A soft set (G, P) for which G(v) is a singleton set,
for all v € P, can be determined with a soft element by simply determining the singleton set with the
element that it contains, for all v € P.

The set of all the soft sets (G, P) over () will be described by S (@) for which G (v) # 0, for all vy € P
and the collection of all the soft elements of (G, P) over @ will be denoted by SE (@)

Definition 2.4. [24] Let @ be a quasilinear space, P be a parameter set, and G be a soft set over

(Q, P). Then, G is said to be a soft quasilinear space of @ if @ () is a quasilinear subspace of @, for
every v € P.

Remark 2.5. [24] Soft quasi vectors in a soft quasilinear space are represented by ¢, w, and Z, and

a, b, and ¢ are used to specify soft real numbers.

Definition 2.6. If a soft quasi element § has an inverse, i.e., §—§ = 6 such that qg(v)—q(y) = 5(7),
for every v € P, then it is called regular. If a soft quasi element ¢ has no inverse, then it is called

singular.

Definition 2.7. [24] Let @ be the absolute soft quasilinear space, i.e., @ (v) = Q, for every v € P
and R (P) denote all soft real numbers. Then, a mapping |.|| : SE (Q) — R(P) is said to be the

soft norm on the soft quasilinear space Q if ||.|| satisfies the following conditions:
i. ||g| > 0if g # 0, for every § € Q.

ii. ||g+w| < |l + @], for every ¢, w € Q.

iii. ||&-q|| = |@ - |||, for every § € Q and for every soft scalar @.

w. If G=w, then ||q|| < ||@||, for every ¢, @ € Q.

v. If, for any € > 0, there exists a quasi vector §. € Q such that =@ + ¢. and |G|l < e, then §=w,
for any soft quasi vectors §, @ € Q.
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A soft quasilinear space @ with a soft norm ||| on Q is called a soft normed quasilinear space and is

indicated by (@, [[|) or (Q,.I|,P).

Lemma 2.8. [26] Let (@, I ,P) be a soft normed quasilinear space and a soft quasi norm ||. || satisfy
the condition:

{lIgll (7) : ¢(v) = ¢.for ¢ € Q and y € P} is a singleton set. (1)

Then, for every v € P, HHW : Q — R™ defined by HqH7 = |l (), for every g € Q and § € O such that
q () = q, is a quasi norm on Q.

Let @ be a soft normed quasilinear space. Then, soft Hausdorff or soft norm metric on CNQ is defined
by
ho(q,®) = inf {F> 0§20+, 937+ @, and [§}|| <7}

3.Some New Results Related to Soft Quasi Sequences

Throughout this section, let Q and W be two quasilinear spaces over field R, P be a non-empty
parameter set, and Q and W be two absolute soft quasilinear spaces, i.e., @(7) = (@ and W(’y) =W,
for every v € P, respectively. SE (@) denotes the set of all the soft quasi vectors of @ The notations
q and w demonstrate also soft quasi vectors of @ Further, we will take a(v) = «, for every soft scalar
a and v € P.

Definition 3.1. Let (@, 11l P) be a soft normed quasilinear space and {g,} be a sequence of soft
quasi vectors in Q. If h(Gn,d) — 0 as n — oo, then {§,} is referred to as a convergent soft quasi
sequence and converges to soft quasi vector g € @ In other words, for every € > 0, there exists N € N
such that the following condition applies for n > N,

@n=2q+ Tony G200 + By and ||, <& (2)

Example 3.2. Let @ be a soft normed linear space. In this case, @ is a soft normed quasilinear space.
The partial ordering relation that gives @ a soft quasilinear space structure is equality. Moreover,
if @ is a soft normed quasilinear space and every soft quasi vector ¢ in @ has an inverse, then @ is
called a soft normed linear space and partial order relation on @ turns into equality relation. Besides,
ho(@. @) = g - @l

Theorem 3.3. In a quasilinear soft normed space, the limit of a sequence is unique if it exists.

PROOF.
Let (@, HH,P) be a soft normed quasilinear space. Suppose that {g,} is a sequence of soft quasi
vectors in Q such that h(Gn,q) — 0 and h(Gn, @) — 0 as n — oo where § # w. If h(Gn,q) — 0 as
n — oo, then for every & > 0 there exists N € N such that the following conditions are satisfied for
n>N,

o~ ~~ o~ 13
anq+§§na qun +(T2:n7 and H@fn” < 5

Further, if h(g,, W) — 0 as n — oo, then, for every & > 0, there exists M € N such that the following
conditions are satisfied, for n > M,

Do )

G =W + Wy, WGy + Wy, and |5, ]| <

If we get K = max{N, M}, then we get Gn=q + Ty G=Gn + B> and |T,|| < § and G, =@ +
W5, WGy + W5, and [|@5,|| < 5, for every n > K. Since Q is a soft normed quasilinear space, we
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obtain
I=Gn + G2 2W + Wy, + Gy
and
W=y + 03, 2q + 1y, + W,
for every n > K. Thus, we find
1Gin + Winll < €

since |75, < 5 and ||@5,| < &, for every & > 0. This gives §=@ + @5, + Gy, T=G + Tp + Ton,

and ||, + w5,| < &, for every £ > 0. Since @ is a soft normed quasilinear space, we get §=@ and
w={q from Definition 2.7. Thus, we obtain § = @. This is a contradiction. In this way, the proof is
complete. [

Definition 3.4. Let (@, Il P) be a soft normed quasilinear space and {g, } be a sequence of soft quasi
vectors in Q. If {h(Gn, @m) : m,n € N} is a bounded set, i.e., there exists N>0 such that h(qn, Ejm)glv,

for every n,m € N, then {g,} is called a bounded soft quasi sequence in Q.
Theorem 3.5. In a soft normed quasilinear space, every convergent sequence is bounded.

PROOF.
Assume that {g,} is a convergent sequence converging to ¢ in @ Then, for every & > 0, there exists

an N € N such that, for all n > N, there are soft quasi vectors ¢5,,,G5,, € @ satisfying the conditions
=G+ Ty G200+ By and @5 ll <€
This means h(g,,§) — 0 as n — co. For an arbitrary soft quasi element Gy € Q, we can write
W(Gn, G0) =M(Gn, @) + P(q; Qo)
from properties of Hausdorff metric. Let
M = max {h(@, @), M@, @), 1+ (@ @) |
Then, we find h(g,, 'qvo)g]\A/f, if we take h(Gy,,§)=1, for every & > 0. This gives g, € gﬂ(qﬁ)). O

Every bounded soft quasi-sequence is not necessarily convergent. For example, we take a bounded
soft quasi sequence in soft normed quasilinear space Q¢(R) such that g, (v) = {(-=1)"} € Qc(R), for
~ € P. Clearly, this sequence is bounded in Q¢ (R). However, §, is not convergent in Q¢ (R).

Definition 3.6. Let (@, [BIR P) be a soft normed quasilinear space and {g,} be a sequence of soft

quasi vectors in @ If, for every & > 0, there exists an M € N such that h(@n, Gm) = €, for every
n,m > M, then {g,} is called a soft quasi-Cauchy sequence in @

Theorem 3.7. In a soft normed quasilinear space, every convergent sequence is a Cauchy sequence.

PROOF.
Assume that {g,} is convergent to ¢ in @ Then, for every & > 0, there exists an N € N such that, for
n > N, there are soft quasi vectors ¢5,,, g5,, € @ satisfying the conditions

Gn2q+ iy G300+ Gy and G5l <€

Then, we clearly get @5, @5, € Q such that G, =G+ 05, §=Gm + @5, and [|@5, || < &, for all m > N.
Similar to the proof of Theorem 3.5, if we get K = max{N, M}, then

@20 + G =G + W5y, + G
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and
30+ 5,3 + T3+ 0,
for every n,m > K. Moreover, if we take 2-& = &, then we have g5, + s, || < g’ since IG,l <€

and ||@g, || < & This gives that every & > 0, there exists a K € N such that h(gn,Gm) < &, for every
n,m>K. [

The converse of Theorem 3.7 is not always correct.

Theorem 3.8. If there is a convergent soft quasi subsequence of a soft quasi-Cauchy sequence in a
soft normed quasilinear space, this soft quasi-Cauchy sequence converges to the soft quasi vector at
which the soft quasi-subsequence converges.

Proor.
Let {Gn} be a soft quasi-Cauchy sequence in CNQ Then, for every € > 0, there exists an N € N such
that, for n,m > N,

I ™

We define a convergent soft quasi subsequence of {g,} with {g,, } and ¢,, — ¢ as n — co. Since {g,}
is a soft quasi-Cauchy sequence and {gy, } is a soft quasi subsequence of {g,}, then

G =G + Ky Gu=dn,, + Sy, and RG] <

DN ™

Moreover, since g,, — ¢ as n — oo, then, for n,m > N and for every € > 0, there exists an N € N
such that, for all n > N,

DO ™

G 20+ s G200, + 15, and 1G] <
Then, from the above two inequalities,
G=Gn + U5, + K5, and  Gu=q+ 15, + kS,

for all n > N. Further, we find Nﬁn + Egn

’g?. This gives ¢, — g as n — oco. [
Theorem 3.9. In a soft normed quasilinear space, every Cauchy sequence is a bounded soft quasi-

sequence.

PROOF.
Let {gn} be a soft quasi-Cauchy sequence in Q. Then, there exists N>0 such that h(Gi, @) =1, for

every k,l > N. If we take K (y) = | Inax {h(Gk,q1) ()}, for all v € P, then
—" —m

Mk, @) (7) = 1@k Gm) (V) + h(dm, @) (7)
<K()+1(v)
= (K+1)(3)
for 1 <k <m and [l > m. Thus, we find h(g,q) < (%—l—f), for every k,l € N. This gives that {g,}
is a bounded soft quasi sequence in Q. [

Definition 3.10. Let (@, 11, P) be a soft normed quasilinear space and (5, P) be a soft quasi subset

in Q such that S () # 0, for every v € P. If there exists a soft real number m such that ||g|| < m, for
every q € S , then the soft quasi subset (.S, P) is referred to as bounded in @
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Example 3.11. Let B = {G: G (y) € [0,1],~ € P}, a soft quasi subset of soft quasilinear space Q¢ (R)
with [|g] = sup |g(7)[lq.r)- Then, the soft quasi subset B is bounded since

Ig]l = sup [|g(¥)lloc @) < sup ([0, Ullopm) =1

Definition 3.12. Let (@, HH,P) be a soft normed quasilinear space. If every soft quasi-Cauchy

sequences in () converges to a soft quasi element in @, then CNQ is called a complete soft normed
quasilinear space. Generally, a soft quasilinear Banach space can be described as a complete soft

normed quasilinear space.

Theorem 3.13. Let (@, Il P) be a soft normed quasilinear space. Then, the following statements
are valid:

1. If ¢, — ¢ and w,, — w, then ¢, + w, — ¢ + W, i.e., according to the Hausdorff metric, the

algebraic sum is continuous.

7. If ¢, — ¢ and 5, — 7, then ¥, -¢, — 7-¢, i.e., according to the Hausdorff metric, multiplication

by soft real numbers is continuous. The sequence 7,, consists of soft scalars.

PROOF.
Let (@, 111l P) be a soft normed quasilinear space.

i. Suppose that ¢, — ¢ and @,, — @. Then, for every & > 0, there exists an N € N such that, for
alln > N,

and

2@ + T, =, + @5, and |@5,| <&

Therefore,

Gn + O =G+ @+ Gy + Ty G+ G2y + W+ Gy + Ty, and |G, + 05, <&
such that & = 2&. Thus, §, + W, — § + ©.
Similarly, it can be demonstrated that soft real number multiplication is continuous. [

Theorem 3.14. Let (@, Il P) be a soft normed quasilinear space. The soft quasi-norm is continuous
according to the Hausdorff metric.

Proor.
Suppose that §, — ¢. Then, for every & > 0, there exists an N € N such that, for all n > N,

Gn2q+ iy G300+ By and Gl <€
Since @ is a soft normed quasilinear space with |.||,

1Gnll < llgll + g5, ]l and 7l < llGull + (15,
This gives ||gn|| — ||g|| as m — oo because ||, || <&. O

Theorem 3.15. Let (@, -1l P) be a soft normed quasilinear space and {¢,} and {w,} be two soft

quasi-Cauchy sequences in @ Then, {g, + wy,} is soft quasi-Cauchy sequence in @

Proor.
Let {g,} and {w,} be two soft quasi-Cauchy sequences in Q. Then, for every & > 0, there exist
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N, M € N such that, for all n,m > N and n,m > M,

"~ o~ g
and -
~ -~ ~& ~ I~ ~& ~c €
Wy Wy, + W],y Wy =Wy, + W5, and  ||w5,]| < 3

If we take K = max{N, M}, then, for every & > 0, there exists a K € N such that, for all n,m > K,
Gn + Tn 2 + B + G + 05, and G+ D= + D + Gy + W3,y

Moreover, ||g5, + w5, || < € since ||, || < %and |ws, || < g This gives {¢, + Wy, } is a soft quasi-Cauchy

sequence in @ ]

Theorem 3.16. Let (@, I, P) be a soft normed quasilinear space. The following statements are

provided:

i. Assume that §, — ¢ and W, — @. If §,< Wy, for every n € N, then <.

#. Assume that §, — ¢ and @, — . If G, <My, = Wy, for every n € N, then m, — q.
#ii. If Go+ Wy — G and @, — 0, then G, — .

PROOF.

Let (@, IBIB P) be a soft normed quasilinear space.

i. Let Gp — 4, Wy, — W, and §,= Wy, for every n € N. Then, for every & > 0, there exists an N € N
such that, for all n > N,

o~ o~ g

anQ"’_qﬁnv quH+q§n7 and ”aan < 5
and ~
~ ~ o~ ~ ™~ ~ - (3
Wy W + wi:nv WRWy, + wgnv and ||wfn|| < 5

Moreover, since g, = Wy, for every n € N,
q=n + B S Wn + By =20 + G,y + DY,
Further,
1@, + Wil <€
This gives G=w because Q is a soft normed quasilinear space.

. Let §n — 4, Wp — q, and Gn=mn= Wy, for every n € N. Then, for every & > 0, there exists an
N € N such that, for all n > N,

Gn2q+ @iy G300+ Gy and Gl <€

and
W30 + W5, W2y, + @5,, and @5, || <&

Moreover, since (Yng my, for every n € N,

q=mn + 3y,
Further, as m,< W, for every n € N|

M =W + W5,

Besides, because ||¢5, || < € and ||@5,,|| < &, for every n € N, m,, — q as n — oc.
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7. Let g+ w, — ¢ and w, — 9. Then, for every & > 0, there exists an N € N such that, for all
n >N,

_ o~ o~ _ 5
qn—i_wnjq—i_ﬁn? qun+wn+z]§n, and ngzen” S 5
and _
o~ —— ~ ~ 5
wnje + wi:nv ijn + wgna and ||szn ‘ < 5
From these above relations,
Gn + 0= + @y + W5, 27 + G5, + W5,
and
Besides, ||q5,, + w5, || < & and [|¢5,, + w5, || < € since [|¢;,|| < § and ||w§,|| < §. This gives ¢, — ¢ as

n—oo. U

4.Some New Results Concerning to Soft Quasi Subspaces of Soft Normed
Quasilinear Space

In this section, we provide some results on soft quasilinear subspaces of soft normed quasilinear spaces.
Further, we define the regular and singular soft quasi vectors of a soft quasilinear space and exemplify
them.

Lemma 4.1. Let W and Z be soft closed subspaces of a soft normed quasilinear space Q satisfying
Condition 1 and W be a closed proper subset of the subspace Z. Then, for £>0, there exists z € @\W
with ||Z]| >1 such that, for all @ € W, the inequality ||z — @ >1 — € is satisfied.

PrOOF.

Suppose that £>0 and £(y) = ey > 0, for every parameter v € P. Since @ satisfies Condition 1,
Z (v) = Z, is a closed subspace of the normed quasilinear space @ such that @(7) = @. From Reisz’s
Lemma for normed quasilinear space provided in [4], there exists Z(y) € Q\Z, with [|Z(7)], > 1 such
that for all w(y) € W, the inequality

[2(v) —w(ll, 21—
is satisfied. This gives that, for £>0, there exists Z € Q\W with ||Z]| >T such that, for all @ € W, the
inequality ||Z — @|| >1 — & is satisfied. [
Lemma 4.2. Let @ be a soft quasilinear space. Then, in the soft quasilinear space @, the soft element
0 is minimal in @, ie,q= 0 if 535
PROOF.
Assume that § is a soft quasi vector in Q and §=6. Since (—Nl)(jg(:l)cj, for soft scalar —1, and Q is
a soft quasilinear space, then
g+ (-1)g=0 + (-1)g = (-1)q
Further,
0= (T+(-1)7=q+(-1)a=0+ (~1)g = (~1)q

from properties of soft quasilinear space. Thus, (—1)6=(—1) ((—Nl)(j) = §. Moreover, (—1)§ = 6.
Therefore, 53@ This gives ¢ = 6. Consequently, the soft element 6 is minimal in soft quasilinear
space @ ]
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Definition 4.3. Let @ be a soft quasilinear space. A soft quasi vector § € @ is named an inverse of
a soft quasi vector g € @ if §4 ¢ = 0. The inverse of a soft quasi vector is unique if there exists.

Lemma 4.4. If any soft quasi vector in the soft quasilinear space @ has an inverse soft quasi vector
in @, then the partial order relation in @ is achieved through equality. As a result, the distributive
property is valid. Therefore, @ is a soft linear space.

PROOF.

The proof is similar to the quasilinear spaces if take as § () = ¢ and ¢’ (v) = ¢, for all parameter ~.
]

Definition 4.5. In a soft quasilinear space Q, a soft quasi vector with an inverse is called a regular
soft quasi vector, and a soft quasi vector without an inverse is called a singular soft quasi vector. The

set of all the regular and singular soft quasi vectors of CNQ is denoted by QT and @5, respectively.

Here, the subspace of all the regular soft quasi vectors of the soft quasilinear space @ is called the
soft regular subspace of @ Similarly, The subspace of all the singular soft quasi vectors of the soft
quasilinear space @ is called the soft singular subspace of @

Definition 4.6. Let @ be a soft quasilinear space and W C @ If W is a soft quasilinear space
with the same operations in @ and the same partial order relation in @, then W is called a soft

sub-quasilinear space of @

Theorem 4.7. Let @ be a soft quasilinear space and W C @ Then, W is a soft sub-quasilinear space
of @ if and only if aw; + fwe € W, for every soft quasi vector wy,ws € W and soft scalars a;, 3.

PROOF.

The theorem can be proved in a similar way to that of soft linear spaces. [

Example 4.8. Consider the absolute soft quasi set generated by Q¢ (R) and defined by Q¢ (R), i.e.,
Qc(R) (7) = Qc(R), for every v € P. Let

W ={w:w(y) =[ab], a,b R, a<b, andnyP}U{G}

Clearly, W consists of all the soft quasi vectors in which image is a singular element of Q¢c(R) under
the parameter . Since

(@@ + B2) (1) = & (1) @1 (1) + 5 (7) @2 (7) = @iy (3) + B2 (7) € Qe (R)

for every soft quasi vectors wi, we € W and soft scalars a, E , then W is a soft subquasilinear space of
Qc(R). Moreover, by Definition 4.5, we get W is a soft singular subspace of Q¢(R). For another soft
quasi set

M = {m :m(y) = {m} € R,Vy € P}

M is a soft subspace of Q¢(R) since
(@ + B ) (1) = & (1) 1 (3) + B () a (7) = ama + B € R

for every soft quasi vectors m1,meo € M and soft scalars a, B . Further, every soft quasi vector m € M
has an inverse because Q¢ (R) is an absolute soft quasilinear space. Thus, M is a soft regular subspace
of Qc(R).

Theorem 4.9. Every regular soft quasi vector in a soft quasilinear space @ is minimal.
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Proor.
Let § € Q, be an arbitrary soft quasi vector and @w=g, for any @ € Q. Then,

G+q3q+q =0
since ¢ is a soft quasi-regular vector in @ From Lemma 4.2, @ + § = 0. Thus, w = ¢ because the

inverse of a soft quasi vector is unique if there exists. Hence, an arbitrary soft quasi vector ¢ in @) is

minimal. O

Theorem 4.10. Let @ be a soft normed quasilinear space. Then, the soft quasi set @T is a closed
subspace of @

PRrROOF.
Let q,w € @T and soft scalars a, B € R(P). Tt is necessary to prove that aq + B@ € @r to show that

@T is a subspace of @ As §,w € Q,, there exist § , 0 € @ such that §+ ¢ = 0 and @ +w = 0.
Since @ is a soft normed quasilinear space,

G+pPu+aq +po' =a(q+7)+B(v+a) =0
This gives aq + BLE €Q,.
The soft quasi sequence {g,} in @r converges to ¢ € @, ie., g, — g € Q as n — co. Since @ is a soft
normed quasilinear space, —g, — —q as n — oo. Hence, G, — Gn — G — 4. Since G, € Qr, G — Gn = 0
and then ¢ — q = 0. This gives g € @T. Therefore, @r is a closed subspace of Q O

Theorem 4.11. Let CNQ be a soft quasilinear space and ¢q,w € Q. If g+ w € CNQT, then g € @r and
W € Q.

PRrROOF.

Assume that ¢+ w € @r and q are not soft quasi-regular vectors of @ Then, there exists a soft quasi
vector m € Q, such that (+w)+m = 0. Thus, § + (w+m) = 0 because Q is a soft quasilinear
space. This implies that the soft quasi vector ¢ has an inverse soft quasi vector w + m. However, this
contradicts the assumption q ¢ @r. Because, if ¢ € @r, then § has an inverse soft quasi vector § € @T
such that §+ ¢ = 0. As a result, the assumption is not correct and thus g € @T. In a similar way, it

can be observed that w is a soft quasi-regular vector of @ O
Theorem 4.12. Let Q be a soft quasilinear space. If § € Q, and @ € Qs, then §+ @ € Q,.

Proor.
The proof is similar to the proof of Teorem 4.11. [

As in quasilinear spaces, soft quasilinear spaces have a soft quasi-singular vector containing each soft
quasi-regular vector.

5. Conclusion

This study provided some results on the convergence and boundedness of a soft quasi sequence in a
soft quasilinear space. Further, it investigated some properties of regular and singular subspaces of a
soft quasilinear space. In future works, some algebraic properties of soft quasilinear spaces, such as
basis, dimensions, and properness, can be studied depending on the descriptions of soft quasilinear
spaces. Moreover, whether the class of soft fuzzy sets has a soft quasilinear space structure can be
investigated. Applying the soft quasi concept to them is worth studying.
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1. Introduction

Throughout this article, unless otherwise specified, R denotes an associative prime ring, i.e., for all
a,b € R, aRb = 0 implies a = 0 or b = 0, with the maximal left ring of quotients @ = Q,,;(R). It is
well known that R is a subring of @, Q is a prime ring, and the center C' of @ is a field and called
the extended centroid of R [1]. Z denotes the center of R, and the notation Char(R) represents the
characteristic of R. For all a,b € R, let [a,b] := ab — ba, the Lie commutator of a and b. For a subset
A of R, Cr(A) means the centralizer of A and defined by Cr(A) = {x € R | [z,a] =0, for all a € A}.
If L is an additive subgroup of R and [z,7] € L, for all z € L and r € R, then L is referred to as a
Lie ideal of R. If L is a Lie ideal of R and z? € L, for all z € L, then L is called a square closed
Lie ideal. Since (z 4+ y)?> € L and [z,y] € L, for all z,y € L, then 22y € L. Let @ # S C R. A
mapping f : R — R is called zero-power valued on S, if f(S) C S, and, for all s € S, there exists a
positive integer n(s) > 1 such that f™*)(s) = 0. An additive map d : R — R is called derivation if
d(xy) = d(z)y + xd(y), for all z,y € R. Especially, I,, defined by I,(z) := [a, ], for all x € R, is an

inner derivation induced by an element a € R.

In [2], El Sofy Aly has introduced a new mapping created by combining the concepts of homomorphisms
and derivations on rings. An additive mapping h : R — R is called a homoderivation if

h(zy) = h(x)h(y) + h(x)y + zh(y)

for all x,y € R. The only additive mapping, both a derivation and a homoderivation on a prime ring,

is the zero map. Some examples of homoderivations are as follows:
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Example 1.1. [2] Let R be a ring and f be an endomorphism of R. Then, the mapping h: R — R
defined by h(z) = f(z) — = is a homoderivation of R.

Example 1.2. [2] Let R be a ring. Then, the additive mapping h : R — R defined by h(xz) = —x is
a homoderivation of R.

Example 1.3. [2] Let R =7 (ﬂ), a ring of all the real numbers of the form m + n+/2 such that
m,n € Z, the set of all the integers, under the usual addition and multiplication of real numbers.
Then, the map d : R — R defined by d(m + nv/2) = —2n+/2 is a homoderivation of R.

In 2016, Melaibari et al. [3] have proved the commutativity of a prime ring R admitting a non-zero
homoderivation h that satisfies any one of the conditions: 7. [z,y| = [h(x),h(y)], for all z,y € U, a
non-zero ideal of R, #. h([z,y]) = 0, for all z,y € U, a non-zero ideal of R, or 4. h([z,y]) € Z, for
all z,y € R. Alharfie et al. [4] have shown that the commutativity of a prime ring R if any of the
following conditions is satisfied: for all z,y € I, i. zh(y) £ zy € Z(R), 4. zh(y) £ yx € Z(R), or iii.
zh(y) = [z,y] € Z(R). Here, I is a non-zero left ideal of R, and h is a homoderivation of R. In 2019,
Al Harfien et al. [5] and Rehman et al. [6] have studied the commutativity of a semiprime (prime) ring
admitting a homoderivation satisfying some identities on a ring. Researchers [7—14] have executed
many noteworthy works concerning various properties of homoderivations during the last decades.

In Theorem 1.4, Bresar [16] has indicated that derivations d, f, g, and h of a prime ring R satisfying
the condition d(x)g(y) = h(x)f(y), for all x,y € R, are C—dependent. In other words, g and f and
h and d are C'—dependent. In Teorem 1.5, the author has indicated that derivations g and h of a prime
ring R satisfying the condition ag(z)+ h(x)b = 0, for all x,y € R, are C—dependent. That is, g and I,
and h and I, are C'—dependent. Motivated by the results of Bresar, we create Section 3 of this study.
In the section, we research the results of Bresar by homoderivations. We show that homoderivations
hi, ha, hs, and h4 of a prime ring R satisfying the condition hj(x)ha(y) = hs(z)ha(y), for all z,y € R,
are 1—dependent such that 1 € C. That is, hy = h3 and hy = hgq where hy|, # 0 or hy|, # 0 such that
hi|,,h2), : Z — R are two mapping defined by hy|,(z) == hi(x) and hg|,(x) = ha(z), respectively.
In addition, we prove that a = —b € Z, for homoderivations h; and ho of a prime ring R satisfying
the condition ah;(z) + ha(x)b =0, for all x € R.

Theorem 1.4. [16] Let R be a prime ring, and d, f, g, and h be derivations of R. Suppose that
d(x)g(y) = h(z)f(y), for all z,y € R. If d # 0 and f # 0, then there exists a A € C such that
g(x) = Af(x) and h(z) = Ad(z), for all z € R

Theorem 1.5. [16] Let R be a prime ring, and g and h be derivations of R. Suppose that there exist
a,b € R such that ag(z) + h(x)b =0, forall z € R. If a ¢ Z and b ¢ Z, then there exists a A € C
such that g(z) = [Ab, z] and h(z) = [Aa, z], for all z € R. Moreover, if g # 0, then ab € Z.

The purpose of Section 3 is to prove the following two results:

e Let R be a prime ring and hi, ho, h3, and hy be zero-power valued non-zero homoderivations on
R. Suppose that hi(z)ha(y) = ha(x)ha(y), for all x,y € R. If hy), # 0, then hy = h3 and hy = hy.
Moreover, hi|, = 0 if and only if (iff) h3|, = 0. Similarly, If hy|, # 0, then h; = h3 and hy = hy.
Moreover, h2\z =0 iff h4‘Z =0.

e Let R be a prime ring and h; and ho be zero-power valued non-zero homoderivations on R. Suppose
that there are a,b € R such that ahi(z) + ho(x)b = 0, for all x € R. Then, a = —b € Z or
hij, = hg, = 0.

In Lemma 5 and 6 provided in [15], Bergen et al. have showed that a Lie ideal U of a prime ring R
such that Char(R) # 2 with derivation d satisfying the condition d(U) = 0 or d(U) C Z is central.
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One of our motivations for Section 4 is this result. In this paper, we investigate the hypothesis of this
result using homoderivations and provide similar results. Another purpose of Section 4 is to generalize
some of the well-known results above using square closed Lie ideals of a prime ring.

The purpose of Section 4 is to prove L C Z if one of the following conditions is satisfied:
i. h(L) = (0),

it. h(L) C Z,

iti. h(zxy) = xy, for all z,y € L,

. h(zy) = yx, for all x,y € L, or

v. h([z,y]) =0, forall z,y € L

Here, R is a prime ring with a Char(R) # 2, h is a homoderivation of R and L is a non-zero square
closed Lie ideal of R:

Section 2 of the present study provides some properties on commutativity of prime rings. Section
3 investigates the identity ahi(z) + ho(xz)b = 0 on prime rings such that h; and hg are two homo-
derivations on R. Section 4 studies commutativity of a prime ring by square closed Lie ideals and
homoderivations. Final section discusses the need for further research.

2. Preliminary

This section uses the following basic identities: [xy, z] = x [y, 2] + [z, 2] y and [z, yz] = y [z, 2] + [z, y] 2,
for any z,y,z € R.

Theorem 2.1. [17] Let R be a prime ring whose characteristic is not 2 and d; and dy derivations of
R such that the iterate dids is also a derivation, then at least one of d; and ds is zero.

Lemma 2.2. [15] Let R be a prime ring whose characteristic is not 2. If U ¢ Z is a Lie ideal of R,
then Cr(U) = Z.

Lemma 2.3. [15] Let R be a prime ring whose characteristic is not 2. If U € Z is a Lie ideal of R
and aUb =0, thena =0 or b = 0.

Lemma 2.4. [18] If a prime ring R contains a commutative non-zero right ideal I, then R is com-

mutative.
Lemma 2.5. [18] Let b and ab be in the center of a prime ring R. If b is not zero, then a € Z.

Lemma 2.6. [3] Let R be a ring and h be a zero-power valued homoderivation on R. Then, h

preserves Z.

Lemma 2.7. Let R be a prime ring. If h is a zero-power valued non-zero homoderivation on R such
that h(z) € Z, for all x € R, then R is commutative or

h,=0 and h(zz)=h(z)z (h(zz)=zh(z)), forallz € Rand z € Z

zZ
PRrROOF.
Let R be a prime ring and h be a zero-power valued non-zero homoderivation on R such that h(R) C Z.
By hypothesis, h(z12z2) € Z, for all z1,22 € R. Since Z is a subring of R and h is homoderivation of
R, then
h(z1)xe + x1h(xs) € Z (1)

Replacing x5 by x2z such that z € Z, then the following expression is obtained by Expression 1,

x1(h(z2) + x2)h(2) € Z (2)
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Since h is zero-power valued on R, there exists an integer n(x2) > 1 such that h™(®2)(z5) = 0, for all
To € R. Replacing 3 by zo — h(xz) + h(2z9) + - - + (—1)"®2)=1pn(#2)=1 (35 in Expression 2, for all
r1,T2 € Rand z € Z,

zr1x2h(2) € Z

In view of Lemma 2.5, we have z1x9 € Z or h(z) = 0, for all x;,292 € R and z € Z. Here, there are

two cases:

Case 1: If z129 € Z, for all z1, 29 € R, then (x129)x3 € Z, for all x3 € R. Hence, [(z122)xs, 24] = 0,
for all z4 € R. That is, [(z122), 4] 3 + 122 [23,24] = 0 and thus

x129 [x3,24] = 0, for all z1, 29, 23,24 € R
It follows from the fact that R is a prime ring that R is commutative.
Case 2: If h(z) =0, for all z € Z, then h|, = 0. In this case, for all 71 € R and z € Z,
h(z12) = h(x1)z (h(zz1) = zh(x1))

is obtained. [
3. The Identity ahi(x) + ha(z)b =0

In this section, unless stated otherwise, let R be a prime ring.

Theorem 3.1. Let hi, ho, h3, and hy be zero-power valued non-zero homoderivations on R. Suppose
that
hl(xl)hg(.fvg) = h3($1)h4(l’2), for all xr1,T9 € R (3)

7. If h1|Z % 0, then h; = h3 and hy = hy.
i. hy, =0iff hz), =0

791, If h2|Z # 0, then hy = h3 and hy = hy.
w. hg, =0iff hy, =0

PRrROOF.
Let h1, ho, hg, and hy be zero-power valued non-zero homoderivations on R. Suppose that

hl(l‘l)hg(l‘g) = ]’L3(£L’1)h4(l’2), for all r1,x2 € R
i. Let hy|, # 0. There is at least 0 # 2z € Z such that hi(z) # 0. By Lemma 2.6, it is clear that
hi(z) € Z. In Expression 3, by replacing x; by z;z, for 1 € R,

hl(xlz)hg(xg) = h3(;1:1z)h4(x2)
Thus,
hl(xl)hl(z)hg(xg) + hl(xl)zhg(xg) + Z’lhl(z)hg(aj'g) = hg(xl)hg(z)h4(x2) + hg(.%'l)zh4($2) + .771h3(2’)h4(.%’2)

From the last equation,for all x1,x2 € R, the equation
hi(z1)hi(2)ha(x2) = hs(x1)hs(z)ha(z2)
is obtained. In view of hypothesis, for all o € R,
hi(z)ha(x2) = h3(z)hs(x2)
Using the last equation in the equation hi(x1)hi(2)ha(z2) = hs(x1)hs(2)ha(z2),
(hi(x1) — hg(z1))hi(2)ha(x2) =0, for all 1,22 € R
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The primeness of R and 0 # hi(z) € Z imply that
(hi(x1) — hg(z1))he(x2) = 0, for all 1,29 € R (4)
In Expression 4, replacing x5 by xox3 such that x3 € R and using Expression 4,
(h1(21) — hs(z1))z2h2(23) =0

for all x1,20,23 € R. Since R is a prime ring and hs is a non-zero homoderivation of R, then
hi(x1) = hs(zy), for all 21 € R. In that case, by hypothesis, hi(x1)ho(z2) = hi(xz1)hs(x2) for all
x1,x2 € R. That is,

hi(z1)(ho(x2) — ha(z2)) =0, for all z1,z2 € R (5)

In Expression 5, replacing x1 by z123, 3 € R, and using Expression 5,
hi(z1)xs(ha(x2) — ha(ze)) = 0, for all z1, 29,23 € R

Since R is a prime ring and h; is a non-zero homoderivation of R, then ha(z2) = hy(x2), for all zo € R.
ii. (=): Let hy), = 0. In Expression 3, replacing 1 by z € Z for and using h1(z) = 0,

hs(z)ha(x2) =0, for all x5 € R
In this equation, replacing xs by xsxzo for z3 € R and using the hypothesis,

hs(z)zsha(z2) = 0, for all zo, 23 € R
The primeness of R implies h3, = 0. Thus, if hy|, =0, then h3|, = 0.
(«=): Let hz|, = 0. With similar steps above, hy|, = 0 is obtained. Hence, if h3|, = 0, then h;|, = 0.
The proofs of . and ¢v. are similar to 7. and 7., respectively. [J
Example 3.2. Let R be a ring with the unit and no zero divisors. For the subring
o = {ri1e11 + rize12 + rozezn 1 r11, 712,722 € N}

of Ms(R), the ring of 2 x 2 matrices over R, it is easy to validate that p is not a prime ring. Here,

1 0 01 d 0 0
el = , €lg = , an €99 =
11 00 12 0 0 22 0 1

Moreover, Z, = {ze11 + zex : 2 € Zy} is the center of ring p. Let

hy © - P
r11€11 + rig2€12 + T2 —  —T11€11 — T'12€12
and
hy © - P
r11€11 + r12€12 + T2 —  —T12€12 — 7'22€22
Then, it is easy to check that h; and ho are homoderivations of p. Let & = p x p. It is easy to validate
that & is not a prime ring. Besides,

Zg = {(z11€11 + 222€22, C11€11 + 22€22) : 211, 222, V11, Q22 € Ly }

is the center of ring . Let X = (ri1e11 + rigeia + razeaz, S11€11 + s12€12 + S22e22) € S and Y =
(x11€11 + T12€12 + T22€22, Y11€11 + Y12€12 + Y22€22) € . Define the maps Hy, Ho, Hz, Hy : S — S as
follows:

S

H1 —
—  (hi(riien + rize12 + rogegn) , 0g) = (—riien — rize12, 0g)

IR
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H, F = &
X — (0g,hi(s11e11 + si2e12 + s22€22)) = (0g, —s11€11 — S12€12)
H; F = &
X = (ha(rirenn + riger2 + ragenn) ,0x) = (—ri2e12 — m22€22, 0g)
and
Hy I = S

X — (0g,ha(si1e11 + si2e12 + s22€22)) = (Og, —s12€12 — S22€22)

Then, it is easy to check that H;y, Ho, Hs, and Hy are homoderivations of . For any two elements
X,Yes,
Hi(X)Hz(Y) = H3(X)Hy(Y)

However, neither
H1 :Hg and H2:H4
nor
Hl‘zg :0, H2|Z% :0, H3|Z% :0, and H4‘Zg =0
Hence, this example shows that it is crucial that the considered ring is a prime ring and the selected

homoderivations are zero-power valued, as stated in Theorem 3.1.

Note 3.3. From Theorem 3.1, it can be observed that the statements “If h3|, # 0, then h; = h3 and
ho = hy” and “If h4|Z # 0, then h; = hg and hy = hy4” are valid.

From Theorem 3.1, the following corollaries are obtained.

Corollary 3.4. Let hy and ho be zero-power valued non-zero homoderivations on R satisfying the

condition

hi(x)hi(y) = ha(z)ha(y), for all z,y € R

Then, hi = hy or hl\z = hg‘z =0.

Corollary 3.5. Let h; and hs be zero-power valued non-zero homoderivations on R. Suppose that
hi(z)ha(y) = ha(x)ha(y), for all z,y € R

Then, h1 = hy or hl\z = hg‘z =0.

Theorem 3.6. Let h; and hg be zero-power valued non-zero homoderivations on R. Suppose that
there are a,b € R such that
ahi(z) + ha(z)b =0, for all z € R (6)

Then, a = —b € Z or hl‘z :hQ‘Z =0.

PROOF.
Let h1 and ho be zero-power valued non-zero homoderivations on R. Suppose that there are a,b € R
such that

ahi(z) + ha(z)b =0, for all z € R

If @ = b = 0, then the proof is clear. From now on, a # 0 and b # 0. Suppose that hy, = 0. In

Expression 6, replacing = by z for z € Z,
ahi(z) + ha(2)b=0

Since hy|, = 0, then hz(2)b = 0. This means that ha(z) = 0, for all z € Z, by the primeness of
R. With the same arguments above, it can be shown that if hy|, = 0, then h1, = 0. Assume that
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hy), # 0. In light of Lemma 2.6 and hy|, # 0, there is at least 0 # 21 € Z such that 0 # hi(z1) € Z
and ha(z1) € Z. Replacing x by zz; in Expression 6,

0 = ahi(x)hi(2z1) + ah1(z)z1 + axhi(z1) + ha(z)ha(21)b + ha(x)2z1b + zha(21)b
Using 21, h1(21), h2(z1) € Z and Expression 6 in the last equation,
(a(hi(z) + x) — (h2(2) + x)a)hi(21) = 0
Since R is a prime ring and hq(z1) # 0, for all x € R,
a(hi(z) +z) — (ha(z) +2)a=0 (7)

Since hy|, # 0, there is at least 0 # 22 € Z such that 0 # ha(22) € Z. In Expression 7, replacing z by
22,
ahi(z2) + ha(z2)(—a) =0

Combining the last equations and Expression 6,
ha(z2)(b+a) =0
The primeness of R and hg(z2) # 0 implies a = —b. In that case, for any = € R,
ahy(x) — ha(z)a =0 (8)

In Expression 8, replacing = by xz21,

0 = ahi(x)hi1(z1) + axhi(z1) — ha(z)ha(z1)a — xha(z1)a
According to the last equation and Expression 8,

ahi(z)hi(z1) + axhi(z1) — ahi(z)hi(z1) — zahi(z1) =0
This implies [a, 2] h1(2z1) = 0, for all z € R. The primeness of R and hj(z1) # 0 implies a € Z. O

Example 3.7. Consider the ring g provided in Example 3.2. Let

hy © - P
ri1e11 +rizei2 + rogez2 — —Ti11€11 — T12€12 — 722y,
and
hy o - P
r11€11 + r12€12 + rege2  —  —T11€12 — T'12€12
Then, it is easy to check that h; and hs are homoderivations of p. Let o = —1lge;; and 8 =

1gper1 + lpeoo be fixed elements. For any element X = ri1e11 4+ r12e12 + rocesn € g,
Oéhl(X) + hQ(X)B = Op

However, neither « = — nor hy 7y = ha 7y = 0. Hence, this examples show that it is crucial that the
considered ring is a prime ring and the selected homoderivations are zero-power valued, as stated in
Theorem 3.6.

4. Central Lie Ideals of Prime Rings with Homoderivations

In this section, unless stated otherwise, R is a prime ring with Char(R) # 2.

Lemma 4.1. Let L be a non-zero Lie ideal of R and h be a non-zero homoderivation of R such that
h(z) =0, for all z € L. Then, L C Z.
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PROOF.
Let L be a non-zero Lie ideal of R and h be a non-zero homoderivation of R such that h(z) = 0, for

all z € L. Since h is a homoderivations of R,
h([xl, 7"1]) = [h(ml), h(?“l)] + [h(xl),rl] + [.%'1, h(?“l)] ,forall x1 € L,ry € R

By hypothesis, [z1,h(r1)] =0, for all x; € L and r1 € R. By taking ry = ryxe, for any zo € L, in the
last equation,
h(r1) [z1,22] =0, for all z1,29 € L,r; € R (9)

In Expression 9, replacing r; by ri7ra, r2 € R,
h(?”l)?”g [l‘l,xﬂ =0

Hence, [z1,z9] = 0, for all 21,29 € L, by the primeness of R. By replacing xo by [z2,71] in the last
equation,
[z1, [x2,71]] = 0, for all z1,29 € L, € R (10)

Consider two inner derivations of R, I, : R — R and I, : R — R defined by I, (s) = [z1, s] and

I.,(s) = [z2,s], respectively. Thus, I, I,(r1) = 0, for all /1 € R, by Expression 10. In view of
Theorem 2.1, I;, =0 or I, =0. That is, 1 € Z or x3 € Z. This prove that L C Z. [

Lemma 4.2. Let L be a non-zero square closed Lie ideal of R and h be a non-zero homoderivation
of R such that h(z) € Z, for all x € L. Then, L C Z.

PROOF.
Let L be a non-zero square closed Lie ideal of R and h be a non-zero homoderivation of R such that
h(z) € Z, for all x € L. By hypothesis for all 1 € L and r € R,

[h(z1),m1] =0 (11)

In Expression 11, by replacing x1 by x%, [h(m%), r1] = 0. From the last equation, since h(z1) € Z and
using Char(R) # 2,
h(z1) [x1,m1] =0 (12)

In Expression 12, substituting 179 instead of r1, 79 € R,
h(z1)ry [x1,7m2] =0
The primeness of R implies h(z1) =0 or x; € Z, for all x; € L. Define
A={zeL:h(x)=0}

and
B={rxeL:xzeZ}

Note that both are additive subgroups of L, and their union equals L. Thus, either A =L or B = L.
Suppose first that A = L. Then, h(L) = 0. In view of Lemma 4.1, L. C Z. In other case, 1 € Z, for
all x4y € L. Thatis LC Z. [0

The following example shows that the above result is not true in the types of some other rings. In the
example, it is emphasized that the hypothesis primeness of the result provided above is all-important.

Example 4.3. Let R; be a non-commutative ring with the unit, no zero divisors, and Char(R;) # 2,
and Rz be a non-commutative ring with the unit, no zero divisors, and Char(Ry) # 2. For a fixed
(1gr,,0R,),(Or, 1Rr,) # (OR,,0R,) € R* = Ry X Ry, it holds that (1gr,,0r,) R* (0r, 1r,) = (Or,,0R,).
Thus, R* is not a prime ring. Let L = Zp, x Ry such that Zp, is a the center of R;. It is easy to
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verify that L is a subgroup of R*. For (z,s1) € L and (r, s3) € R*,

ZGZR1
[(z,81),(r,s2)] = (27 — 72,5182 — s2s1) = (Og,,S152 — s2s1) € L

and
(z,51) (2,81) = (22,8182) erL
Thus, L is a square closed Lie ideal of R* and L € Zgr«. Let
h : R* — R*
(r,s) — (—=r,0g,)

Then, it is easy to check that h is a homoderivation of R*. For any element (z,s1) € L, h (z,51) € Zpg~.
However, L is not a central square closed Lie ideal of R*.

Theorem 4.4. Let L be a non-zero square closed Lie ideal of R and h be a non-zero homoderivation
of R such that

h(zy) = xy (or h(zy) = yx), for all z,y € L
Then, L C Z.

PROOF.

Let L be a non-zero square closed Lie ideal of R and h be a non-zero homoderivation of R such that
h(zy) = zy, for all x,y € L
Suppose that L € Z. Since h is homoderivation of R, for all x1,z9, 23 € L,
x12 (x9w3) = h(z12(x223)) = 2h(z1(2223))
(h(xz1)h(z2x3) + h(x1)xoxs + 1h(T223))

(h(.%‘l)l'gx;; + h(l’l)xgm'g + 3311'2.%'3>

2
2

This implies 4h(x1)x2x3 = 0. Since Char(R) # 2,
h(z1)zoxs = 0, for all x1, 29,23 € L (13)

In Expression 13, replacing x9 by 2x429 such that x4 € L and using Char(R) # 2,

h(z1)x4z0m3 =0 (14)
Multiplying Expression 13 by x4 from the left,

x4h(x1)z223 =0 (15)
Combining Expression 14 and Expression 15,

[h(x1), 4] T2x3 =0
for all x1,x9, 23,24 € L. In view of Lemma 2.3 and L # (0), for all x;,24 € L,
[h(z1),24] = 0

We have proved h(L) C Cr(L). In this case, h(L) C Z by Lemma 2.2. In view of Lemma 4.2, L C Z.
This is a contradiction. That proves that L C Z.

For the condition h(zy) = yx, for all z,y € L, the proof is similar. [

Since every ideal is a square closed Lie ideal, an ideal can be considered instead of a square closed Lie
ideal in Theorem 4.4. Thus, Corollary 4.5 is obtained by Lemma 2.4.
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Corollary 4.5. Let R be a prime ring with Char(R) # 2, I be a non-zero ideal of R, and h be a
non-zero homoderivation of R. If one of the following conditions is satisfied, for all x,y € I,

i. h(zy) ==xy
ii. h(xy) =yzx
then R is commutative.

Here, it can be observed that Corollary 4.5 without hypothesis “zero-power valued homoderivation on

the ideal” is a more general version of Theorem 3 provided in [4].

Theorem 4.6. Let L be a non-zero square closed Lie ideal of R and h be a non-zero homoderivation
of R such that
h(lz,y]) =0, for all z,y € L (16)

Then, L C Z.

Proor.
Let L be a non-zero square closed Lie ideal of R and h be a non-zero homoderivation of R such that

h([z,y]) =0, for all z,y € L

Suppose that L € Z. Let x1,29 € L. By taking x = 2x2x1 and y = z2 in Expression 16 and using
Char(R) # 2,
h(.%'g) [xl,ajg] =0 (17)

and then replacing x1 with 2z123 such that x3 € L in Expression 17 and using Char(R) # 2,
h(ze)xy [x3,22] =0 (18)

Let x4 € L. In Expression 18, replacing x; by 2z4x; and using Char(R) # 2,

h(z2)zamy [23,22] =0 (19)
Multiplying Expression 18 by x4 from the left,

xah(xe)xy [T3,22] =0 (20)
By comparing Expression 19 and Expression 20,

[h(z2), x4] 1 [23,22] = 0, for all z1,x9, 23,24 € L

In view of Lemma 2.3,

[h(z2),x4] =0 or [x3,22] =0
for all x9,x3, x4 € L. This proves that h(zg) € Cr(L) or [z3, 23] = 0, for all z9, x5 € L. Define
A={x € L:h(zx) e Cgr(L)}

and
B={zeL:[yz|=0, forallye L}

Note that both are additive subgroups of L and their union equals L. Thus either A= L or B = L.
Suppose first that A = L. Then, h(x2) € Cr(L), for all x5 € L. Moreover, by Lemma 2.2, h(x2) € Z,
for all zo € L. In view of Lemma 4.2, L C Z, a contradiction. Suppose that B = L. Then, [z3,x2] = 0,
for all 9,23 € L. Let r € R and fix x9, 23 € L. By replacing x5 by [z2,r] in [x3,z2] = 0,

[.1‘3, [$2,7“]] =0

Using similar techniques after Expression 10, L C Z, a contradiction. That proves that L C Z. [
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5. Conclusion

In this paper, Section 3 discussed algebraic identities including homoderivations on a prime ring.
Section 4 also investigated algebraic identities involving homoderivations on a square closed Lie ideal
of a prime ring. It proved that a square closed Lie ideal, satisfying the identities discussed in the
section, is contained in the center of a prime ring. The obtained results extended several well-known
results in the literature. In future studies, the hypotheses in this study can be studied using a

semiprime ring and an ideal of a semiprime ring.
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1. Introduction

Cofinitely supplemented modules were introduced by Alizade et al. [1] and Smith [2]. Following
these works, various generalizations of cofinitely supplemented modules, such as totally cofinitely
supplemented [3], cofinitely weak supplemented [4], an H-cofinitely supplemented [5,6] and cofinitely
weak rad-supplemented [7] were studied. The Goldie*-supplemented modules were introduced and
characterized in [8,9]. A left module M is called a Goldie*-supplemented module (or concisely, G*s
module) if there is a supplement submodule S of M with C'5*S, for each submodule C of M. Further-
more, the authors [8,9] stated that Goldie*-supplemented modules (G*s) are located between amply
supplemented and supplemented. Afterward, a new equivalence relation ** was defined, inspired by
B* relation, and the properties of the equivalence relation 5** were analyzed in [10]. The relation 5**
has helped to describe two concepts, namely Goldie-rad-supplemented and amply (weakly) Goldie-
rad-supplemented modules. After presenting the relation 5**, Talebi et al. [10] characterized Goldie-
rad-supplemented modules as a perspective of H-supplemented modules. This module corresponds to
rad- H-supplemented modules. Meanwhile, another version of the Goldie-rad-supplemented modules,
called amply (weakly) Goldie-rad-supplemented modules, were developed based on the relation 5**
[11]. It was shown that an amply (weakly) Goldie-rad-supplemented module is a (weakly) Goldie-
rad-supplemented [11]. Inspired by these works, we concentrate on cofinitely Goldie*-supplemented
modules as a generalization of G*s modules. A module M is called a cofinitely Goldie*-supplemented
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module (or concisely, cG*s module) if there is a supplement submodule S of M with C3*S, for each
cofinite submodule C' of M, equivalently, C'+S/C is small in M/C, and C+S/S is small in M/S. This
definition is closely related to the concept of H-cofinitely supplemented. A module M is called H-
cofinitely supplemented if, for each cofinite submodule C' of M, there exists a direct summand D of M
such that C+D/C is small in M/C, and C+D/D is small in M/D. Clearly, H-cofinitely supplemented
is ¢cG*s. We provide an example to show that the converse implication does not hold. However, if M
is refinable, then H-cofinitely supplemented and ¢G*s coincide. Therefore, cG*s modules are situated
between H-cofinitely supplemented and cofinitely weak supplemented. Moreover, we observe that if M
is cG*s, then M/C is cG*s, for any submodule C of M. In addition, we provide that the cofinite direct
summand of ¢cG*s is cG*s. We investigate the relations between cG*s, G*s, and cofinitely supplemented

modules under some restrictions.
Section 2 of the handled study presents some basic definitions and properties. Section 3 studies
cofinitely Goldie*-supplemented modules. Final section discusses the need for further research.

2. Preliminaries

This section provides some essential definitions to be needed for the following sections. Throughout
this paper, let M be an unital left module over an associative unital ring R and Rad(M) be a Jacobson
radical of M.

Definition 2.1. [12] Let A be a submodule of M. If A+ B # M, for every proper submodule B of
M, A is called superfluous (or small) in M and denoted by A < M.

Lemma 2.2. [13] Let A, B be submodules of M.
i. f AC BC M, then B< M if and only if A < M and B/A < M/A.

7. fACBCM and A < B, then A < M. Moreover, if B is a direct summand in M and A < M,
then A < B.

iti. For A< M, if f: M — N, then f(A) < N. If f is a small epimorphism, the converse is also
true.

Definition 2.3. [13] A submodule A of M is called a (weak) supplement of B in M if A+ B =M
and ANB < A (AN B < M), for some submodule B of M. If every submodule of M has a (weak)
supplement in M, then M is (weak) supplemented.

It is clear that the supplemented module is weak supplemented.

Lemma 2.4. [14] If f: M — N is a small epimorphism with a small kernel, and A is a supplement
of B in M, then f(A) is a supplement of f(B) in N.

Definition 2.5. [13] A submodule C' of M is called a cofinite submodule in M if M/C' is finitely
generated. A module M is said to be cofinitely weak supplemented (briefly, cws) if every cofinite
submodule of M has a weak supplement in M.

Definition 2.6. [13] If every cofinite submodule of M has a supplement in M, M is called a cofinitely
supplemented module (briefly, cs).

Indeed, if M is supplemented module, then M is cofinitely supplemented, and cofinitely weak supple-
mented. For the converse, finitely generated property is needed. Namely, finitely generated cofinitely
supplemented is supplemented.

Proposition 2.7. [4] An arbitrary sum of cws-modules is a cws-module.
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Theorem 2.8. [4] Let M be an R-module such that Rad(A) = A N Rad(M), for every finitely
generated submodule A of M. Then, M is cws if and only if M is cs.

Theorem 2.9. [4] Let M be a module with a small radical. Then, the following statements are

equivalent:

i. M is a cws-module.

it. M/Rad(M) is a cws-module.

iti. Every cofinite submodule of M/Rad(M) is a direct summand.

Definition 2.10. [13] Let M = X +Y, for submodules X and Y of M. Then, M is called a refinable
module if there is a direct summand A of M sothat AC X and M =A+Y.

Definition 2.11. [13] Any submodule A of M has ample supplements in M if A+ B = M, for
every submodule B of M, there is a supplement A’ of A with A’ C B. Then, M is called an amply
supplemented if all submodules have ample supplements in M.

Evidently, if M is an amply supplemented module, then M is supplemented. Supplemented modules
over a non-local Dedekind domain provided in [2] are amply supplemented. Additionally, if R is
semiperfect ring, then every finitely generated left R-module is amply supplemented.

Definition 2.12. [8] Let A and B be submodules of M. Then, Ap*B if A+ B/B is small in M/B,
and A+ B/A is small in M/A.

In [8], it is shown that §* is an equivalence relation, and if A is small in M, then 08*A.

Definition 2.13. [8] If there is a supplement submodule B of M with A8*B, for each submodule A
of M, then M is called a Goldie*-supplemented module (G*s).

Every linearly compact and semisimple module is G*s. Moreover, if M is amply supplemented, then
M is G*s. In addition, if M is G*s, then M is supplemented [§].

Theorem 2.14. [8] Let A, B be submodules of M such that A*B. Then, A has a (weak) supplement
C in M if and only if C is a (weak) supplement for B in M.

Corollary 2.15. [8] Let A, B be submodules of M such that A C B, and A has a weak supplement
C in M. Then, AB*B if and only if BNC < M.

Proposition 2.16. [8] Let f: M — N be an epimorphism.
i. If A and B are two submodules of M such that A5*B, then f(A)5*f(B).
ii. If A and B are two submodules of N such that AS*B, then f~1(A)p*f~1(B).

Corollary 2.17. [8] Let A, B, and C be submodules of M such that C' < M. Then, AS*B if and
only if AB*(B + ().

Definition 2.18. [5] A module M is called an H-cofinitely supplemented if, for each cofinite sub-
module C' of M, there exists a direct summand D of M such that C'+ D/C is small in M/C, and
C + D/D is small in M/D. It is obvious that H-cofinitely supplemented is cG*s.

Definition 2.19. [15] A ring R is called a left V-ring if every simple left R-module is injective.
Theorem 2.20. [15] For any ring R, the following are equivalent:

i. R is a left V-ring.

7. Any left ideal A of R is an intersection of maximal left ideals.

iti. For any left R-module M, Rad(M) = 0.
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3. Cofinitely Goldie*-Supplemented Modules

Definition 3.1. A module M is called a cofinitely Goldie*-supplemented (cG*s) if there is a supple-
ment submodule S of M with C3*S, for each cofinite submodule C of M. It is obvious that every
G*s is cG*s.

Example 3.2. Every semisimple and local module is ¢G*s. Let M be a semisimple. In other words,

M is G*s. Therefore, M is cG*s. Let us take a submodule C as a cofinite in M. Because M is local,
C is small in M, that is, C3*0. Thereby, M is cG*s.

Proposition 3.3. Every c¢G*s module is cws.

PRrROOF.

To prove this, consider the cofinite submodule C' of M. Then, from the hypothesis, we get C5*S
where M = S+ K and K NS <« 5, for some submodule K of M, that is, S is a supplement in M.
Besides, K NS is also small in M from Lemma 2.2. Thus, S has a weak supplement K by Definition
2.3. Moreover, from Theorem 2.14, C' has a weak supplement K in M. Consequently, M is cws. [

Proposition 3.4. If M is a refinable cws-module, then M is cG*s.

ProoOF.
Assume that C' is cofinite in M. Then, C has a weak supplement S in M as M is cws. In other words,
M =C+ S and CN S is small in M. Using the refinable property, we observe that there exists a
direct summand A of M, such that AC C and M = A+ S. Thus, AnNS CCNS <« M implies from
Lemma 2.2 i that ANS <« M. Thus, A has a weak supplement S in M. Hence, A*C from Corollary
2.15. O

Theorem 3.5. Let M be a module and consider the following conditions:

1. M is amply supplemented.

7. M is G*s.

7. M is cG*s.

Then, i = i and it = ¢ii. Moreover, if M is finitely generated, then iii = 47, and if R is a non-local
domain, then i = 1.

PRrROOF.

i = i Clear.

11 = i1i Clear.

i1t = i1 Let M be a cG*s module. If M is finitely generated, then every submodule of M is cofinite.
Hence, M is G*s.

11 = ¢ M is supplemented since every G*s is supplemented. Hence, M is amply supplemented because
R is a non-local domain. [

The following example shows that every H-cofinitely supplemented module need not be cG*s.

Example 3.6. [5] Let R = F'[[z,y]] be the ring of formal power series over a field F' in the indetermi-
nates z and y. Then, R is a commutative noetherian local domain with maximal ideal J = Rz 4+ Ry.
Therefore, the ring R is semiperfect, and the ideal J is finitely generated. Since R is a domain, Jg
is a uniform module. Thus, Jg is not a direct sum of cylic modules. Then, Jr is not H-cofinitely

supplemented. Since R is semiperfect, Jg is amply supplemented. Hence, Jg is ¢cG*s by Theorem 3.5.

The relationships between ¢G*s and c¢s modules under some conditions are as follows:
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Proposition 3.7. If M is ¢cG*s with zero radical, then M is cs.

Proor.

Let C be a cofinite submodule of M. From the hypothesis, there exists a supplement submodule S
of M such that C'8*S. We observe that M = S + K, and K N S is small in S, for some submodule
K of M. When the radical is zero, K NS = 0. This means M = S & K. In particular, K is also a
supplement of C' in M because of Theorem 2.14. Therefore, M is cs. [

Proposition 3.8. If M is refinable cG*s, then M is cs.

ProOOF.

Take a cofinite submodule C of M. As M is ¢G*s, CB*S where S is a supplement submodule of M.
Therefore, M = S + S’, and S’ N S is small in S, for submodule S’ of M. According to Lemma 2.2,
S’M S is small in M. More precisely, S and S” are weak supplements of each other. In addition, based
on Theorem 2.14, we realize that C' also has a weak supplement S’ in M. Then, we mean M = C' + S’
and C' NS’ is small in M. The refinable property admits a direct summand A of M so that A C C
and M = S’ + A. Taking a submodule A’ of M, we write as M = A @ A’. In these circumstances, A’
is a supplement of A. By the modular property, we see that C = A + (C' N S’). Moreover, AN S’ is
small in M. Here, we emphasize that A is a weak supplement of S’ in M. Corollary 2.15 shows that
CB*A. We conclude from Theorem 2.14 that A’ is a supplement of C' in M. [

Proposition 3.9. Let M be ¢G*s with Rad(A) = AN Rad(M), for finitely generated submodule A
of M. Therefore, M is cs.

Proor.
Based on Proposition 3.3, we have that M is cws. We provide from Theorem 2.8 that M is cs. O

Proposition 3.10. If M is cG*s, then M/A is cG*s, for every small submodule A of M.

PROOF.

Take a submodule C' of M containing A, and let C'/A be a cofinite submodule in M/A. Then, C
is a cofinite submodule in M, as (M/A)/(C/A) = M/C is finitely generated. From the hypothesis,
Cp*S with a supplement S in M. If g : M — M /A is a canonical epimorphism, following Proposition
2.16, we get g(C)B*g(S), that is, (C/A)B*(S + A/A). Taking into account Lemma 2.4, we have that
S+ A/A is a supplement in M/A. As a consequence, M/A is cG*s. [

Proposition 3.11. If M/A is refinable ¢cG*s with A < M, M is cG*s.

PROOF.
If C is a cofinite submodule in M, then C'+ A/A is a cofinite in M/A. Since M/A is cG*s,

(C+AJA)B*(S+ AJA)

where S+ A/A is a supplement in M/A. Observe that M/A = (S+A/A)+(B/A) and (S+A/A)N(B/A)
is small in S+A/A, for submodule B of M containing A, equivalently, M = S+B, (SNB)+A/A is small
in S+ A/A. Furthermore, (SN B)+ A/A is small in M/A. If f : M — M /A is a small epimorphism,
we obtain f~1(C + A/A)B*f~1(S + A/A) from Proposition 2.16, that is, (C' + A)5*(S + A). We can
see from Corollary 2.17 that C5*S. By Lemma 2.2, SN B is small in M. Since M = S + B, S has a
weak supplement B in M. In fact, following Theorem 2.14, we get M = C'+ B, and C' N B is small
in M. Since M is refinable, M = C' @ C” for some submodules C’ and C” of M with C' C C, and
M = '+ B. If (' is contained in C, by Lemma 2.2, C’ N B is also small in M. This implies that C’
has a weak supplement B in M. Using Corollary 2.15, we have C3*C’. Finally, M is cG*s. [
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Proposition 3.12. Let M be a cG*s with a small radical. Then, every cofinite submodule of
M/Rad(M) is a direct summand.

ProoOF.
We deduce from Proposition 3.3 that M is cws. Then, Theorem 2.9 shows the result. [

Proposition 3.13. Let M be refinable ¢G*s, and C be a cofinite direct summand of M. Thus, C is
cG*s.

ProOF.

Assume that M = C @ B, for some submodule B of M. Here, B is finitely generated. Consider a
cofinite submodule A of C. Then, C/A is finitely generated. Further, A is a cofinite in M because
M/A = (C & B)/A. Since M is cG*s, there exists a supplement S in M such that Ag*S. Thus, for
submodule S’ of M, M = S + S, and SN S’ is small in S. Note that SN S’ is small in M from
Lemma 2.2. Moreover, S has a weak supplement S’ in M. Following Theorem 2.14, M = A + 5’
and AN S’ is small in M. Because M is refinable, then M = X @ X', for some submodules X and
X" of M with X € Aand M = X + S’. Since X is contained in A, then X NS’ C AN S, and
ANS < M implies that X NS’ < M from Lemma 2.2. Hence, S’ is a weak supplement of X in M.
Applying Corollary 2.15, we get X 3*A. From the modular law, C = X @ (C' N X’). Obviously, X is
a supplement submodule in C. [

Proposition 3.14. Let M be refinable. If M = A ® B where A and B are cG*s, then M is cG*s.

PROOF.
A and B are cws by Proposition 3.3. Furthermore, M is cws by Proposition 2.7. Thus, M is cG*s
because of Proposition 3.4. [

Proposition 3.15. Let C' be a cofinite submodule in M such that C = S + A, for some supplement
submodule S and small submodule A of M. Then, M is cG*s.

Proor.
Because * is an equivalence relation, C5*C. Thus, CS*(S + A). By Corollary 2.17, C5*S. O

In addition,the converse of Proposition 3.15 under refinable conditions is as follows:

Proposition 3.16. If M is refinable and ¢G*s, then C = S + A, for every cofinite submodule C' of
M, such that S is a supplement in M and A is small in M.

Proor.

From the hypothesis, there is a supplement S in M such that C3*S. In this situation, M = S + 5’
and SN S < S, for some submodule S’ of M. In other words, S’ has a weak supplement S in M as
S'NS <« M by Lemma 2.2 ii. According to Theorem 2.14, we can write as M = C + 5" and S'NC is
small in M. As M is refinable, for the direct summand submodule C’ of M, C' C C, and M = C'+5'.
From modularity, C = C" + (S'nC). O

Proposition 3.17. Let M be cG*s module over a commutative V-ring and C be a cofinite submodule
in M. Then, C is a direct summand in M.

Proor.

From the assumption, C'8*S, for supplement submodule S of M. Thus, M =S+ S5 and NS < S,
for some submodule S’ of M, and based on Lemma 2.2, we have S’NS < M. Moreover, from Theorem
214, M =S+ C and SN C <« M. Then, S"NC C Rad(M) = 0 by Theorem 2.20. Consequently,
S'NC=0and thus M =58 & C. O

Corollary 3.18. If M is cG*s over a commutative V-ring, then M is cs.
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Theorem 3.19. If M is a torsion module and R is a Dedekind domain, then M/Rad(M) is cG*s.

PROOF.
From assumption, M/Rad(M) is semisimple. Hence, M/Rad(M) is G*s. Therefore, M/Rad(M) is
cG*s. [

4. Conclusion

In this study, we discussed some results of cofinitely Goldie*-supplemented modules using S* rela-
tion. We proved that any factor module of cofinitely Goldie*-supplemented is cofinitely Goldie*-
supplemented. In addition, the finite sum of cofinitely Goldie*-supplemented is cofinitely Goldie*-
supplemented. For future studies, modules for which every submodule is cofinitely Goldie*-supple-
mented may be an interesting subject. Moreover, one can investigate the rings whose modules are

cofinitely Goldie*-supplemented.
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Abstract — In this study, Chebyshev polynomials have been applied to construct an approximation
method to attain the solutions of the linear fractional Fredholm integro-differential equations (IDEs). By
Article Info this approximation method, the fractional IDE has been transformed into a linear algebraic equations
system with the aid of the collocation points. In the method, the conformable fractional derivatives of the
Chebyshev polynomials have been calculated in terms of the Chebyshev polynomials. Using the results of
these calculations, the matrix relation for the conformable fractional derivatives of Chebyshev polynomials
Published: 30 Jun 2023 5 attained for the first time in the literature. After that, the matrix forms have been replaced with the
d0i:10.53570/jnt.1260801 corresponding terms in the given fractional integro-differential equation, and the collocation points have
Research Article been used to have a linear algebraic system. Furthermore, some numerical examples have been presented
to demonstrate the preciseness of the method. It is inferable from these examples that the solutions have

been obtained as the exact solutions or approximate solutions with minimum errors.
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1. Introduction

The theory of fractional derivatives plays an impressive role in the field of the study of applied mathematics
to analyze innumerable problems through the diverse areas of engineering and science, such as bioengineering,
mathematical physics, astrophysics, hydrology, control theory, biophysics, statistical mechanics,
thermodynamics, cosmology, and finance [1]. As much as the theory of fractional derivatives has drawn
considerable attention among scientists, especially mathematicians, investigating the solution methods for the
fractional linear and nonlinear IDEs has been the focus point continually in the last decades [2, 3]. The methods
utilized to obtain the solutions of the Fredholm IDEs, fractional in the Caputo sense with the aid of the
Chebyshev polynomials are given as the Chebyshev wavelet method of the second kind [4, 5] and least squares
method [6, 7]. Besides, Chebyshev wavelet methods of the second kind [8-10] and the fourth kind [11] have
been applied to attain the solutions of the fractional integro-differential equations of the Fredholm-Volterra
type in the sense of the Caputo differentiation operator.

Moreover, investigating the exact and numerical solutions of the fractional integro-differential equations in the
conformable sense is a fresh and strange field of investigation among applied mathematicians. Preliminarily,
Bayram et al. [12] have applied the Sinc-collocation method, and Dascioglu et al. [13] have used a collocation
method based upon the Laguerre polynomials to attain the solutions of the linear fractional IDEs in the
conformable sense. This method mentioned in [13] is an improvement of the method that had been used for
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the solutions of the linear Caputo fractional IDEs of the Volterra type [14] and Caputo fractional linear IDEs
of the Fredholm type [15]. However, for the conformable fractional Fredholm IDEs, there has not been a
method in the literature in the sense of Chebyshev polynomials. To this respect, in that study, a method
predicated on the Chebyshev polynomials of the first kind is announced to obtain the numerical (in some cases
exact) solutions of the linear conformable fractional integro-differential equation of the Fredholm type having
the fractionality in the differential part as

m 1
Zpi(x)D“iy(x) =gx)+ 1 fK(x, y)dt, —1<x<1 @
i=0 -1

with the initial conditions
y(0) =¢g 2)

wherel e NyA€ER,0<a; <1,K(x,t), p;, and g are given (known) functions, y(x) stands for the unknown
function to be found, and D%*iy(x) represents the fractional derivative in the conformable sense of the unknown
function y(x).

In the present paper, Section 2 provides the basic definitions and their properties. Section 3 constitutes the
fundamental matrix relations for each term in the fractional integro-differential equation provided in Equation
1. Section 4 presents a well-functional collocation method based on the Chebyshev polynomials. Section 5
resolves some numerical examples and exhibits their results to affirm the preciseness and effectiveness of the
introduced method. Finally, the last section discusses the need for further research.

2. Preliminaries

This section provides some basic notions to be needed in the following sections.

Definition 2.1. [16] The conformable fractional derivative of a function f of the a-th order is described as

1-ay _
D(F)(t) =£i_r)r&f(t+€t - V=IO S0 ae )

where f: [0, ) — R. Here, if the function f is differentiable of the order « in the conformable sense in some
open interval (0, a) and Jim, f (@)(t) exists, then Jim, @) = F@(0).

Since we have become familiar with the definition of the conformable fractional derivative, it is obvious that
the notion of the conformable fractional derivative is the most analogous to the classical definition of the usual
derivative. By the theorem below, we recognize the similarity between the conformable fractional derivative
and the ordinary derivative:

Theorem 2.2. [16] Suppose that a € (0,1] and the functions f and g are differentiable of the order « in the
conformable sense at the point t > 0. Therefore, the following statements are satisfied.

i. D“(af + bg) = aD*(f) + bD*(g), foralla,b € R
ii. DE(tP) = ptP~* forallp e R

iii. D*(A) = 0 for all constant functions f(t) = 4

iv. D“(fg) = fD*(g) + gD*(f)

V. D% (5) =w

vi. If £ is differentiable, then D¥(f)(t) = ¢'~* <L
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Proposition 2.3. [16] The obtained expression for the fractional derivative of the power function x* in the
conformable sense for k € {0,1,2,-- }

0, k<1

a.k —
bixt= {kxk'“, k=1
The following theorem introduces the chain rule for the conformable fractional derivative:

Theorem 2.4. [17] Assume f, g : (0,0) — R be the differentiable functions of the order « in the conformable
sense where 0 < a < 1. Suppose h(t) = f(g(t)). Then, the composite function h(t) is differentiable of the
order a in the conformable sense and, for all t with t = 0 and g(t) # 0,

D)) = D*(NH(g(®).D*(g)(®). g(®)* ™

For t = 0, we can use the following limit
D%(m)(0) = lim D*(f)(g(t)).D*(g)(t). g(®)**

The fundamental goal of this research is to introduce a useful approximation method that will provide an
approximate solution (in some cases an exact solution) of the fractional Fredholm integro-differential equation
in Problem 1 under the Condition 2 in the type

N

y() = @ = ) aTi() ©

i=0

where the upper limit of the sum N > 1 is any selected positive integer, the term T; stand for the Chebyshev
polynomials of the first kind of the order i, and the coefficients a; are unknown and to be determined.
Afterward, we provide the definition of the Chebyshev polynomials:

Definition 2.5. [18] The Chebyshev polynomial of degree n of the first kind is a polynomial in variable x is
denoted by T, (x) and defined as

T,(x) =cosnf, cosf =x, -1<x<1
Moreover, these well-known Chebyshev polynomials satisfy the following recurrence relation
Tn(x) = szn—l(x) - TTL—Z(x)I ne {2'3'”'}

together with the initial conditions T, (x) = 1 and T; (x) = x recursively generates all the polynomials {T,, (x)}
efficiently.

Furthermore, the following properties present the relation between the Chebyshev polynomials and the power
function:

Proposition 2.6. [18] The Chebyshev polynomials are provided in terms of the powers of x as
3] 2]
_ _1\k Y (J —2k
TG = > | 0% > (5) ()]

k=0 j=k

2]

To() = ) (~Dkan2kot L (1) no2k
k=0

where BJ denotes the integer part of .
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Proposition 2.7. [18] The famous Chebyshev series in the Chebyshev polynomials of the first kind of the
power function x™ has been stated as

2]
X = 21— z (n) T, 5;(x), n€{0,12,}

l
i=0’
where the dashed sigma stands for that the ith term in the sum is to be halved if n isevenand i = g; in other
words, the term in T, (x), if there is one, is to be halved.

3. Elementary Matrix Formulas

In this part of the paper, we transform Equation 1 by formulating the matrix forms of the unknown function
and the fractional derivative of that function in a conformable sense. First, we can formulate the approximate
solution in Equation 3 as the product of the Chebyshev matrix T(x) and the coefficient matrix A by

yn(x) = T(x)A (4)

where the matrices are as follows:
T(x) = [To(x) Ti(x) - Ty(x)] and A=[ay a3  an]”

For that purpose, we prove a theorem that states the relation between the conformable fractional derivative of
the Chebyshev polynomials and the Chebyshev polynomials of the first kind:

Theorem 3.1. Suppose that T;(x) denotes the ith order Chebyshev polynomial of the first kind. Then, the
fractional derivative of the Chebyshev polynomial T;(x) in the conformable sense in terms of the Chebyshev
polynomials of the first kind are constructed as:

DTy (x) =0 )
and otherwise
2] 2] o =7 o
DAT,,(x) = x1~4 ;;(—1)k (1) (3)) (= 2iy22kmv2 ; T H D hsea ) ©

where |n] denotes the integer part of n and the dashed sigma (Z,) stands for that the ith term in the sum is to

be halved if n — 2k — 1 is evenand i = “=2k~1

Proor. We will originate with the expression of the Chebyshev polynomials in terms of the powers of x, and
a-differentiate these polynomials as

2] 2]
DT, (x) = D“ Z (—1)’<Z (2)) (;{) X2k

k=0 j=k

Since the conformable fractional derivative is linear, we have the equality
3] 3]
T
DT, = ) [=DF ) (5) (L) |pe(en29)

k=0 j=k
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Utilizing the conformable fractional derivative of the power function x*, for k € {0,1,2, -},

0, k<1

a.k —
D¥x _{kxk'“, k>1

we obtain D*Ty(x) = 0 and
BB
DT, (x) = Z(—nk Z (ZT;) ({{) (n—2k)x""2k= pef(1,2,-}

k=0 i=k

At that point, we will take the term x1~% out of the series since it is independent of the indices of the sums

|zl 2l
DT, (x) = x1~@ ;0(—1)’< z (ZT;) ({c) (n—2k)x""21 pef1,2,-}

j=k
and utilizing the Chebyshev series of x™ mentioned with Property 2
2]
X" = 21" Z (") T, 5 (x), ne{0,12)}

l
i=0’
where the dashed sigma stands for that the ith term in the sum is to be halved if n isevenand i = g; in other

words, the term in Ty(x), if there is one, is to be halved; we get the statement of the formulas given by
Equations 5 and 6, and the proof of Theorem 3.1 is accomplished. O

Theorem 3.2. Suppose that T(x) is a row matrix with (N + 1) columns and is called as Chebyshev matrix,
and D*T(x) stands for the conformable fractional derivative of a-th order of the Chebyshev matrix T(x).
Then, the matrix relation for the conformable fractional derivative of T(x) is attained as

DT (x) = 2x*T(x)M 7

where the (N + 1) dimensional square matrix M is characterized by odd N as

_O 1 0 3 0 5 N
2 2 2 2
0 0 2 0 4 0 0
M = O 0 o0 3 0 5 N
O 0 O o0 o0 o0 N
0 0 0 0 0 0 0
and for even N

_O - 0 3 0 > O_

2 2 2
0 0 2 0 4 0 N
M = 0O 0 o0 3 0 5 0
O 0 O 0 o N
0 0 0 0 0 0 0
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Proor.
The explicit forms of the Chebyshev matrix T(x) and D*T(x) are
T(x) =[To(x) Ti(x) - Ty()]
and
D*T(x) = [DTo(x) D*Ty(x) - D%Ty(x)]

The statement of Theorem 3.1. is utilized to obtain the relation between the matrices above. Using Equations
5 and 6, the terms in D*T(x) can be expressed explicitly, for n € {0,1, ..., N}, as formulated below:

Forn =0,
DTy(x) = 0
Forn =1,
2 L2 =7 e
DTy (x) = _1-a N — 2k —
1(0) = - ZZ( D*(5;) (1) @ - 2iy2re ZO G AP e)
_xl—aTO(x)
1
= 2xl-a [5 Ty (x)]
Forn = 2,
EVEY Ny = ) okt
DaTz(x)=x1—a (-D* (2 ] (2 — 2k)22k-2+2 T T T, i (%)
;; (2])(k) l,ZZO, ( i ) 2—-2k-2i-1
= 4x179T; (x)
= 2x' 2T, (x)]
Forj = N and odd N,
2] 2] =% S
DTy (x) = y1-a _ . o — |
NX) = y1- ZZ( 1)k( ) (N — 2k)22k-N+2 ; ( i )TN—Zk—Zl—l(x)
= 2xl-@ [5 Ty (x) + NT, () +... +NTN_1(x)]
and for even N
2] z] =2 e
DT, = a + N — 2k —
W) = 1o ZZ( D*(5;) (]) @ = iy 20 () | PPIYIN€Y

= 2x1"¥[NT;(x) + NT3(x)+... +NTy(x)]
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It can be observed that the relation between the fractional derivative of the Chebyshev matrix in the
conformable sense D*T(x) and the Chebyshev matrix T(x) is in the form as stated in Equation 7. This proves
the theorem. O

After that, by applying Equations 4 and 7, the left-hand side of Equation 1 could be expressed as
D%y (x) = D*T(x)A = x1~*T(x)MA (8)

It is remarked that this matrix is the same as the matrix provided by Sezer et al. [19] and Akyiiz [20] for the
usual first-order derivative. Thus, it is obvious that there is a correlation between the methods for the
conformable fractional derivative and the usual derivative.

Finally, the corresponding matrix relation of the conditions in Equation 2 is formulated as

y(0) = T(0)A = ¢, 9)

At this stage, the condition matrix T(0) is referred to as U where the matrix U is a row matrix with (N + 1)
columns. Thus, Equation 9 transforms into UA = ¢,.

4, Solution Method

In this section, we maintain the approximate solution method, which can be specified as a collocation method
since we use the collocation points at the end to solve the matrix equation. In other words, we determine the
unknown coefficients a; in Equation 3 to attain the solution of Equations 1 and 2 by a collocation method.

Before all, we interchange the formulated matrix forms given with Equations 4 and 8 into Equation 1, and thus
we attain the matrix equation of the fractional integro-differential equation

1
p; (X)X 2T(x)MA = g(x) + A f K(x, t)T(t)Adt (10)
0 -1

l
1=

Secondly, we substitute the chosen collocation points x; > 0, for s € {0,1, ..., N}, into the matrix Equation 10,
we get a linear system of the N + 1 equations

l
{Z pi(xs)xsl_aiZT(xs)MA - Af(xs)}A = g(xs) (11)
i=0
where f(xs) = f_ll K (x,, t)T(t)dt. This linear system can be expressed in compact forms:

l
{Z 2P,X4,LTM — AF

=0

A=G (12)

where
1-aq;
x, 0
0 1-a T(xo) g(x0)
X, = O xl' O C T= T(fﬁ)’ G= g(?ﬁ)
0 0 x;,_ai T(xy) glxy)
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p) 0 0 )
P = 0 pi(.xl) 0 , and F= f(fcl)
0 0 - piaw) fGaw)

After that, when we denote the formulation in parenthesis of Equation 12 by W, the main matrix equation for
Equation 1 is abbreviated into the equation WA = G representing a system of N + 1 linear algebraic equations
with N + 1 undetermined Chebyshev coefficients a;’s, for i € {0,1, ..., N}.

Eventually, we solve the obtained linear algebraic system to calculate the unknown coefficients. For that
purpose, there are several ways to solve this system, but we primarily use it to replace or to stack up the n rows
of the augmented matrix [W; G] with the rows of the augmented matrix [U; c¢,]. We choose the best way to get
the most accurate solutions for each problem. Therefore, since the unknown Chebyshev coefficients are
discovered by resolving this system, we end up with the solution of Equation 1 under Condition 2.

5. Numerical Examples

In that part of the paper, we use the presented method in the previous section for two different examples. The
collocation points that are used to transform the equations have been formalized as

[1 — Cos (%)]

2
for these two examples. All the numerical calculations have been executed with the program Mathcad 15.

xS = y S € {011; "'N}

Example 5.1. The fractional Fredholm IDE in the form of Equation 1
1
1 2
D2y(x) = y(x) + 2x15 — x? — 3 + fy(t)dt
-1

subject to initial condition y(0) = 0 in the form of Equation 2.

It can easily be confirmed that the exact solution to the above problem is the polynomial solution of degree
two, y(x) = x2. Implementing the methodology explained in Section 4, the expected fundamental matrix
equation of the problem and its conditions can be presented as P, = I, I is the identity matrix, A = 1,

{ZXETM -T- F}A =G,andUA=0

2

When we select N = 2, the formula gives us the points x, = 0.25, x; = 0.75, and x, = 1 as the collocation
points. Then, the matrices mentioned above are

10 o 17 2 0 -2
2 4 8 5
X%: 0 B of T=]1 2 L} F=|2 0 —3}|
2 4 8 2
0 0 1 1 1 1 2 0 -3
_2
48
_ (33 _59 _
G=|—"—75 and U=[1 0 -1]
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As a result of the solution of the above system, the unknown coefficients in Equation 3, for N = 2, can be
calculated as ay, = % a; =0,and a, = % In the final step, we substitute these coefficients into approximate
Equation 3. Then, we obtain the exact solution.

Example 5.2. The Fredholm fractional IDE in the form of Equation 1
1
1 2
D3y(x) = x3y(x) — 2e* + fex_ty(t)dt,O <x<1

-1
subject to y(0) = 1 having the exponential function e* as the exact solution.

The exact solution could not be attained by the introduced method in Section 4 since this problem does not
have a polynomial solution. Therefore, we attain the approximate solutions with some insignificant errors. The
absolute maximum errors between the approximate solution obtained by the proposed method and the
exponential function e*, the exact solution to the given problem is stated in Table 1. In Table 1, the maximum
absolute errors are calculated by interchanging the row in the last place of the evaluated augmented matrix
[W; G] with the augmented matrix [U; 1], for the values N € {2,4,6,8,10} and the values N € {14,16}; by
stacking up the rows of the computed augmented matrices for this problem.

Table 1. The maximum errors of Example 2 for different N values
N=2 N=4 N=6 N=8 N =10 N =14 N =16
036 19x1072 6.0x107° 12x1077 13x107° 64x1071* 54x1071*

6. Conclusion

This paper uses Chebyshev polynomials to construct an approximation method to attain the solutions of the
linear fractional Fredholm integro-differential equations (IDEs). By this approximation method, the fractional
IDE has been transformed into a linear algebraic equations system with the aid of the collocation points. There
are numerous methods for obtaining the solutions of the fractional IDEs in the Caputo differential operator
sense. However, investigating the solutions of the fractional IDEs in the conformable differential operator
sense is a new field of study among mathematicians. Therefore, the relation for the matrix of the conformable
fractional derivative of the Chebyshev polynomials is attained for the first time in fractional calculus literature.
The fractional IDE has been turned into an algebraic equations system using suitable collocation points and
the obtained matrix relations. The proposed approximation method's simplicity and efficiency have been
strengthened by the results of the numerical examples provided in the previous section. For future research,
the fractional derivatives of the Chebyshev polynomials and the related matrix relations can be obtained for
the different types of fractional derivatives, such as the Caputo fractional derivative and fractional beta
derivative.
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1. Introduction

Determining a created model’s analytical solution enables the physical phenomena expressed by that
model to be understood and interpreted. As a result of modeling problems encountered in applied
science fields, nonlinear fractional differential equations are usually found. The fractional differential
equation has applications in biology, chemistry, medicine, pharmacy, psychology, economics, statistics,
and natural sciences, especially engineering and physics. Examples of these application areas are
the movements of fluids, earthquake vibration movements, shallow water waves, and propagation
movements of acoustic sound vibrations. Research on this and other topics continues rapidly, and
thus new fields of applications are also used.

Hence, it is crucial to solve nonlinear fractional differential equations analytically. Thanks to the
developed analytical methods, exact solutions of fractional differential equations have been found.
Thereby, it has become easier to understand and interpret physical phenomena.

Many different types of fractional derivative operators have been described in the literature. Some
of them are Caputo derivative [1], Riemann-Liouville derivative [2], Caputo-Fabrizio derivative [3],
modified Riemann Liouville derivative [4], Atangana-Baleanu derivative [5], and conformable derivative
[6]. With the help of these derivative operators, various techniques have been developed that provide
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exact solutions of partial differential equations with nonlinear fractional derivatives. Moreover, these
equations are used with the help of fractional derivatives with various analytical methods to get better
results. Among these techniques are Generalized (G'/G)-expansion Method [7], Riccati Equation
Method [8,9], Exp-function Method [10], Generalized Riccati Equation Mapping Method [11], Jacobi
Elliptic Function Method [12], Improved F-expansion Method [13], tanh-sech Method [14], Hirota
Bilinear Method [15], Inverse Scattering Method [16], and Extended tanh Method [17], etc.

This study presents analytical solutions to the conformable form of the following new (3+1)-dimensional
shallow water wave equation (SWW) [18]

al((uxut)x + u:r:a:xt) + a2((uxuy):r; + Uxx:cy) + Q3Uyt + aqtigy + A5Ugy + oty + Q7 Uy + agu,, =0 (1)

We conducted a study by applying analytical solution methods using the conformable derivative of
this new equation.

The following is the layout of the paper. The preliminaries appear in Section 2. The Riccati Equation
and Modified Kudryashov Methods are presented in Section 3. In Section 4, the solutions to the
considered equation are provided. Finally, the paper includes a discussion in Section 5.

2. Preliminaries

This section provides a basic definition of the conformable derivative and some of its properties.

Definition 2.1. Let 7 : [0,00) — R be a function, ¢ > 0, and w € (0,1). Then, w'® order conformable
fractional derivative of the + function is defined by

1—wy _
7 (1) = limg XD =00

Lemma 2.2. [19-21] For w € (0,1) and ¢ > 0, let 7; and 72 be w' order conformable fractional
differentiable functions. Then,

i DP(tN) = v 0 eR

1. 9;’((}171 + QQ"}/Q) = 91.@5)("}/1) + Qg.@f(")/g), M, eR

9y —v1.7
i, %y(%) _ 29 (“/1)7271 2 (v2)
2

w. ¢ (172) = 11.-2¢ (72) + 72.2¢ (1)

v. If w is differentiable, then Z;(v1)(t) = %

vi. ¢ (X)) =0 such that # € R

3. The Procedures of the Analytical Methods

In this section, the procedures of the Riccati equation and modified Kudryashov methods are presented.

A general form of a partial differential equation (PDE) is as follows:
%(uvutauxauyauzxauyy?'"):O (2)

If a special wave transform is defined as, for h # 0,
tUJ

w

then a nonlinear ordinary differential equation (ODE) of the form is obtained:

F (u(€), ' (§),u"(§),-++) =0 (4)
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3.1. Riccati Equation Method
The technique is based on the following equation:
(€)= 0+ (&)’ (5)
Suppose that the following is the general form of a nonlinear conformable PDE
2,98, Duf, Dy, D2k, Dy fs-) =0

In this case, the derivative operator denoted by Z;° appears in any order. Equation 3 provides the
definition of conformable transformations. Making use of the chain rule, k, - - - ., h constants represent
arbitrary values that will be determined later. Equation 2 is transformed into a nonlinear ODE as

shown below. Thus, Equation 4 should have the following solution:

N
u(€) =) aip'(€), any #0 (6)
i=0

Then, N is calculated by using the balancing rule in Equation 4, where ¢(&) is solution to the Riccati
equation. A list of solutions satisfying Equation 5 is provided below.

—V/—otanh(v—=c¢), o <0

—+v/—ocoth(y/—c€), <0

@(§) = { Vatan(y/o€), o >0 (7)
—y/ocot(y/o&), >0

—Eﬁ, fis a constant, o =0

By inserting all of the values found in the terms in Equation 7, we can determine the exact solutions
of Equation 2. A polynomial of ¢(§) is produced by combining all of the results. A system of
nonlinear algebraic equations for a;,--- ,h, (i € {0,1,---,N}) is produced when the coefficients of
(&) disappear. These nonlinear algebraic equations solutions are calculated, and the results are used
to determine the values of a;,--- ,h, (i € {0,1,--- ,N}).

3.2. Modified Kudryashov Method

The general form of the solution to Equation 4 is as follows:

N
u(€) = Br¢"(€), By #0 (®)
r=0
©(§) meets the ODE in Equation 8.
¢'(€) = log(D)p(&)(¢(€) — 1) (9)
The solution to this equation is given by
1 .
o) = T 9 >0, 9#0, disa constant (10)

The homogeneous balancing concept is used to compute N at Equation 4. We may compute a
polynomial of ¢"(£) by putting Equation 8 into Equation 4 without ignoring Equation 9. Setting all
of the coefficients of ¢"(£) to zero results in a series of algebraic equations in k,---,h and B, [22].
Finally, the soliton-type solutions of the given model are attained.
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4. Solutions to the New (3+41)-Dimensional SWW Equation

Take into account below equation, the conformable form of Equation 1:
a1 ((Ua 2 0) a+ D Ugar ) F 02 ((Upty) o +Unaay) 03D Uy + 0uUgy + Q5 Uy + 06 D Uy +7Uyy + 05U, = 0
Having the transformation u(x,y, z,t) = u(§), for £ = kx + wy + sz + h%, and integrating yields
0 = ar1hk3uB® (&) + arhk®u/ (€)? + aghku’ (&) + azhwu/ (€) + aok3wu® (&) + ask®u/ (€)
+ask?wu/(€)* + askwu' (€) + ags™u'(€) + arw?u/(€)
Balancing u®® = N + 3, (u/)? = 2(N + 1) gives N = 1. If it is replaced in Equation 6 and Equation
8, the outcomes are as follows:
4.1. Riccati Equation-based Analytical Solutions
For N = 1, the series of sums that result from substituting Equation 6 appears,
u=ap+ayp, ay#0

In combination with Equation 5, the following algebraic system is created

0 = 2a101hk30? + a2a1hk?0? + ajaghko + ajashow + 2a1a0k30?w + ajagk?o + a2ask?o?w

+ajaskow + ajags?o + ajarow?

0 = 8ajarhk3o + 2a%a1hk2a + ajaghk + arashw + 8ajaskdow + ajaqk® + Qa%a2k2aw + a1askw

+a1a85% + ajarw?

0 = 6ajaqhk® + a%alth + 6ayakPw + a%agkzw

Here, we obtain one case and one set of solutions for ag, a1, and h.

Case 1.
—4a2k3aw + Oé4k2 + a5kw + a832 + 047?1}2
ap = —6k, and h=
4o k3o — agk — asw
Set 1.
For o < 0,

—40(21{330111 + Oé4k2 + Oé5k’w + Oé882 + 06711)2)

w (dan k30 — agk — azw)

tw
Uy Zao+6ij0tanh< —a( ( +kzx+sz+wy>>(11)

t(—4 ]{33 k2 k 2 2
ug = ag + 6kv/—ocoth | vV—0o (—dask’ow + aak” + askw + ags” + azu’) + kx + sz +wy
w (4a1k30 — agk — azw)
for o > 0,
t (—dagk3ow + ask® + askw + ags® + arw?)
ug = ag — 6k\/otan | /o + kx + sz +wy
w (4ark3o — agk — azw)

v (—4a2k3aw + ouk® + askw + ags® + a7w2)
w (4ark3o — agk — azw)

uy = ag + 6k+/o cot (ﬁ( + kx4 sz —l—wy)) (12)

and for o = 0,
6k
t@ (k2 +askw+ags?+arw?)
w(ag(—w)—agk)

Us = ag +

0+ + kx4 sz +wy
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4.2. The Modified Kudryashov Method-based Analytical Solutions
For N = 1, the series of sums that result from substituting Equation 8 appears,
u= By+ Bip(§), B1#0

The below system is attained with combining Equation 9,

o8

(13)

0 = Ta; B1hk?log?(a) + a1 Bihk?log?(a) + agBihklog(a) + azBihwlog(a) + Tas Bik*wlog®(a)

+ayB1k?log(a) + aoBYk*wlog?(a) + asBikwlog(a) + agBys? log(a) + azBiw?log(a)

0 = a1 B1(—h)k?log®(a) — agBihklog(a) — azBihwlog(a) — aaBrk3wlog®(a) — ayB1k?log(a)

—asBikwlog(a) — agBys*log(a) — arBiw? log(a)
0 = —12a; B1hk?log®(a) — 2a1 Bihk?log?(a) — 1209 B1k*wlog®(a) — 2a2 Bik*wlog?(a)
0 = 6ay B1hk®log®(a) + a1 Bihk? log?(a) + 6asB1k*wlog®(a) + az Bik*wlog?(a)
Here, we obtain one case and one set of solutions for By, Bi and h.

Case 2.
ask3wlog? (a) + ask?® + askw + ags? + arw?
a1k3log?(a) + aghk + azw

By = —6klog(a) and h=

Using Equation 10 and these values with Equation 13, the solutions are obtained as follows:

Set 2.
6k log(a)

tw (a2 k3w log2 (u)+a4k2+a5 kw+ag s2+o¢7w2)

U5=BQ—

+kx+sz+wy

da w(a1k3 log2(a)+a6k+a3w) _|_ 1

3.0
25
20
1.5
1.0
05

-0.5
-1.0

— w=0.65

w=0.75
— w=0.85
— w=0.95

-15 -10

(c)
Fig. 1. The plot of Equation 11 for (a) 3D, (b) contour, and (c) 2D plot

(14)
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Fig. 2. The plot of Equation 12 for (a) 3D, (b) contour, and (c) 2D plot

1.0
0.8
0.6
0.4
0.2

Fig. 3. The plot of Equation 14 for (a) 3D, (b) contour, and (c) 2D plot
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For Figures 1-3, the following numerical values are employed:

i. In Figure 1, for (a) and (b), ap = 1,k = —0.6,w = 0.1,s = 0.05,y = 0.1,z = 0.5,; = 0.4, 9 =
—0.2,a3 =0.6,a4 = —0.4,a5 = 0.99, a5 = 0.1,a7 = —0.7,a8 = 0.8,0 = —0.4, and w = 0.95 and for
(c), t =0.55.

it. In Figure 2, for (a) and (b), ag = 0.1,k = 0.22,w = 0.5,s = 0.5,y = 0.1,z = 0.5, a1 = 0.95, a3 =
0.85, a3 = 0.65,c¢4 = 0.4, 05 = 0.99, 66 = 0.1,y = 0.9, = 0.8,0 = 4, and w = 0.95 and for (c),
t = 0.55.

iti. In Figure 3, for (a) and (b), By = 0.01,a = 0.625,k = 0.4,w = —0.02,s = 0.55,y = 0.5,z =
—0.09,d = 0.36,01 = 0.25, 02 = 0.55, 3 = 0.45,a4 = —0.65, a5 = 0.35, a6 = 0.75, a7 = 0.15, a5 =
—0.55, and w = 0.95 and for (c), ¢t = 0.95.

The presented methods have several novel solutions revealed by the graphical representations and may
be applied to other kinds of equations.

5. Conclusion

This work investigated the new (3 + 1)-dimensional shallow water wave equation with conformable
derivative’s soliton characteristics using the Riccati equation and modified Kudryashov methods.
Then, to visualize some of the solutions with the proper values, 3D, contour, and 2D graphics are
presented. Graphical representations and analytical solutions have been provided to show these tech-
niques’ accuracy. Furthermore, the physical characteristics of these solutions are distinctive and
significant, and they have been researched in the literature. Consequently, future studies may use the
proposed approaches to handle and solve various additional fractional differential equations.
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1. Introduction

Ordinary differential equations are essential in describing the rates of change of quantities in diverse sci-
entific disciplines, including physics, chemistry, biology, engineering, and economics. These equations
provide a concise mathematical framework for modeling dynamic systems, where variables depend on
a single independent variable, such as time. By formulating ordinary differential equations, scientists
can represent complex real-world problems as mathematical equations, facilitating their analysis and
prediction. Ordinary differential equations enable researchers to investigate the behavior of systems
over time, making them invaluable in studying dynamic processes and phenomena. For this reason,
differential equations are used to analyze many problems in many fields of applied sciences [1,2].

Ordinary differential equations play a pivotal role in biology, providing a powerful mathematical tool
for understanding and analyzing complex biological systems [3]. These equations are of paramount
importance in biology due to the dynamic nature of biological processes, where variables such as con-
centrations, populations, and reaction rates change over time. Ordinary differential equations allow
researchers to investigate the dynamics of biological systems, predict their behavior under different
conditions, and gain insights into fundamental biological principles. They are instrumental in study-
ing population dynamics, the spread of diseases, gene regulation, cellular signaling, and many other
biological phenomena [4]. Ordinary differential equations provide a powerful mathematical framework
for unraveling the intricacies of biological systems, allowing scientists to deepen their understanding
of life processes and contribute to advancements in biological research and healthcare.
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Finding a field of application in many fields has made it important to reach the solutions of this type
of equations. The solution of differential equations can be more complicated than that of algebraic
equations. Therefore, researchers have sought ways to convert differential equations into algebraic
equations. One of the solution methods that emerged as a result of this search is integral transforms
that convert differential equations into algebraic equations. These transforms give very effective results
in solving a wide variety of problems in many different fields. Its application to various problems has
led to the diversification of integral transforms [2]. In this study, we consider a type of integral
transform, namely Kashuri Fundo transform [5].

The Kashuri Fundo transform is a powerful mathematical tool that has gained significant attention in
the field of differential equations. The Kashuri Fundo integral transform offers a systematic approach
to transform differential equations into algebraic equations, making it easier to solve them and ob-
tain analytical or numerical solutions [5]. By employing this transform, researchers can simplify the
mathematical representation of differential equations, which often leads to more tractable equations
and allows for the application of established techniques for solving algebraic equations. The impor-
tance of the Kashuri Fundo transform lies in its potential to overcome the challenges associated with
solving differential equations analytically or numerically, offering a promising alternative approach
for obtaining solutions to a wide range of differential equations encountered in various scientific and
engineering fields. Its utilization can enhance the efficiency and accuracy of solving differential equa-
tions, ultimately advancing our understanding and prediction of dynamic systems in applied science
and engineering disciplines. Kashuri Fundo transform was introduced to the literature by Kashuri
and Fundo with the statement that various properties can be found easily due to its deep connec-
tion with Laplace transform [2]. In later processes, many researchers, including Kashuri and Fundo,
worked on different applications [6-16] of this transform. Helmi et al. [17], Singh [18], Dhange [19],
and Giingor [20] investigated various applications of Kashuri Fundo transformation. Later, Peker et
al. [21-26] applied this transform to the models, namely steady heat transfer, decay, some chemical
reaction, one-dimensional Bratu’s problem, Michaelis-Menten’s biochemical reaction model, popula-
tion growth and mixing problem to demonstrate the competence of the Kashuri Fundo transform in
reaching solutions of ordinary differential equations.

Extracting analytic or approximate solutions for differential equations by using new mathematical
methods always attract the attention of the researchers due to the academic curiosity and practi-
cal applications. Motivation for having a technique more effective, more applicable, and easier to
use induces the possibility of analyzing the utility of other non-conventional solution techniques or
methods.

In this study, we aim to present that the Kashuri Fundo transform is a technique that facilitates the
solution of differential equations through two different cardiovascular models, one of which is glucose
concentration in the blood during continuous intravenous glucose injection. The other is pressure in

the aorta.
2. Preliminaries

This section provides some of basic definitions and properties related to Kashuri Fundo transform.

Definition 2.1. [5] Let F be a function set defined by
1t

2 .
F={ ()| 3M, k1, ks > 053 |f(1)] < Me'*, if t e (—1) x [0, 00)

where M is a constant and k1 and ko are finite constants or infinite.
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Definition 2.2. [5] Kashuri Fundo transform, defined on the set F' and denoted by the operator
(), is defined by

Ji/[f(t)](v):A(v):i/ Freyd, t>0 and  —k <o <k

0
which can be stated as well by

HUON) = Aw) =v [ e f(03%) dt
0

Inverse Kashuri Fundo transform is denoted by .# ~[A(v)] = f(t), t > 0.

1

77, if there are positive constants

Definition 2.3. [5] A function f(¢) is said to be of exponential order

t

T and M such that |f(t)] < Me* forallt > T .

Theorem 2.4. [5] [Sufficient Conditions for Existence] If f(¢) is piecewise continuous on [0, c0) and
has exponential order 7z, then J¢[f(t)](v) exists, for |v] < k.

Theorem 2.5. [5] [Linearity Property| Let f(¢) and g(t) be functions whose Kashuri Fundo transforms
exist and ¢y and co be constants. Then,

H(erf + e29)(D](v) = 1 [F([D))(v) + 2t [g(D)])(v)

Theorem 2.6. [5] [Derivatives of a Function f(t)] Let A(v) be a Kashuri Fundo transform of f(t).
Then,
Alw) = 190

v2n o = p2(n—k)-1 (1)

AP D)) =

Table 1 presents transformations of some special functions.

Table 1. Kashuri Fundo and Laplace transforms of some special functions [2,5,13]

ft) H[f(1)] = A(v) Z[f(t)] = F(s)
1 v .

t v3 7

" ne nly?ntl 2
et av? ﬁ
sin(at) % T
cos(at) Tzl a2
sinh(at) % 2—a?
cosh(at) S e
t% a € RT (1 + a)v?att Fﬁiﬂ)
i aptk i klagv2htl i aksf%
k=0 k=0 £=0

Table 2 presents inverse transformations of some special functions.
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Table 2. Inverse Kashuri Fundo transform of some special functions [5, 13]

A(v) HA@)] = f(#)
v 1

v t
nly2ntl " nez
a0 e
% sin(at)
ezt cos(at)
% sinh(at)
e cosh(at)
(1 + a)v2atl t aeRT
i klajv2ktt i apt®
k=0 k=0

In order to better understand the application of Kashuri Fundo transform to ordinary differential

equations, two simple numerical examples are provided below.

Example 2.7. [27] Consider differential equation

dy
— — 16y =2 2
7 y (2)
with the initial condition
y(0) = —4
Applying the Kashuri Fundo transform bilaterally to both sides of Equation 2,
dy

;zf[ } — #16y] = H 2]
dt
If we write the equivalent in Equation 1 instead of the expression ¢ [%} and arrange the expression

A [2] according to Table 1 using the linearity property of the transform,

Av(;)) — yE)O) —16A(v) = 2v (3)

where A(v) = % [y(t)]. Substituting the initial condition in Equation 3 and rearranging the equation,

203 — 4v
Alv) = —— 4
We use Table 2 to apply the inverse Kashuri Fundo transform to Equation 4. For this, if we rearrange
Equation 4,
1 31 v
AWw)=—Zv— > 5
@)= =5~ S 1160 5)

If we apply the inverse Kashuri Fundo transform to both sides of Equation 5 using Table 2, we find

the solution of the given differential equation as
1 31
16t

y(t) = 373

The 3D graph of this solution is in Figure 1. The graphics in this study is drawn using Python.
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Figure 1. Graph of y(t) = —g — e
Example 2.8. [28] Consider differential equation
dy 3t
2y = 6
o Y=e (6)
with the initial condition
y(0) =2

Applying the Kashuri Fundo transform bilaterally to both sides of Equation 6,

x| D] - ) = 1

If we write the equivalent in Equation 1 instead of the expression ¢ [%] and arrange the expression
 [€3!] according to Table 1 using the linearity property of the transform,

A(v) _ y(0) v
2V R A =
v? v (v) 1 — 302 @
where A(v) = # [y(t)]. Substituting the initial condition in Equation 7 and rearranging the equation,
2v — 53
Av) = 8
W) =T a =5 ®)

We use Table 2 to apply the inverse Kashuri Fundo transform to Equation 8. For this, if we rearrange
the right-hand side of Equation 8,

20 — 5v3 Av Bv

(1 —v2)(1 —30v?) - 1—112—|_1—L’)112 (9)

If this equation is solved, then
3 1
A= 5 and B = 5

If we write these values in their places in Equation 9 and use the equation here in Equation 8,
3 v 1 v
Alv) = = - 10
S Pl S g (10)

If we apply the inverse Kashuri Fundo transform to both sides of Equation 10 using Table 2, we find
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the solution of the given differential equation as
1
y(t) = 53¢ + )

The 3D graph of this solution is in Figure 2.

=

/\\\

g "

/\\\ 3

e L 6
4
2

14
0.0
0.6 4
0.8
t 10 2

Figure 2. Graph of y(t) = 1(3e’ + €*)

3. Applications of Kashuri Fundo Transform to Cardiovascular Models

This section presents two applications of Kashuri Fundo transform to two cardiovascular models.

Application 3.1. (Glucose concentration in the blood) During continuous intravenous glucose injec-
tion, the concentration of glucose in the blood is C(t) exceeding the baseline value at the start of the
infusion. The function C(t) satisfies the initial value problem [2]

9O 4 ko) =

/ 11
o , t>0 (11)

<I®

and
C(0)=0

where k is the constant velocity of elimination, « is the rate of infusion, and V is the volume in which
glucose is distributed. We will find the concentration of glucose in the blood by using the Kashuri
Fundo transform method.

Applying the transform bilaterally to the given Equation 11,

%ﬁ“] + k100 =2 [ (12)

Let 2 [C(t)] = A(v). If we rearrange the Equation 12 by using the Equation 1 with the initial
condition and the transforms in Table 1,

A(v (0 «
#—%-I—kA(v)zvv

|

v
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and thus

A(v) = 3(1:;}2) (13)

Having rearranged the Equation 13,

A(v) = ‘O/‘(u - IJ’W> (14)

Applying the inverse Kashuri Fundo transform to Equation 14,

A VAW) = O‘( —”) 15

[A(v)] [V Ul (15)

If we rearrange Equation 15 using the linearity property of the inverse Kashuri Fundo transform,
HAW) = = o] - %1[ ! ] 16

According to Table 2, the equivalents of the expressions in Equation 16 are

A AW = C@), #]=1, and ,)i/_l{l +“W] _

Finally, substitute these expressions in Equation 16, we find the concentration of glucose in the blood
as

e
Clt)=—(1—e™
()= 5 (1— )
Application 3.2. (Pressure in the aorta) The blood is pumped into the aorta by the contraction of
the heart. The pressure p(t) in the aorta satisfies the initial value problem [2]

dp(t
Ic)l(t) + %p(t) = cAsinwt (17)
and

p(0) = po
where ¢, k, A, and py are constants. We will obtain the pressure in the aorta by using the Kashuri
Fundo transform method.

Applying the transform bilaterally to the given Equation 17,

%{dgﬂ + LA [p(0)] = cAX [sin ] (18)

Let % [p(t)] = A(v). If we rearrange the Equation 18 by using the Equation 1 with the initial condition
and the transforms in Table 1,

Aw) po ¢ w3
B0 T A = eA—
v2 v % (v) =e 14 w2t
and thus L
v wv
A(v) =pyp——— +cA 19
(v) Py gz +e ((k+cv2)(1 +w2v4)> (19)

Regrouping the Equation 19,

ke v3 wk? v wk? v

v
A@w) = po—"— + cA _
(v) pog + fv? te <w2k:2 +c21+w?vt WZEZ 21 4 w2t + wk? + 2 1+ fo?

) o
Applying the inverse Kashuri Fundo transform to Equation 20,

HHAW) = ! A< ke v Wk v wk ! >] (21)

v
Po 1+ $0? te w2k? + 2 1+ w?t  WEZ 21+ Wt Wik 4?14 Lo?
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If we rearrange Equation 21 using the linearity property of the inverse Kashuri Fundo transform,

wk? -1 v
+ w2k2+02’)£/ [1+zv2‘|>

w?k24-c2 1+w2v? w?k24-¢c2 1+w2v?

%—1[14(@)] — CA< kc %—1[ v3 ] _ wk? %—1[ v

(22)
-1
ok llfkw]
According to Table 2, the equivalents of the expressions in Equation 22 are
HVAW) = p(t), 1 [” } — ot
[A@)] = pl0), e =

v3

1+ w?vt

v

<%/I|: :| = Sinwt, and %71 |:1—|—u)2’v4

} = coswt.
Finally, substitute these expressions in Equation 22, we obtain the pressure in the aorta as

(& ka (&
p(t) = poe k' + 0142:27Jr2 (Ck sin wt — coswt + ekt>
w A \w

4. Conclusion

Differential equations appear in the modeling of many phenomena in applied sciences. Using these
equations in modeling makes understanding and interpreting the phenomenon underlying these events
more accessible. The fact that it is used in modeling many important events makes it essential to
solving these equations. On the other hand, differential equations are more difficult to solve than
algebraic equations. Thus, using integral transformations is very helpful in solving these equations.
In this study, we applied the Kashuri Fundo transform, one of the integral transforms closely related
to the Laplace transform, with a few cardiovascular models. As seen from these applications, the
considered transform is suitable for applicability, reliability, effectiveness, and ease of use.

In future studies, researchers can study by considering systems of differential equations as well as

fractional differential equations emerging in applied fields.
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1. Introduction

In 1906, French mathematician Frechet introduced metric space by generalizing the concept of the
Euclidean distance function. Later, Hausdorff, in 1914, formalized the definition of metric space by a
set of axioms inherited from the basic properties of Euclidean distance. After that, several generalized
metric spaces, such as 2-metric [1], b-metric [2, 3], strong b-metric [4], D-metric [5], G-metric [6],
S-metric [7], cone-metric [8], parametric S-metric [9], generalized parametric metric [10], and fuzzy
metric [11] have been familiarized. Since 1922, when Banach proved the celebrated Banach fixed point
theorem in complete metric spaces, several researchers have tried to generalize it. Sometimes this gen-
eralization is by changing the contraction condition or reforming it to some generalized metric spaces.
Based on the types of self-mappings, such as contractive or expansive, single-valued or multivalued,
fixed point theories have been developed on those spaces.

In 2006, G-metric space, one of those generalized metric spaces, was brought to light by Mustafa
and Sims [6] to overcome elementary imperfection in the structure of D-metric spaces, defined by
Dhage [5]. Immediately after, Guang and Xian [8] introduced the idea of cone metric in 2007, where
they replaced the set of non-negative real numbers with an ordered real Banach space. Following
them, Beg et al. [12] extended the concept of G-metric and cone metric to G-cone metric space in
2010. Consequently, many study on fixed point theory have been done in G-cone metric spaces.
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This article aims to investigate the relation between the vector-valued and scalar-valued versions of
fixed point theorems of generalized cone-metric spaces and G-metric spaces. We show that there is a
relationship between G-metric and G-cone metric with the help of scalarization function (,, defined
on a locally convex Hausdorff topological vector space.

This article is presented as follows: Section 2 consists of some definitions and results used in the main
result Section. Section 3 establishes the relation between G-metric and G-cone metric utilizing the
tvs-G cone metric space definition. The final section contains some fixed point results ensuring their
equivalence in general G-metric spaces and tvs-G cone metric spaces and discusses the need for further
research.

2. Preliminaries

This section contains some definitions and results related to the main results of this study.

Let E be a topological vector space (tvs in short), § be zero vector, and P be a nonempty convex,
ie., P+ P C P and uP C P, for u > 0, and pointed, i.e., PN (—P) = {#}, cone in E. For the cone
P € E, < is a partial ordering with respect to P given by * < < p—x € P. z < p stands for z <
but x # p and x << p stands for p — x € int(P) where int(P) denotes the interior of P.

Throughout the article, Y is a real locally convex Hausdorff TVS and P is closed, proper, and convex
pointed cone with the non-empty interior, p € int(P), and < is a partial ordering with respect to P

defined as above.
Consider the nonlinear scalarization function ¢, : ¥ — R is defined by
Gz)=inf{seR:zeps— P}, forallzeY
Lemma 2.1. [13-17] For each s € R, p € int(P), and z,z1,z2 € Y, the following conditions are
satisfied:
i. (plz)<sereps—P
ii. (p(z) >s<xéps—P
iii. (p(x) > s & = ¢ ps — int(P)
. (p(r) < s x € ps—int(P)
v. (p(.) is continuous and positively homogeneous function on Y
vi. kg < x1 implies (p(z2) < (p(x1)
vii. Cp(w1 + x2) < Gp(a1) + Gp(@2).
Note 2.2. [14] Clearly (,(#) = 0. Moreover, the converse statement of vi. in Lemma 2.1 is not true
necessarily. For example, let £ = R?, P = {(x,y) € X : 2,y > 0}, and p = (1,1). Then, P is a
closed, convex, proper, and pointed cone in Y with int(P) # ¢. For » = 1, it can be observed that

x1 = (8,—15) ¢ rp — int(P) and z2 = (0,0) € rp — int(P). By applying éii. and iv. of Lemma 2.1, we
have (p(x1) <1 < (p(x2) while 1 ¢ 29 + P.

Definition 2.3. [6] Let & be a nonempty set and G : & x & x & — [0, 00) be a mapping that satisfies

the following conditions:
(G1) G(z,(,z) =0ifz ===
(G2) 0 <G(z,x,Q) if v #¢
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(G3) G(z,2,¢) < G(,(,2) if ( # 2

(G4) G(x,(,2) =G(x,2,() = G((,x,2) = --- (Symmetric in all three variables)
(G5) G, C,2) < Gla, i 1) + G, C, 2)

for all z,(, z,u € S. Then, (3, G) is called a G-metric space.

Definition 2.4. [6] Let (3,G1) and (3, G2) be two G-metric spaces. A function F : (3,G1) — (3, G2)
is said to be

1. G-continuous at a point 1 € X if, for given a > 0, there exists S > 0 such that, for all n,b,z € G,
Go(Fn, Fb, Fz) < aif G1(n,b,2) < B.

i1. G-sequentially continuous at a point n € X if {n,} is G-converges to n implies {F(n,)} is G-

converges to F(n).

Theorem 2.5. [6] Let (3,G1) and (3, G2) be two G-metric spaces. A function F : (3,G1) — (3, G2)
is G-continuous at a point n € ¥ if and only if (iff) F is G-sequentially continuous at 7.

Definition 2.6. [8] Let & be a nonempty set, E be a real Banach space, P be a cone in F, and =< is
a partial ordering in £ with respect to P. A mapping M : & x & — FE is called a cone metric on & if

it satisfies the following properties:

(M1) M(y,a) > 0, for all y,a € S, and M (y,a) =0 iff y = «
(M2) M(y,a) = M(a,y), for all y,a € S

(M3) M(y,a) <= M(y,n) + M(n, ), for all y,a,n €S
Moreover, the pair (3, M) is called a cone metric space.

Definition 2.7. [12] Let & be a nonempty set, E be a real Banach space, P be a cone in E, and
=< is a partial ordering in E with respect to P. A mapping G : & x & x & — FE satisfying, for all

z,(, 2, p €S,

i. Gz, ,z)=0ifz=(==z2

it. 0 < G(z,x,()if x # ¢

ii. G(x,2,() 2 G(x,(,2)if ( #2

. G(x,(,2) =G(x,2,() = G(¢,z,2) = --- (Symmetric in all three variables)
v G2, ¢, 2) 2G(x, p ) +G(1: €, 2)

is called a G-cone metric and (S, G) is called a G-cone metric space.

Definition 2.8. [18] Let & be a nonempty set, Y be a real Hausdorff tvs, and < is a partial ordering
in Y with respect to a cone P. A vector-valued mapping T : & x & — & is called a tvs-cone metric if
it satisfies

(T1) T(x,n) =6, forall x,n € ¥, and T (z,n) =0 iff x =n
(T2) T(x,n) ="T(n,y), for all x,n €

(T3) T(x,n) 2 T(x,a)+T(a,n), forall z,n,a e
Moreover, the pair (3, 7)) is called a tvs-cone metric space.

Definition 2.9. [19] Let & be a nonempty set, Y be a tvs, < be a partial ordering in Y with respect
to cone P, and G : & X § X & — Y be a mapping satisfying the following conditions:
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(G1) G(z,¢,2)=0ifz=(=2

(G2) 6 < G(a,2,¢) if & £ C, for all ,¢ € S

(G3) G(x,2,¢) 2 G(x,¢,2) if (# 2

(G4) G(z,(,2) = G(x,2,() =G(¢,z,2) = -+ (Symmetric in all three variables)

(G5) G(x,¢,2) 2 G(x, ) + G, (, 2), for all o, (, 2z, p €

Then, G is called a tvs-G cone metric, and the pair (S, G) is called a tvs-G-cone metric space.

Definition 2.10. [19] Let (3, G) be a tvs-G-cone metric space and {x,} be a sequence in . Then,

i. {x,} is said to be tvs-G-cone convergent to x if, for all & € Y with 0 << «, there is a K € N such

that G(xpm, Tn, x) << a, for all m,n > K and we write le T, = T.
n oo

it. {xy} is said to be a tvs-G-cone Cauchy if, for all @ € Y with 0 << «, there is a K € N such that
G(Tm, Tn, ) << ¢, for all m,n, k > K.

17i5.  is called tvs-G-cone complete if every Cauchy sequence in & converges to some element in S.
3. Main Result

In the following, we consider Y as a real locally convex Hausdorff tvs, P as a closed, proper, and convex
pointed cone in Y with non-empty interior, p € int(P), and < as a partial ordering with respect to P
defined as above.

Definition 3.1. A tvs-G-cone metric space (J,G) is said to be symmetric if, for all a,y € S,

G(a,y,y) = G(y, o, ).

Note 3.2. In particular, if we take E as a real Banach space, then the definition of tvs-G-cone metrics
is reduced to G cone metrics of Beg et al. [12]. Hence, for examples of symmetric and non-symmetric
tvs-G-cone metric spaces, please see Examples 2.4 and 2.5 of Beg et al. [12].

Definition 3.3. Let (3,G;) and (3, G2) be two tvs-G-cone metric spaces and F : (3,G1) — (3, G2)
be a function. Then, F is

1. tvs-G-cone continuous at a point & € & if, for any « => 0, there exists 5 => 6 such that, for all
£y, c €S, Go(FE Fy, Fe) << aif Gi(§,y,¢) << B.

ii. tvs-G-cone sequentially continuous at a point £ € < if {&,} is tvs-G-cone converges to £ implies
{F(&n)} is tvs-G-cone converges to F(&).

In the following theorem, we show that there is a relationship between a tvs-G cone metric space and
a G-metric space.

Theorem 3.4. Let & be a nonempty set and (3, G) be a tvs-G cone metric space. Define a mapping
Mg : 3 x 3 x 3= Rso by Mg =, 0 G where p € int(P) in Y. Then, Mg is a G-metric on 3.

PROOF.

Let & be a nonempty set and (3, G) be a tvs-G cone metric space. Define a mapping Mg : Ix Ix ¥ —
R>o by Mg = ¢, 0 G where p € int(P) in Y.

i. If v = p = z, then G(z,p,2) = 0. Therefore, Mg(x,u,z) = ((G(x, 1, 2)) = 0, since (,(0) = 0.
Thus, (G1) holds.

ii. If a # y, then G(a, a,y) = 6. Thus,

Mg(%,y, Z) = (CPOg)(x>$7y) = Cp(g(m,x,y)) > Cp(e) =0
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Hence, (G2) holds for Mg.

iii. Since G(a, a,y) = G(a,y,c), for o,y # ¢ € S, thus ((G(a,o,y)) < ((G(a,y,c)) and hence
Mg (o, o, y) < Mg(a,y,¢), for a,y # ¢ € . Therefore, Mg satisfies the condition (G3).

iv. (G4) is valid for Mg, since G is symmetric in all three variables implies Mg is.
v. For all o, y,a,p € S, we have G(a,y,a) < G(a, p, ) + G(1, y, a) which implies

(G, y,a)) < Gp(Gla, py ) + G (1, y,a)) < Gp(Gla, 1) + (G (1 y, a))
Therefore, Mg(a,y,a) < Mg(a, p, 1) + Mg(p,y,a), for all a,y,a, u € S and thus (G5) is valid.
Hence, Mg is a G-metric on & and the pair (3, Mg) is a G-metric space. [

Corollary 3.5. If G is a G-cone metric on J in the sense of Beg et al. [12], then Mg = (, 0 G is a

G-metric on .

Proor.
In the above theorem, in particular, if we take Y as a real Banach space, then the result can be
concluded from the above. [

Next theorem establishes the relation between the notions of convergence of sequences in tvs-G cone
metric spaces and G-metric spaces.

Theorem 3.6. Suppose that G is a tvs-G cone metric and Mg is a G-metric on & where Mg is defined
in Theorem 3.4. Then,

i. A sequence {n,} converges in (3, G) iff {n,} converges in (I, Mg).
it. A sequence {n,} is a Cauchy sequence in (S, G) iff {n,} is Cauchy in (3, Mg).
iti. (3, G) is complete iff (¥, Mg) is complete.

PROOF.
i. (=): Assume that {n,} converges to n in (3,G). Let ¢ > 0 be arbitrary. For any p >> 6 in Y,
there exists N € N such that for all m,n > N,

G(NMnyMnyn) <<pe = G(Np,Nn,n) € pe — int(P)
== Cp(g(nnﬂ]mﬂ)) < €

- (CpOg)(nna 77n7 77)) <e€
That is, Mg (nn, M, n) < €, for all m,n > N, which implies {7, } converges to n in (<, Mg).

(«<): Assume that a sequence {n,} converges to n in (J, Mg). Let ¢ => 6 in Y be arbitrary. Take
p € intP and € > 0 be such that pe << ¢. Since {n,} converges to n in (3, Mg), thus there exists
N € N such that, for all m,n > N,

Mg (s s ) < € == (GpoG) (1, Ny 1) < €
= (G, 1, ) <€
= G, M, n) € pe — int(P)
which implies G (1, nn, ) << pe << ¢, for all m,n > N, and thus {n,} converges to n in (3, G).
Proof of #i can be derived in a similar way of 7, and i is immediate consequence of ¢ and 7. [

Theorem 3.7. Suppose G; and G are two tvs-G-cone metrics on & and Mg, , respectively, and Mg,
is the induced G-metrics on 3, as defined in Theorem 3.4. Then, a function 7 : (J,G1) — (S, G2) is

tvs-G-cone continuous iff 7 : (3, Mg, ) — (S, Mg, ) is G-continuous.
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Proor.
(<): Assume that 7 is G-continuous. Let ¢ >> 6 in Y. Take p € int(P) and € > 0 be such that
pe <= c. Then, for € > 0, there exists a § > 0 such that
Mg, (Ta, Tb,Tc) < e€if Mg, (a,b,c) <9 (1)

For p € int(P) and § > 0, there exists an e == 6 be such that pd << e. From Relation 1, it follows
that
((p0G2)(Ta, Th,Tc) <e if (¢0Gi)(a,b,c) <0 = (p(Ga(Ta,Th,Te)) <e if (,(Gi(a,b,c)) <d

= Go(Ta,Tb,Tc) € pe —int(P) if Gi(a,b,c) € pd — int(P)

= Go(Ta,Th,Tc) << pe << c if Gi(a,b,c) <<pd <<e
Therefore, T is tvs-G-cone continuous.

(=): Assume that 7 is tvs-G-cone continuous. Let € > 0. Then, for any p € int(P), there exists a
0 > 0 such that
Go(Ta,Tb, Tc) << pe if Gi(a,b,c) << pd = Go(Ta,Tb,Tc) € pe — int(P) if Gi(a,b,c) € pd — int(P)
= Go(Ta,Tb,Tc) € pe —int(P) if G1(a,b,c) € pd — int(P)
= (p(G2(Ta,Th, Tc)) < e€if ((Gi(a,b,c)) <6
= ({p 0 G2)(Ta,Th,Te) <eif (¢ o Gi)(a,b,c) <é
= Mg, (Ta,Tb,Tec) < eif Mg, (a,b,c) <.
Hence, T is G-continuous. [

Theorem 3.8. Let G; and Gy be two tvs-G-cone metrics on S and 7 : (3,G1) — (S, G2) be a function.

Then, T is tvs-G-cone continuous on S iff T is tvs-G-cone sequentially continuous on .

PROOF.
For p € int(P) in Y, the mapping Mg, = (p0G; such that i € {1,2} are the induced G-metrics on S.
Then,

T:(3,G1) — (S, G2) is tvs-G-cone continuous on § <= T : (I, Mg,) — (S, Mg,) is G-cone continuous on &
— T :(S,Mg,) — (S, Mg,) is G-cone sequentially continuous on &
— T :(3,G1) = (9, G2) is tvs-G-cone sequentially continuous on

O]

Theorem 3.9. Let G be a tvs-G-cone metric space on . Then, a mapping p : § X & — Y defined
by p(z,€) = G(z,x,&) + G(x,&,§), for all z,£ €S, is a tvs-cone-metric on 3.

Proor.
Let G be a tvs-G-cone metric space on . Define a mapping p: & x & = Y by p(z,§) = G(z,z,&) +
G(x,§,€), for all z,£ €.

i. Clearly p(z,§) > 6, for all z,£{ € & and
p(z,§) =0 <= G(z,2,8) +G(x,§¢) =40
— G(z,z,§) =0and G(z,£,§) =0
= z=¢
Therefore, (71) holds.

it. (72) holds trivially since G is symmetric in its all three variables.
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i1i. G satisfies the inequality G(z,&, 2) < G(z,a,a) + G(a,&, 2), for all z,&, z,a € . Therefore, for all

xaé)ae %’

p(x,8) =G(x,2,8) +G(2,6,8) =G(&z,2) +G(x,£,§), (since G is symmetric)
=G a,a)+G(a,z,x) + G(x,a,a) + G(a, &, §)
=G(z,r,a) + G(x,a,a) + G(&, a,a) + G(a,&,§)

Thus, p satisfies the condition (7 3).
This shows that p is a tvs-cone-metric on &. [

Afterward, we show that fixed point theorems on tvs-G-cone metric spaces can be presented via

G-metric spaces with the help of the scalarization function (.

Theorem 3.10. Suppose that G is a complete tvs-G cone metric and Mg be the induced G-metric
on &. If T: 3 — $ is a mapping satisfying either

G(Tx,T¢ Tz) 21G(x, &, 2) + mG(x, Tx, Tx) +nG(&, TS, TE) +rG(2,Tz,Tz) (2)

or

G(Tx, TE Tz) 21G(2,&,2) + mG(x, Tz, z) + nG (£, €, TE) +1G(2, 2,Tz) (3)
for all x,&,z € & where 0 <l+4+m+n+1r < 1, then 7 has a unique fixed point.

PROOF.
For any p € int(P) in Y, we consider the function (,. Then, by Theorem 3.4, Mg = (,0G is a G-metric
on . Since (S, G) is tvs-G-cone complete, then (I, Mg) is also G-complete by the Theorem 3.6. Let

T satisfies Condition 2. Then, for all z,¢,z € §, Lemma 2.1 implies if
G(Tx, TETz) 21G(x, &, 2) + mG(x, Tx, Ta) +nG&, TETE) +rG(2, Tz, Tz)
then
C(G(Ta, TET2)) < GUG(2, &, 2) +mG(x, T, Ta) +nG(&, TETE) +1G(2,Tz,Tz))
Thus,
GG(Tx, TE, Tz)) <U6p(G(2,€,2)) +mep(G(z, Ta, Ta)) +nCp(G(E,TE TE)) +16(G(2,Tz,Tz))
Hence,
((poG) (T, TE, T2) < 1(¢poG) (z, €, 2) +m(CpoG) (z, T, Tx) +n(CpoG) (€, TE, TE) +1(Cp0G) (2, Tz, Tz)
Therefore,
Mg(Tx, TE,Tz) <IMg(x,&,2) + mMg(z, Ta, Ta) + nMg(E, TE TE) +rMg(z, Tz Tz)

This shows that 7 satisfies Condition 2.1 of Theorem 2.1 [20]. Since (&, Mg) is a complete G-metric
space, the existence and uniqueness of fixed point 7 follows from the Theorem 2.1 [20] in G-metric

spaces. Consequently, 7 has a unique fixed point in ($,G). Similarly, we can draw the conclusion if
T satisfies Condition 3. [

Note 3.11. In particular, when we take Y = F, a real Banach space, the above theorem reduces to
the theorem of Beg et al. [12].

Theorem 3.12. Suppose that (J,G) is a complete tvs-G cone metric space and Mg is the induced
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G-metric on §. If T is a self mapping on < satisfying either of the following conditions

G(Tx, TETE) 2 k{G(2, TETE) +6(E, Te, Ta)} (4)
or
G(Tx, TETE) 2 ri{G(x, 2, TE) +6(8,¢,Ta)} (5)
for all x,& € & where 0 < k < %, then T has a unique fixed point in & and 7 is tvs-G-cone continuous
on .
PROOF.

For any p € int(P) in Y, we consider the function (,. Then, by Theorem 3.4, Mg = (,0G is a G-metric
on . If, for all z,£ € &, T satisfies Condition 4, then Lemma 2.1 gives

G(Ta, TE,TE) 2 w{G(x, TETE +G(E Ta, Te)y = G(9(Tw,TE,TE)) < Gp(h{G(2, TE, TE) +G(&, Tw, Ta)})
= (G(T2, TE, TE)) < kGp(G(2, TE, TE) +G(&, T, Tx))
= (G(Tz, TE, T€)) < w{(p(G(x, TE TE)) + Gp(G(&, T, Tx))}
= (o9) (T, T€, TE) < #{((po9) (w, TE, TE) + ((po9) (&, Tw, T)}

= Mg(G(T, T TE)) < w{Mg(,TE, TE) + Mg (&, T, Ta)}
This shows that 7 satisfies Condition 2.49 [20] in G-metric space (3, Mg). Since (3, G) is tvs-G-cone
complete, by the Theorem 3.6, (3, Mg) is G-complete. Therefore, by the Theorem 2.8, 7 has a unique
fixed point in (¥, Mg) and T is G-continuous. Hence, 7 has a unique fixed point in ($,G) and T is
tvs-G-cone continuous by the Theorem 3.7. If T satisfies the Condition 5, then the conclusion can be

drawn in a similar way. [J

Theorem 3.13. Let G be a complete tvs-G cone metric and Mg be the induced G-metric on . If T
is a self mapping on <& satisfying either of the conditions

G(Tx, TE Tz) 2 kmax{G(z, Tx, Tx), G(§,TE,TE), G(2,TzTz)} (6)

or
G(Tx,T¢ Tz) = wmax{G(z,z,Tx), G(§, & TE), G(22,T2)} (7)

for all z,£,z € & where 0 < k < 1, then 7 has a unique fixed point in & and 7 is tvs-G-cone

continuous on .

Proor.

For any p € int(P) in Y, we consider the function (,. Then, by Theorem 3.4, Mg = (,0G is a G-metric
on J. Since G is a tvs-G-cone complete metric on S, thus (3, Mg) is also G-complete. If, for all
x,& 2 € ¥, T satisfies Condition 6, then applying Lemma 2.1, if

G(Tx, TE Tz) 2 kmax{G(z, Tx, Tx), G(&,TE,TE), G(2,T27Tz)

then
G(G(T2, TE Tz)) < G(rmax{G(z, Tz, Tz), G(&TETE), G(2, T2 Tz)}
Thus,
G(G(T2, TE, T2)) < kmax{(p(G(z, Ta, Tx)), ((G(ETETE)): p(G(2, T2, Tz))}
Hence,

(o9) (T, TE, Tz) < kmax{((poG)(x, Tx, Tx), ((oG)(&,TE,TE), ((o9)(z, Tz T2)}
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Therefore,
Mg(Tx, T T?)) < kmax{Mg(z, Tz, Tx), Mg(§,TE, TE), Mg(2, Tz Tz)}

This shows that 7T satisfies Condition 2.19 [20] in the complete G-metric space (3, Mg). Thus, Theorem
2.3 [20] ensures that 7 has a unique fixed point in (&, Mg). Therefore, T has a unique fixed point in
(3,G). Moreover, Theorem 2.3 [20] shows that 7 is continuous in (&, Mg). Since, by the Theorem
3.7, continuity of 7 in (, Mg) implies the continuity of 7 in (3, G), thus T is tvs-G-cone continuous.
We can prove the theorem similarly, if 7 satisfies Condition 7 in ($,G). O

4. Conclusion

In this paper, we investigated the relationship between the vector-valued version and scalar-valued
version of fixed point theorems of generalized cone-metric spaces and G-metric spaces. We showed
a correspondence between G-metric and tvs-G cone metric with the help of a scalarization function
defined on a locally convex Hausdorff topological vector space. If we take a real Banach space E
instead of locally convex Hausdorff space X and P is the cone in E as defined in [8]. Then, all the
results for X hold for G-cone metric spaces. Hence, these theorems extended some results of G-cone
metric spaces and proved a correspondence between any G-cone metric space and the G-metric space.
The remarkable point is that all of these are possible only because of the non-empty interior of P.
Like Theorems 3.10 and 3.12, the equivalence between the non-negative scalar-valued version and
vector-valued versions of these fixed point theorems can be proved easily.

Shortly, new generalized metric spaces are expected to be introduced, and studies on fixed point
theory are expected to continue. We hope that the results of this paper will be helpful to researchers
in this field for further research. Researchers may study the equivalence between the vector-valued
and scalar-valued versions of fixed point results in new generalized metric spaces, getting inspired by
the relations provided herein between the tvs-G cone metric spaces and G-metric spaces.
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1. Introduction

The orbit problem is one of the most studied algorithmic problems in algebra. The problem generally
concerns a subalgebra H of an algebra F', the orbit of an element u of F under the action of a
subgroup G of AutF, and it is checked whether or not the subalgebra contains the orbit of a given
element. Indeed, the orbit problem has been extensively studied in various algebraic structures,
including groups, Lie algebras, and associative algebras. Computational group theory, in particular,
has been a prominent field where the orbit problem has been investigated. Whitehead’s [1] work in
computational group theory proved the decidability of the orbit problem for free groups. This means
that there exists an algorithm that can effectively determine whether the orbit of a given element under
the action of a subgroup of the automorphism group lies within a subgroup of a free group. In [2,3],
the authors established similar results regarding the orbit problem of finitely generated subgroups.
The problem was also studied for a cyclic subgroup of the automorphism group of a free group,
e.g., [4,5]. Furthermore, in [6], Kozen focused on the decidability of the orbit problem for infinite
algebras. In 2011, Bahturin and Olshanskii [7] investigated if the subalgebra membership problem is
decidable for free Lie algebras. The membership problem for free Lie algebras asks whether a given
element belongs to a subalgebra of a free Lie algebra. This problem’s decidability would imply a
systematic and algorithmic approach to determine whether a given element belongs to a subalgebra.
The results of this study determined that the subalgebra membership problem for free Lie algebras
is, in fact, undecidable. This means that there is no general algorithm that can solve this problem for
all cases. Consequently, the subalgebra membership problem for free Lie algebras remains an open
and challenging research topic in algebraic computation. It is worth noting that even though the
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subalgebra membership problem is undecidable for free Lie algebras, specific cases may exist where
the problem can be solved. In the context of the present paper, the orbit problem is a particular case
of the membership problem. In the case of free Lie algebras, the orbit problem considers whether an
automorphic image of a given Lie element is contained in a finitely generated subalgebra, while the
membership problem asks whether a given element belongs to a free Lie algebra or a given finitely
generated subalgebra.

This paper considers the orbit problem for finitely generated free Lie algebras. The technique used to
solve the problem is inspired by the results of a similar problem in groups [3]. We give algorithms if
an automorphic image of a given Lie element wu is contained by a given finitely generated subalgebra
H of a free Lie algebra F,, with finite rank n such that n > 2. Moreover, we prove that it is decidable
whether or not a primitive element is contained by a given finitely generated subalgebra H.

2. Preliminaries

Let F,, be a free Lie algebra generated by X = {x1,29, - ,2,} over a field K of characteristic 0.
Denote by U(F),), the universal enveloping algebra of F),, i.e., the free associative algebra with the
same generating set X over the field K. There is the augmentation homomorphism ¢ : U(F},) — K
defined by e(z;) =0, i € {1,2,--- ,n}. Fox derivations [8,9]
8 .
8307; '
satisfy the following conditions for each a,b € K and u,v € U(F},),

U(F,) — U(Fy), ie{l,2,-,n}

i 8%1_(;5 ;) = 0ij, (Kronecker delta)

ii. - (au+bv) = azl-(u) + b2 (v)
iii. a%i(uv) = ua%i(v) + 6(1))8%2,(?0

such that %i(a) = 0, for any a € K. A primitive element in Fj, is an element belonging to a free
generating set of Fj,. Given an arbitrary element u in F,,, the rank of u, denoted by rank(u), is defined
as the least number of free generators from X on which the image of v under any automorphism of
F,, can depend. This definition is in line with the work of [9]. We introduce the left U(F,,)-module
M, generated by the elements %’ for i € {1,--- ,n}. The algebra U(F,) as a left U(F},)-module is
a free cyclic module. It is known that any left ideal of a free associative algebra is a free module of

unique rank [10]. We denote the rank of the module M, as rank(M,,).
Lemma 2.1. [11] Let u € F;, and ¢ € AutF,. Then, rank(M,) =rank(M,) =rank(u).

Lemma 2.2. [11] Let H be a subalgebra generated by {z1,z2, - ,2,}, 1 <r <mnand u € F,. If
rank(M,,) < r, then there is an automorphism ¢ of F), such that p(u) € H.

For an element u of F),, we write u = u(z1,- - ,zx) if u depends on the generators x1, - -, z;. We use
bracket notation [u,v] to denote the Lie product of elements w and v of F,,. Lie monomials of F,, are
defined in the usual way as non-zero Lie products of elements of X. The degree of a monomial is the
length of this product. We call an element u of F;, is homogeneous if it is a linear combination of the
monomials with the same degree. A subalgebra of F), generated by a set Y is denoted by (Y').

Definition 2.3. [12] We define elementary transformations of F,, by one of the following transfor-
mations applied to X

1. A non-singular linear transformation is applied to X

ii. An element x of X is replaced by x + u(xy---,2x) where u is an expression in the elements
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w1,k of X\{x}

In [12], Cohn proved that every automorphism of a finitely generated free Lie algebra is a composition

of elementary transformations.

Proposition 2.4. [12] Every automorphism ¢ of F, belongs to the general linear group GLy(K) and
is defined by

@ x1— ar + [Brg

To — yr1 + dx2
where «, 8,7, € K and ad — By # 0.

Proposition 2.5. [13] An endomorphism ¢ : F» — F5 defined as

@ 11— ax+ Pro

To — Y1 + 0x2

is an automorphism if and only if
[p(z1), p(x2)] = K[z1, 2]

where «, 8,7,0 € K, k= ad — By # 0.

Thus, we can decide whether a given pair of elements of F, generates this algebra with this criterion.
3. The Orbit Problem

In this section, we discuss the decidability of the orbit problem and the existence of primitive elements
in a finitely generated subalgebra H of a free Lie algebra F), with finite rank n > 2. Decidability of
the orbit problem means that there exists an algorithm or a systematic procedure that can determine
whether the orbit of a given element under the action of a given subgroup of automorphisms belongs
to a subalgebra. Firstly, we prove that for the case of rank 2, it is possible to decide whether the
orbit of a given element u € F5 under the action of AutFy is in H. This result is significant because it
establishes a decision algorithm for a specific case of the orbit problem. In addition, we show that for
rank 2, it is also possible to decide whether or not H contains a primitive element. Furthermore, we
extend the results to larger ranks and provide algorithms to solve the orbit problem and determine

the existence of primitive elements in H, for n > 2.

3.1.Case of Rank n =2

Theorem 3.1. Given u € F5 and a finitely generated subalgebra H of Fj, it is decidable whether or
not ¢(u) € H, for some ¢ € AutFs.

ProOOF.

Let Fy be a free Lie algebra generated by {x1,z2} and H be a finitely generated subalgebra of Fb.
Given ¢ € AutF; defined by ¢(x1) = a and ¢(x2) = b. Since ¢ is an automorphism, the set {a, b}
freely generates Fy. For any element u = u(x1,x2) € Fb,

p(u(z1,29)) = u(p(r1), p(22)) = u(a, b)

Thus, if u € Fy, then p(u) € H if and only if u(a,b) € H for some free generating set {a, b} of Fy. By
Proposition 2.5,

[a,b] = [p(21), p(22)] = A[z1, 22]

where A\ € K\{0}. Hence, we obtain that there exists an automorphism ¢ such that ¢(u) € H if and
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only if the following system admits a solution
[a,b] = A[x1, z2]

and
u(a,b) = h

where h € H, A € K\{0}, and a and b are free generators of Fy. This completes the proof. [J

Example 3.2. Given a subalgebra H generated by the subset {[x1,z2],z2} of F». Consider the
element u(x1,z2) = x1 + [[x1, z2), z1] of F». We find a solution to the system

[a,b] = A[x1, z2]

and
u(a,b) = h

where h € H, A € K\{0}, and a and b are free generators of F». It implies
u(a,b) = a+ [[a,b], a] = axs + B[[x1, x2], x2] (1)

where «, 5 € K\{0}. By grading, a = auxe, and replacing a in Equation 1, b = —%xl can be obtained.
«@
Then, by the equation

[CL, b] = _a[xbe]

a and b are free generators. Hence, by Theorem 3.1, there exists an automorphism ¢ such that
p(u) € H.

Corollary 3.3. Let H be a subalgebra of F5. It is decidable whether or not H contains a primitive
element.

We consider a tuple element of F, rather than a single element in the following theorem.

Theorem 3.4. Let uy,ug, - ,ux € Fy and Hy, Hy,--- , Hy, H, and K be subalgebras of F». The
following problems are decidable

i. whether ¢(uy) € Hy, -+ ,p(ur) € Hy, for some ¢ € AutlF
i1. whether ¢(K) C H, for some ¢ € AutF,

Proor.
Let uy,uo, - ,ur € Fo and Hy, Ho,--- , Hi, H, and K be subalgebras of F5.

1. We prove this statement as Theorem 3.1, by reduction to a system of equations. Let F5 be a free
Lie algebra generated by {z1,x2}. We consider the system

[a,b] = afz1, z2]

and
ui(a,b):hi, i€{1,2,--~,/€}

where hy, -+, hy € H, o € K\{0}, and a and b are free generators of Fy. Clearly, if this system admits
a solution, then ¢(u;) € H;, i € {1,2,--- ,k}.

ii. This statement is a particular case of 4, when {uj,u9, - ,ur} is a generating set of K and
H =Hy=---=H,=H. O
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3.2.Case of Rank n > 2

Theorem 3.5. Let u be a homogeneous element of F,, and H be a subalgebra of F,. If H is a free
factor of F,, or rankH = 1, it is decidable whether or not ¢(u) € H, for some ¢ € AutF,.

ProoOF.

Assume that H is a free factor of Fy, i.e., F,, = H * G where rankH = r, 1 < r < n, and G is a
subalgebra of F),. Let u € F,, and M, be the left U(F},)—module generated by %, ie{l,---,n}. By
Lemma 2.1,

ranku = rankM,, = rank M,
for some ¢ € AutF,. By [9], we can compute a minimum rank element v in the automorphic orbit
Orb(u) = {¢(u) : ¢ € AutF,}

of w. If rankv = r, it is easily verified that ¢(v) € H for some automorphism ¢ of F,, by Lemma 2.2.
Thus, ¢(v) = p(u) € H, for some ¢ € AutF,. Assume that H = (y), for an element y of F,,. Given
u = ouy and y = fy; where o, f € K\{0} and u;,y1 € F,,. If ¢(u) € H, then

p(u) = ap(ur) = vy = 7Py

where v € K. It implies @« = 8 and ¢(u;) = y;. Therefore, we obtain ¢(u) € H if and only if
o(u1) = yi, i.e., up and y; are in each other’s automorphic orbit if and only if p(u) € H. O

We require the following technical result.

Theorem 3.6. Let u € F,,. A = {1,292, - ,2p_1,u} is a free generating set of F), if and only if
u=oary,+ f(x1, - ,xp_1) where « € K\{0} and f(x1,---,z,—1) is an element of F,, depends on the
free generators xy, -+, Tp_1.

PROOF.

If A is a free generating set then the Jacobian matrix J(A) is invertible over U(F},) by [14]. The

Jacobian matrix

1 0 0
0 1 0
J(A) =
81’1 8(E2 awn
can be reduced to
1 0 0
0 1 0
J(A)" =
o 0 --- 83711
by applying elementary transformations to its rows. Clearly, J(A) is invertible if and only if J(A)*
is invertible. Therefore, % is an invertible element of U(F},). Since the only invertible elements of

U(F,) are the elements of the field K, 8‘% belongs to K. Thus, for a nonzero element o € K, % =
and the element wu is of the form

ATy, + f($1a e 73377,—1)
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Conversely, if
(RS KJ:n + <$17 e a$n—1>

then J(A) is invertible. Hence, A is a free generating set. [

Proposition 3.7. Let {v1, - ,v,-1} be a primitive subset of F,,. Then, there exists a set
A={weF, | {vy, - ,vp_1,w} is a free generating set of F,,}

PROOF.
Let {v1, -+ ,vp—1} be a primitive subset in F,, and ¢ be an automorphism of F,, defined by

QT — Vg

Tn — 2

where 1 <4 <n—1and z € F,. Then, {x1,--,2,_1, ¢ (2)} is a free generating set of F,,. This
shows that

@71(’2) € Kxn + <£E1,’ o ,.’L‘n_1>

by Theorem 3.6. Thus, z € K¢(x,)+(v1, - ,v,—1), and we obtain a free generating set {vy, -+ ,v,—1, 2}.
Hence, we obtain a set A such that

A=Ko(zn) + (1, ,vop-1) = Kz 4 (v1, 0+ svp1), 2€F,
]

Theorem 3.8. Given u € F,, and a subalgebra H of F,. If rankH = n — 1, then it is decidable
whether or not p(u) € H, for some ¢ € Autk,.

PROOF.
Let H be a subalgebra of F,, generated by the set {vy,- - ,v,—1} freely and ¢ be an automorphism of
F,. Assume that ¢(z;) = v;, for 1 <i <n — 1. Consider the set

A={weF, | {v1, - ,vn—1,w} is a free generating set of F,}

It implies w = ¢(x,). By [15],
Fo/(zn) = (z1, -+, Tn-1)

and (x1,--- ,x,_1) is a free Lie algebra. For u € F,,,
u+ (zn) € (x1,- -, Zp-1)
Thus, it is obtained
w=> ol [wn,xq ) |w ]+ f@n, 0 anot)
where x;,, %y, -, T, € {z1, -+ ,Tp_1}. We compute

ZQS ’ ‘Tn 90($i1)]"'],90(13i5)]+<,0(f($1,'~,J)n_l))
—Z% ] o]+ f(or o)

Therefore, we decide whether there exists some w € A such that ¢(u) € H. This is equivalent to
deciding whether the equation

y—zas : wvll : ‘]Uis]+f(vlv"‘7vn—1)

on the variables w and y has a solution in F,, with w e Aand y € H. O
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Corollary 3.9. Given u € F, and a subalgebra H of F,. Then, it is decidable whether or not
o(u) € H, for some ¢ € AutF,.

PROOF.
Let K; = (x1,--- ,xi), i € {1,--- ,n}. It is known that K;_; is a subalgebra of K; and by [15]

Ki/(z;) 2 K;—1, i€{2,---,n}

Therefore, for an element u of K,,, we have u+(x,) € K,_1. By the same way u+(x,)+(xn_1) € K,—2
and with consecutive applications v + (xy,) + - + (zn—r) € K, are obtained. Hence,

U_Zans xfwynl] ’ ]7yns +Zan ) ZCTL rs Y(n— 7")1] ]?y(n—r)s]_‘_f('xla"' 7-%'7“)
where y;,, -+ ,y;, € {x1,--- ,zj1} and j =n—r,--- ,n. Let H be a subalgebra of F;, freely generated
by a set {v1,---,v,}, 7 < n, and ¢ be an automorphism of F,,. Assume that p(x;) = v;, for 1 <i <r,

and p(z;) = w;, for r+1 <i <n. Hence, we compute

Zans wnv Unl] Uns -t Za(n 7”) 'LUn rs U(n— 7")1] ] V(n—r) ] + f(vla aUT)
Therefore, we decide whether the equation
y—Zans wnvvnl] L'Uns +Zan ) w” T’U(n—r)l]v"']vv(n—r)s]+f(v17"' 7Ur)
has a solution on the variables w;,,_,,---w, of F,, and y € H. [

Corollary 3.10. Let H be a subalgebra of F;,. Then, it is decidable whether or not H contains a
primitive element.

Theorem 3.11. Let ui,uo, -+ ,u;, € F,, and H and G be subalgebras of F,,. The following problems
are decidable

i. whether, p(u1),---,p(uy) € H, for some ¢ € AutF),
ii. whether, o(G) C H, for some ¢ € AutF,

ProoOF.
Let ui,uo, -+ ,uy, € F, and H and G be subalgebras of F,.

1. Let

Za wnavnl] : ]?Uns +Za(n ) wn rs U(n— 7‘)1] Lv(n—r)s] +fi(vla"' 7U7‘)
such that ¢ € {1,--- ,m}. If this equation on the variables wy, - wp_r,y1, - ,Ym has a solution in

F,, then ¢(u;) = y; € H by Corollary 3.9.

it. This statement is a particular case of 4, when {uy,ug, -+ ,ux} is a generating set of G. Then, it is
decidable whether or not ¢(u;) € H, for some ¢ € AutF,,. Hence, o(G) C H. [

Example 3.12. Let H = (x1,z2) be a subalgebra of F,,. Given u = [z3,22] € F,. It is decidable
whether or not p(u) € H, for some ¢ € AutF,. By [§],

Ou Ou _ —x9, and ranku =2

dxy PV Bxy
Since M, is left U(F,)—module generated by 3 8“ and ax , rankM, = 2. Given an automorphism ¢
of F,, defined by
R
To — X2 + T

Tr3 — T3 — I
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where ¢ ¢ {2,3}. Then,

p(u) = [w3 — w1, 22+ 1] = [0, 22] + [, 2] = w1, 2]
We calculate
8¢(u) = T3+ T2, 8g0(u) = T3 — 1, and ago(u) = -T2 — 21
ox1 Ors Ox3
Since
dp(u) _ 0plu) | Dp(u)
85[,‘3 81171 81‘2

then

ranku = rankM,, = rank M) = 2

By [11], ¢(u) belongs to a subalgebra which has rank 2. It seems that ¢(u) involves the generator z3,
therefore, o(u) ¢ H = (x1,x2). However, it is verified that o(¢(u)) € H for some automorphism o of
F,, by Lemma 2.2. Therefore,
o(p(u) = o([zs — x1,22 + 21]) = [0(23) — 0(21),0(22) + o(21)] € H
for some automorphism o of F,,. Hence, solving the equation
[0(x3) — o(1),0(x2) + o(21)] = [21, 2]

for an appropriate automorphism o,

o(xs) —o(x1) =11
and

o(xa) +o(x) =29
Choose o(x1) = x3 and o(x;) = x;,1 ¢ {1,2,3}. Then, o(x3) = x3 + 21 and o(x2) = x3 + z2. Hence,
for the automorphism o of F,,, we obtain o(p(u)) € H.

Example 3.13. Let H = (x;+[x2, x3], 2, x3, 4) be a subalgebra of F,, and u = [z1, z2]+[z3, x4] € F.
It is decidable whether or not ¢(u) € H, for some ¢ € AutF,,. Given an automorphism ¢ of F, defined
by

Y x; = 21+ |22, 23]

T — T
such that ¢ # 1. Therefore,
p(u) = [v1,x2] + [[w2, 23], 22] + [23, 4]
= |21 + [z2, T3], T2] + [T3, 4]

Clearly, ¢(u) belongs to a subalgebra generated by {x1 + [x2, 3], 2, X3, 24}
4. Conclusion

In this study, the orbit problem for free Lie algebras of finite rank n such that n > 2 is solved. In
this context, we prove that for a given element u and a subalgebra H of F),, it is decidable whether
or not p(u) € H, for some ¢ € AutF,. In addition, we get the decidability of the problem for given
primitive elements of free Lie algebras of finite rank. Furthermore, in future research, the decidability

of the orbit problem for relatively free Lie algebras can be investigated.
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1. Introduction

Recent experiments and observations show that the universe is accelerating and expanding [1,2]. What
caused this accelerating expansion is still unknown. However, scientists have some assumptions about
the causes of the accelerating expansion of the universe. The strongest of these assumptions can be
counted as dark matter - dark energy. Einstein published General Relativity theory in 1916. General
Relativity theory is one of the most important theories explaining the relationship between matter
and space-time geometry. General Relativity Theory tries to explain the universe’s structure on a
large scale. However, General Relativity Theory falls short of explaining the universe’s accelerating
expansion. Edwin Hubble proved with observations that the universe is accelerating and expanding.
After this proof, other theories that could be alternatives to General Relativity Theory were put
forward. Among these alternative theories are Lyra, Brans-Dicke, f(T), f(G), and f(R,T), etc.
These alternative theories are reduced to the General Relative theory in special cases. Lyra theory,
one of these alternative theories, was put forward in 1951 [3]. Lyra is a modified theory created by
adding the term containing the scalar field to the left side of the field equations in theory.

There are many articles in the literature on both Lyra theory and magnetized strange quark matter
dispersion. Some of these can be summarized as follows. Katore and Kapse [4] have investigated
magnetized dark energy model behaviors in Lyra theory for axially symmetric space-time. Mishra et
al. [5] have researched 5D Kaluza-Klein universe with magnetized anisotropic fluid matter distribution
in Lyra theory. Katore and Hatkar [6] have studied magnetized anisotropic dark energy for Kaluza-
Klein universe model in the context of Lyra manifold. Anisotropic dark energy and massive scalar
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field for Bianchi V Iy metric was investigated by Ram and Verma [7] within the framework of Lyra
theory. The holographic Ricci dark energy universe model was analyzed by Das and Bharali [8]
within the framework of Lyra theory in high-dimensional metric. The perfect fluid matter distribution
was studied by Raushan et al. [9] within the framework of Lyra theory for a homogeneous isotropic
Friedmann-Robertson-Walker (FRW) universe. Naidu et al. [10] have investigated massive scalar field
and perfect fluid for Bianchi I universe model in Lyra manifold. Aktag and Aygiin [11] have researched
magnetized strange quark matter (MSQM) distribution for FRW universe model in f(R,T) theory.
Aygiin et al. [12] have investigated scalar field solutions both Lyra geometry and Riemannian geometry
for Marder space-time. Kalkan and Aktag [13] have studied MSQM for 5D Kaluza-Klein metric in
f(R,T) theory. The behavior of MSQM was investigated by Kalkan et al. [14] within the framework
of f(R,T) theory in inhomogeneous anisotropic space-time. In addition, the physical properties of
MSQM for the Bianchi V Iy metric f(R,T) were examined in theory by Kalkan and Aktag [15].
Giidekli et al. [16] have researched strange stars for Krori Barua space-time in f(7,7) theory. Tsallis
dark energy universe model was explored by Khan et al. [17] in the Saez—Ballester theory of gravity for
the locally rotationally symmetric (LRS) Bianchi V metric. Can and Giidekli [18] have analyzed for
conservative and non-conservative f(R,T") models. Abebe et al. [19] have studied viscous fluid matter
distribution for Bianchi V universe model. The role of the jerk parameter in f(R,T") gravitation theory
were analyzed by Tiwari et al. [20].

Our motivation in this study is to investigate the space-time geometry of magnetized strange quark
matter in Lyra theory, one of the alternative gravitational theories, for Bianchi III, LRS Bianchi I,
and Kantowski-Sachs metrics.

This article is organized as follows: In Section 2, the field equations in Lyra theory, the general form
of Bianchi III, LRS Bianchi I, and Kantowski-Sachs metrics in spherical coordinates, and the energy-
momentum tensor of MSQM are provided. In Section 3, solutions are obtained for each metric using
the deceleration parameter, the anisotropy parameter, and the equation of state for the MSQM distri-
bution. In Section 4, the solutions obtained for each metric are analyzed in detail both mathematically
and physically, and their graphs are drawn. The final section discusses the need for further research.

2. Field Equations in Lyra Theory

The field equations in Lyra theory can be written as follows [3,21]:
1 3 1 <
Rix — 9B+ 5 | ¢idk — 5959 ) =T (1)

Here, R, is Ricci tensor, R is Ricci scalar, g;; is metric tensor, T} is energy momentum tensor, and
9 ) Y .g ) gy 9
¢; is the displacement vector, defined by

¢i = (0,0,0,5(t) = &; - B(t) (2)
where i € {1,2,3,4}. The general form of homogeneous anisotropic Bianchi III, LRS Bianchi I, and
Kantowski-Sachs metric in spherical coordinates (r, 6, ®,t) is as follows:

ds? = —dt* + A%dr* + B*(d6* + K} (0)d®d?) (3)

where the metric coefficients A and B are functions of ¢t. Moreover, K?() is a function defined as
follows [22]:

sinh?#, if | = —1 Bianchi IIT model
K (0) =< 62, if I = 0 LRS Bianchi I model

sin?@, if I = 1 Kantowski - Sachs model
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The energy-momentum tensor for magnetized quark matter distribution is
2

h
Tit, = (p + p) wiwg + pgir + (2uiuy + gir) 5 hihy, (4)

where p, p, and h? denote pressure, energy density, and magnetic field, respectively [23,24]. Moreover,
u; and h; denote the 4-velocity and magnetic field vector, respectively. Besides, h; and u’ have the
relations h;u’ = 0 and w;u’ = —1. Due to the condition h;u’ = 0, the magnetic field is selected in the
radial direction.

Kinematic quantities for the given metric; spatial volume (V), Hubble parameter (H), expansion
scalar (), shear scalar (02), deceleration parameter (¢), and mean anisotropy parameter are defined

as follows:
V =a®= AB? (5)
a A 2B
=-=31135 (6)
A 2B
0="2+% (7)
N
1(A B
2_(£_5
7 73\a B> ®)
o d (1) o —3AB(AB + 2AB) + 2(AB — AB)? ()
1= \H - (AB + AB)?
and
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(248 + AB)2 10
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Here, the dot represents the derivative with respect to time and H; is component of Hubble parameter
such that H; = % and Hy = H3 = 3

3. Magnetized Strange Quark Matter Solutions for Bianchi III, LRS Bianchi
I, and Kantowski-Sachs Metrics

From Equations 1, 3, and 4, we obtain the field equations in Lyra theory as follows:

°B B K ) 1,

“h 11
B+B KZB2+ 1= Pty (11)
2 L2 p—=h 12
BTa 4B "1 e 2 (12)
2AB  B? K/ 3 9 1,
/e 2 282 - 1
Bt mmp 1P oty (13)

where K] = d92 As can be seen from Equations 11-13, we have three equations with six unknowns
A, B,p,p, 3%, and h?. We need three additional equations such as anisotropy parameter, deceleration
parameter, and equation of state to solve the system of equations exactly.

Firstly, we can take the deceleration parameter as an additional equation. Deceleration parameter
is known as one of the important parameters showing whether the universe is accelerating or not.
In many studies, the deceleration parameter was taken as constant. However, in studies in recent
years, the deceleration parameter is taken depending on time. One of the deceleration parameters
taken depending on time, especially the one in linear form, has become prominent in recent years.
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The deceleration parameter in linear form was proposed by Akarsu and Dereli [25]. The deceleration

parameter in linear form is
g=—-kt+m—1 (14)

where k and m are constants. From the solution of this equation, the metric potential A is obtained
as follows:

6
tanh—1 [ —kt=m
A/ m2+6(:2k
\/m2+6c2k

(&
A:cl

= (15)

such that c¢; and ¢y are integral constants. Without loss of generality, we can take ¢; = 1 and cg = 0.
In this situation, we get the metric potential A as

3

(L) m
A= 7’“‘;’; (16)
Secondly, we can use the anisotropy parameter as an additional equation. The anisotropy parameter
is a parameter that gives information about the isotropy of the universe. It can take values between
0 and 1. If the anisotropy parameter is zero, then the universe is said to be isotropic. The anisotropy
parameter is defined as follows:

o
e 17
s —¢ a7)
where £ is constant and 0 < £ < 1. From Equations 7, 8, and 17, we get metric potential B
y V3Et1
B=cs[——) " 18
“s <kt — 2m> (18)
where c3 is integral constant. From Equations 16 and 18, we have
3 2v36—1
—1)m (kt—2 m
4o GO (it=2m) a9
c3 t

Finally, we can use the equation of state for strange quark matter as an additional equation. The
equation of state for strange quark matter is defined as follows:

— 4B
= % (20)
where B, is a bag constant [26]. If Equations 18 and 19 are substituted in Equations 11-13, then the
pressure
7 2+2/3¢
p__2(\/§€—2)(kt—m+3)_ K, (kzt—Qm) " op (21)
(kt — 2m)* 2 263K, kt ¢
the energy density,
6 (VBE—2) (kt—m+3) 3K/ /ht—o2m\ 2"
= — — - 2B 22
P (kt — 2m)? 2 263K ( kt > ¢ (22)
the magnetic field,
7 2+2/3¢
h2:12§(kt—m+3)\/§_ K, (kt—?m T (23)
t2 (kt — 2m)* 2K, kt
and the displacement vector component (32
o Mk =9 —am +8) AK] (kt—2m)2_w?£+83 1)
t2(kt — 2m)? 33K kt 3¢
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As can be seen from Equations 21-24, pressure, energy density, magnetic field, and displacement vector
depend on K;(6). According to the states of K;(6), we obtain the solutions in Bianchi III, LRS Bianchi

I, and Kantowski-Sachs universe models as follows:

i. If K;(0) = sinh 6, then solutions are obtained in the Bianchi III universe model for magnetized

strange quark matter distribution:

Pressure
2(\/35—2)(/€t—m+3) 1 (kt—2m\
p=— 5 - () — 2B, (25)
(kt —2m)~ 12 2c3 kt
energy density
6(VBE—2) (bt —m+3) 3kt —om\ 5
Y (), o
(kt — 2m)~ 12 2c3 kt
magnetic field
2+2v/3¢
h2:12§(kt—m+3)\/§_1(kt—2m> m (27)
t2 (kt — 2m)? 3 kt
and displacement vector component
2-3¢
4(4kt — 962 —4m +8) 4 <kt—2m>m 8
2 _ - = i —B, 28
B 2(kt — 2m)? 3c3 kt t3 (28)

ii. If K;(6) = 6, then solutions are obtained in the LRS Bianchi I universe model for magnetized

strange quark matter distribution:

Pressure
2(V3&—2) (kt —m+3)
p=— 5 — 2B, (29)
(kt —2m)~ 2
energy density
6 (V3¢ —2) (kt —m+3)
p=— 5 — 2B, (30)
(kt — 2m)* ¢2
magnetic field
12 —
2 E(kt—m+3)V3 (31)

12 (kt — 2m)*
and displacement vector component

4(4kt — 92 —4m +8) 8
2= -B. 32
P 2(kt — 2m)? "3 (32)

iti. If K;(0) = sin 0, then solutions are obtained in the Kantowski-Sachs universe model for magnetized

strange quark matter distribution:

Pressure
2(VBE—2) (kt—m+3) 1 pp— g TR
= e ag (kt ) _9m, (33)
energy density
6 (VBE—2) (kt—m+3) 3k om 22
= (kt — 2m)? 2 *33 ( kit ) b (34
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magnetic field

s
, 126(kt—m+3)V3 1 [kt—2m\
h* = 3 +5(— (35)
t2 (kt — 2m) c kt
and displacement vector component
2-3¢
4(4kt — 962 —4m +8) 4 (k:t—2m>m 8
2
= — | ——— -B. 36
B 2(kt — 2m)* 3c2 kt t3 (36)

4. Results and Discussions

From Equations 6-8, 10, 18, and 19, some of the kinematic quantities are obtained as follows:

Hubble parameter
2

7 G —
t(2m — kt)

expansion scalar

6
0= ———
t(2m — kt)
shear scalar )
o 86¢
2 (2m — kt)*
and mean anisotropy parameter
AP = 18¢?

As can be seen from Equations 29-36, there are singularities at points ¢t = 0 and ¢t = 27"‘, for all
three universe models (Bianchi III, LRS Bianchi I, and Kantowski-Sachs). In order to be valid these
solutions, it must be t # 0 and t # QTm At these points, kinematic quantities have singularities.
Moreover, c3, k, and m must be non zero. For ¢t — 0, Hubble parameter, expansion scalar, and shear
scalar approach infinity, while they approach zero, for ¢ — oco. The metric potentials A and B increase
with time. Figure of pressure and energy density are presented in Figures 1 and 2. As can be observed
from Figures 1 and 2, pressure and energy density decrease with time.
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Figure 1. Pressure-time variation
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Figure 2. Energy density-time variation

The graphs of variation of magnetic field and displacement vector component with respect to time are
provided in Figures 3 and 4. When Figures 3 and 4 are investigated, it is observed that the magnetic
field and displacement vector component also decrease with time.
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Figure 3. Magnetic field-time variation
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Figure 4. Displacement vector component-time variation

As can be observed from Equation 31 obtained in case of LRS Bianchi I metric, the magnetic field
becomes zero when £ = 0. £ = 0 indicates that the universe model is isotropic. If we switch from the
homogeneous anisotropic universe model to the homogeneous isotropic universe model, the magnetic
field disappears. This shows that the source of the magnetic field may be the anisotropy of the
universe. In other words, the anisotropy of the universe plays an important role in the formation of
the magnetic field.

5. Conclusion

In this article, the behavior of MSQM distribution in homogeneous anisotropic Bianchi III, LRS
Bianchi I, and Kantowski-Sachs metrics was investigated within the framework of Lyra manifolds.
While investigating the solutions, the time-dependent linear deceleration parameter and anisotropy
parameter were used. In future studies, investigating the space-time geometry of the MSQM distri-
bution using other alternative gravity theories, such as f(G), f(Q), and f(Q,T), or taking different

deceleration parameters is worth studying.
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