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ON T H E SINGULAR CAUCHY PROBLEM FOR 
A GENERALIZATION OF 

T H E EULER POISSON DARBOUX EQUATION 

Neşe Dernek 

A b s t r a c t 

I n t h i s paper , a s o l u t i o n is g iven for t h e f o l l o w i n g s ingular Cauchy p r o b ­
l e m : 

Au = uu + (at + -)ut 

u{x,Q) = f(x),ut(x,0) = 0. 
T h e so lu t i on is a n u n i f o r m l y a n d abso lute ly convergent power series. W h e r e 
a,b € R,f(x) is a cont inuous ly d i f ferent iable f u n c t i o n . 

K e y w o r d s : H y p e r b o l i c e q u a t i o n , i n i t i a l value prob lems 
A M S classi f icat ion: 35L25 

1 Introduct ion 
The singular Cauchy prob lem (abbreviated CP) for the Euler Poisson D a r b o u x 
( E P D ) equation can be formulated as follows: Let f(x) = f(x\,X2,... ,xn) be 
an a r b i t r a r y funct ion which is differentiable continuously. I t is required t o f ind a 
func t i on u(x) which satisfies the fol lowing conditions: 

k 
Au = uu + -ut (1) 

u(x,0) = f(x),ut(x,0)=0 (2) 

where i n the E P D equation (1) i t is understood t h a t A is n-dimensional Laplace 
operator , x = (xi,X2, • • • ,xn) is a po int i n Rn, A: is a real parameter and t is 
t i m e variable. The wel l -known case of the E P D equation is k = 0 for which (1) 
reduces t o the wave equation. The E P D equation for special values of k and n has 
occurred i n many classiccal problems for over two centuries. Euler f irst considered 
equation (1) for n = 2. Later Poisson treated the case n = 2 and the singular 
Cauchy problem for the case n = 4, k = 2. Darboux again considered (1) for 
n = 2 , 0 < f c < 2 . Asgeirsson gave a so lut ion of the singular Cauchy prob lem for 
a l l posit ive integers n and k = n — 2. Equat i on (1), for n = 1, k = — 1 , — 2 , . . . 
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appears i n the work of Diaz and M a r t i n [9]. Kapi lev ic [11] has given solutions of 
(1) , (2) , for n = 1,2 and 0 < k < 1. A complete solut ion of the singular Cauchy 
prob lem covering a l l values of k and n has been given recently by Weinstein [13], 
[14], Diaz and Weinberger [10] and B l u m [2]. For analyt ic i n i t i a l functions f(x), 
(1) , (2) singular CP was solved by Walter [11] and Dernek [8]. I n this articles the 
so lut ion is given by absolutely and uni formly convergent power series. Another 
i n i t i a l value prob lem for E P D Equat ion is the regular CP. I n the general mean 
the regular C P was solved by Davis [4], [5]. Copson [3] gave another so lut ion of 
this prob lem i n any space of even number of dimensions. A solut ion of the series 
f o r m is given by Asral [1]. W h e n we would l ike t o generalize the CP (1), (2) we 
can chose the parameter k as a funct ion tp(t) which is regular at neighborhood of 
t = 0 or i n a l l i?-space. Then (1) , (2) becomes as follows: 

Au = utt + ^~ut (3) 

u(a;,0) = / ( a : ) , « t ( a ; , 0 ) = 0 . (4) 

T w o generalizations for the Cauchy problem of the E P D equation is given by 
Dernek i n [6],[7]. 

T h i s paper is concerned w i t h a solution of the series f o r m of the fo l lowing 
Cauchy prob lem (5), (6). I n th is problem the funct ion ip(t) is chosen by tp(t) = 
at2 + 6, a > 0, b + 1 > 0; 

A u = utt + {at + -)ut (5) 

u{x,0) = f{x),ut(x,0) = 0. (6) 

where a, b, are real parameters and f(x) is an i n i t i a l funct ion . f(x) must be 
in f in i te ly differentiable and the sequence (|A"/|) must be major ized by a suitably 
chosen sequence which has positive terms. 

Let us consider the fo l lowing series 

oo 

u(f,t,a,b) = ^uk(t,a,b)Akf(x) (7) 
k=0 

where, u0(t,a,b) = 1 and A 0 / = f,Ak = A(Ak~1f),k = 1 , 2 , . . . (see [7]). We 
would like t o see which conditions are necessary for (7) is a special so lut ion of the 
C P (5) , (6) . We can consider (7) as a power series w i t h respect t o A / . W h e n (7) 
is derived t e r m by t e r m w i t h respect to t and these values is w r i t t e n i n (5) we 
o b t a i n the fo l lowing recurrence relations which are ord inary dif ferential equations 

—un(t,a,b) + (at+-)—un(t,a,b)=Un-i(t,a,b) ( n > 1) (8) 

where t t 0 ( i , a, b) = 1. Let us un(t, a, b), (n > 1) are the solutions of t h e equations 
system (8). Thus (7) is a formal solution of C P (5) - (6) . Here the functions un 
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have the fo l lowing i n i t i a l conditions: 

un(Oya,b) = 0,-^un{0,a,b) = 0 (neN). (9) 

Let us consider the Cauchy problem CP(1). A formal solution of C P ( 1 ) is 

oo 

Ul(t>a,b) = Y^Nhrtr 
+r+2 

r = 0 

I f we subst i tute ui, -fjjUx, jpUi i n C P ( 1 ) we obta in the fo l lowing recurrence rela­
tions: 

N l ' ° = 2 ( b + l ) , N h l = N l ' 3 = ' " ' = i V l ' 2 r + 1 = 0 

(2r + 2) (2r + 1 + b)NU2r + 2arNï}2r-2 = 0 (r = 1 ,2 , . . . ) . (10) 

Let us w r i t e the relations (10) for r = 1 , 2 , . . . , n and product t h e m , we obta in : 

Nlftr = ( - l ) r a r _ r (&) 2 rr(r + l) 
(2r + 2)r(fo + 2r + 2) 

where ( 6 ) 2 r = (6 + 2) (6 + 4 ) . . . (b + 2r). Hence a solution of C P ( 1 ) is 

Let us seek a f o rmal so lut ion of C P ( 2 ) as follows 

oo 

« a ( i , 0 , 6 ) = 2 ^ 3 , 2 r i 2 P + 4 . 
r = 0 

Subs t i tu t ing U2, $tU2, j p - u 2 i n C P ( 2 ) , we ob ta in 

^ = 2.4(6 + l ) (6 + 3 ) ' ^ = " » . » = - = ^ H - I = 0 

(2r + 4) (2r + 3 + 6 ) i V 2 , 2 r + a(2r + 2 ) J V 2 , 2 r _ 2 = i V l i 2 r ( r = 1 ,2 , . . .)• (11) 

Now assuming t h a t 

»r , n r r r ( 6 + i ) (&) 2 r + 2 

^ = a (2r + 4)r(fe + 2r + 4 ) ^ 2 ' - ( r = *' 2 > " ' ' } 

we have the fo l lowing difference equations f r o m (11): 

• Va,2r ~ ip2,2r-2 = ^ ^ 2 ) ( r = l , 2 , . . . ) . (12) 
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Let us </>2,o = \ and w r i t e the equations (12) for r = 1, 2 , . . . ,n and sum of t h e m . 
We have <^ 2 ,2r = J2l=o (2k+2) • Thus a solution of CP(2) is 

Let us assume 

r ( 6 + i ) W 2 F . + 2 N _ 4 

" - ^ = ^ a \ 2 r + 2 n - 2 ) T ( b ^ ^ = "> 

and suppose 
C O 

« „ _ ! ( * , o,6) = ^ i V n _ 1 , 2 r i 2 " + 2 ' - 2 

r = 0 

is a f o rmal solution of the CP(n — 1). Now let us consider CP(n). We can see 

n 

U „ ( i , a , 6 ) = ^ i V n i 2 r i 2 " + 2 r 

is a so lut ion of this prob lem, where 

AT ( i v r r(fc + i)(fc) 2 r + 2 r a _ 2 

^ = ( - 1 ) ° (2r + 2n)r(5 + 2r + 2 n ) y - 2 " ^ = 1 > 2 > - " ) 
This is a consequence of the Mathemat i ca l Induc t i on Pr inc ip le . I f we subst i tute 
the values of un, j-tun, $pun i n CP(n), we obta in the general recurrence relations 
and the fo l lowing general difference equations: 

(2r + 2n) (2r + 2n - 1 + b)Nnt2r + a(2r + 2n- 2)Nnflr_2 = Nn-L 2r 

fn,2r - y » , 2 r - 2 = 2 r + 2n - 2 ^ n " ' 1 ' 2 r ( r = 1 » 2 ' " - ) ( 1 3 ) 

O n the other hand, i f we take a = 0 the equation (5) becomes E P D equation. 
The functions un(t, a, b) are continuous w i t h respect t o a (this w i l l prove the next 
section). Hence we can wr i t e a — 0 i n un(t, a, &),thus 

d n h\ r ( & + i ) ( f r ) 2 r + 2 n _ 2 2 „ 
2 n r ( 6 + 2n) ^ " 

B u t under the condit ion b+ 1 > 0, a solution of the series f o r m of Cauchy prob lem 
(1 ) , (2 ) is (see [7]) 

« ( / , * , & ) = f > n ( i , 6) A " / 
n = 0 
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where 
t n 

«»(*.&) = 2»n! ( fo+l ) (6 + 3 ) . . . ( 6 + 2 n - l ) ( n = 1 > 2 - ' - ) ' 

From i t n ( i , 0 , & ) = u „ ( f , 6 ) we obta in ipnfi = l / ( 2 " - 1 ( ? i - 1)!) (n > 2). 
Now let's consider the difference equation (13) for r = 1, 2 , . . . , s and let's sum 

of t h e m . T h e n we have, (n = 2 , 3 , . . . ; s = 0 , 1 , 2 , . . . ) 

(14) 
V „ , 2 s = 53 2 f c „ _ i + ( 2 n - 2 ) . 53 2 fc„_ 2 + ( 2 n - 4 ) ' ' ' 53•2fc1 + 2 

Thus the series which gives a solution of CP(n) can be w r i t t e n as follows: 

U u\ + 2 n V V i \ r r(&+ l ) ( f e ) 2 r +2n-2 i+r\2r 

un(t,a,b) = t ( 2 r + 2n)r(6 + 2r + 2 n ) ^ ( i V S ) " 

Where , a > 0 and < / ? n , 2 r > 0 for 6 4 - 1 > 0 which are given by (14), n > 2, r > 0. 
W h e n we fix the indices n then the coefficient (pn,2r increases w i t h respect t o r. 

(15) 

2 Convergence of T h e Series un(t,a,b) 

I n this section i t w i l l be shown t h a t the series un(t, a, b) (n = 1 ,2 , . . . ) are un i formly 
convergent. Thus the series which are obtained w i t h derivated un t e r m by term 
are well defined. Furthermore we w i l l show t h a t a l l of our hypothesis t u r n out 
to be t rue . For this purpose first we calculate the radius of convergence of the 
series u\(t,a, b). I t is clear t h a t |./Vi | 2 r-|_ 2|/|./Vi i 2 7.| = 0 ( r _ 1 ) . Hence the series ui 
convergent for every real values of t. Under the condit ion b + 1 > 0, the series 
« i is u n i f o r m l y convergent for every t i n _R.lt is also shown t h a t the series u\ is 
dif ferantiable in f in i t e ly and i t is a continuous funct ion of the variables o and t for 
a > 0. Let us consider the series i t 2 ( i , a, b) and the fo l lowing numbers 

r = 0 i ; = l 

We would like to ob ta in convenient upper bounds for the numbers < ^ 2 l 2 r . Let us 
consider the fo l lowing inequalities 

v 1 
l n ( r + 1) - 1 < Y] - < l n r (r>2,r€N). 

k=2 k 

i t can be w r i t t e n 

r 1 
l n ( r + 2) < 1 + ^ - — - < 1 + l n ( r + 1). 
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Hence f rom, i i m ^ o o ^ 1 = 0, we have for sufficiently great r,(f2,2r = o(r) and 
then we obta in 

¥>2,2r = 0(r) (16) 
and 

\N2,2r+2\/\N2,2r\=0(r-1). 

Thus the radius of convergence of the series u2{t,a,b) is in f in i te and u 2 ( i , a , 6 ) 
convergence absolutely and un i f o rmly for every t € R. Now, we wou ld l ike t o f ind 
an available upper bound for the numbers 

r 1 
m,2r = J22k^'P2'2k-

Since the coefficients 2̂,2* are monotone increasing for k = 0 , 1 , . . . , r we can wr i t e 

¥>3,2r = \{r + l)V2,2r. 

^From (16) ipzt2r = 0(r2), T h e n we have 

|AW2|/|-/V3,2r| = 0{r~l). 

I n general we assume t h a t 

V n - i , 2 r = 0(rn-2) (6 + 1 > 0 ) . (17) 

For to prove yn,2r = 0 ( r n _ 1 ) we can consider the coefficients <pn-i,2ki(k — 

0 , 1 , . . . , r) are monotone increase and then 

r 1 1 
= E 2k + (2n-2fn'1'2k - 2 ^ 2 ( r + 

B y the last inequal ity , (17) and the induc t i on hypothesis we can w r i t e <pn,2r = 
0 ( r n - x ) and t h e n , 

\Nn,2r+2\/\Nnt2r\=0(r-X). 

Hence for every n S N and b + l > 0 , a > 0 , the radius of convergence of the series 
un(t,a,b) are in f in i te . We can give the fo l lowing L e m m a f rom above observation. 

L e m m a 1. 1 The series un(t,a,b), (n € N) are absolutely and uniformly conver­
gent for every t when b + 1 > 0 and a > 0. They are continuous functions of the 
parameter a and the variable t. Then the functions un(t, a, b) can be differentiated 
infinitely. 
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3 T h e U p p e r B o u n d s 
Now we would like t o f ind an available upper bound for the series, un(t, a, b), 
( n € N) which is absolutely and uni formly convergent. For th i s purpose we may 
trans form (8) t o an equal integral equation system. For to define the t ransforma­
t i o n f i rst we w r i t e the equation (8) for t = £: 

b d 

-^un(Z,a,b) + (at+-)—un(Z,a>b)=un-1(Z,a,b) (n e N) (18) 

u0(£,a,b) = 1. 
We produc t (18) w i t h £ 4 'e a (-' ! / 2 and integrate b o t h sides w i t h respect to £ on (0,/x). 
We consider the i n i t i a l conditions (9) , then 

^ u n ( M ) a , 6 ) = / x - V ^ 2 / 2 r ^ / ^ i ^ a ^ K ( n € N). (19) 
«M Jo 

I f we integrate b o t h sides of (19) w i t h respect t o u on ( 0 , i ) , f r o m the i n i t i a l 
conditions (9) we have 

un(t,a,b)= f f1(^)e-a^2-^/2un^,a,b)d^ (n &N). (20) 
Jo Jo u 

u0(t,a,b) = l 

(20) is an integral representation for solutions of CP(n) wh i ch is given by (15). 
I n this section we shall give which conditions are necessary for the equality of 
(15) and (20). We consider t h a t the integrals (20) are calculated on the domain 
B which is defined w i t h the points ( 0 , 0 ) , ( i , 0 ) , ( i , f ) and the line £ = \x. I f we 
t rans form the variables as follows 

r : p = f-e, r = f 

The func t i ona l determinant of th is t rans format ion is = 2(1-^) ( r ^ 

Under th is t rans format ion (20) is transformed t o the fo l lowing integral : 

0<un(t,a,b)= f f {1~r)rbe-a"/\n^(rVp/(l-r2),a,b) ^ d p (21) 
Jr=o Jp=a ¿{1 - r ) 

(21) can be w r i t t e n as follows for n = 1: 

f l rt2(l-r2) be-ap/2 

0 < « i ( i , a , 6 ) = / / w ^drdp. (22) 
jr=o Jp=o / i i _ r ) 
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For to find an upper bound to the funct ion Ui we take i 2 ( l - r 2 ) = s(t, r) > 0 and 
integrate (21) w i t h respect t o p then we obta in 

0 < « i ( i , a , 6 ) < % f1 — 2 (1 - e~ap/2)dr. 
2 Jr=0 a s 

Since 1 - e~apl2 < as/2 for as > 0 and f rom (22) i t can be w r i t t e n 

o < M M ^ ) 4 £ / 6 * ^ 2 ( 6 T i ) 

where 6 + 1 > 0. Thus the funct ion (20) is equivalent to the sum of the series (15) 
for n — 1 under the conditions a > 0 , 6 + l > 0 . 

Now we consider the double integral (21) for n = 2. I t can be w r i t t e n 

0 < Mt, a, b) = £ £ q r ^ 2 u 1 ( r ] f ^ , a , 

rl rs „6+2 

where s = i 2 ( l — r 2 ) > 0. Let m = as/2 > 0. From the fo l lowing inequality we 
obta in 

0 < n 2 ( i I o > 6 ) < 2 2 2 ! ( 6 +
i

1 ) ( f e + 3 ) . 

We assume t h a t 
¿-271-2 

0 < u ^ a M < 2 n - i ( n _ 1 ) | ( 6 + 1 ) ( 6 + 3 ) > . . ( 6 + 2 n _ 3 ) ( 2 3 ) 

where a > 0 , 6 + 1 > 0. F r o m (20) and (23) i t can be w r i t t e n as follows for 
s = i 2 ( l - r 2 ) , 

i2n /•« „ 6 + 2 n - 2 
0 < Un(t, a, 6) < _ / / p n - l e - a p / 2 d r d 

2n 1(n- l ) ! [ 6 ] ( 6 + 2 n - 3 ) Jr=o JP=o sn 

fin rl rb+2n-2 ™ _ 1 g / i - p - l g - s 

= 2 » - i ( n - l ) ! [ 6 ] ( 6 + 2 n _ 3 ) X=o ~ ~ ^ ~ { n " " § T ( n - p ) ] ^ 
where [ 6 ] ( 2 n - i ) = ( 6 + l ) ( 6 + 3 ) . . . (6 + 2n —1). From the fo l lowing inequality which 
is easily proved w i t h mathemat i ca l induc t i on principle 

n ! { l - Y *—. V ) < s" 
1 ^ T(n-p) J -
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we obta in , 

i 2 n 
0 < u n ( t , a , b ) < 2 n n K b + 1 ) { b + 3 ) { b + 2 n _ 1 ) ( « G J V ) . (24) 

Thus the expression of the series f o rm and the integral f o r m of the functions 
u n ( f , a, 6), n € N are equivalent when a > 0, b + 1 > 0. Now we can s tudy for the 
convergence prob lem of the solution of the Cauchy problem (5), (6) w i t h respect 
t o the above results. Let us 

oo 

u(x, t, a,b) = J2 «n(*> a, b)Anf (25) 
n=Q 

where un(t,a,b) is given by (15). For our a im we can w r i t e the upper bounds of 
the functions as follows: 

(b + 1)(6 + 3 ) . . . (b + 2n - 1) > (b + l)(b + 2)...{b + n) 

where 6 + 1 > 0. B u t for every n £ N we can f ind a number d which is w r i t t e n as 
follows: 

<T(6 + l ) ( 6 + 2 ) . . . ( 6 + n ) > nl 

where d > 1. Hence 

¿2 .1 dnt2n ^ n ^ n 

< ^ — r - r < T ^ T ( n = l , 2 , . . . ) . 2"n!(6 + 1)(6 + 3 ) . . . (6 + 2n - 1) ~ 2 " n ! n ! ~ (2n)\ 

¿Fı ,om (24) and the above inequal i ty we can w r i t e : 

0<un(t,a,b)< ( n = l , 2 , . . . ) . (26) 

4 T h e Solution of T h e Singular C P (5) , (6) 
We have seen t h a t the functions un(t, a, 6) have represented w i t h the power series 
(15) when a > 0 , 6 + 1 > 0. A n d i t has seen t h a t the functions un(t,a,b) have 
bounded as i n (26). Thus the series which is defined as follows, 

n = 0 

can be taken a m a j o r a n t for the funct ion (25) t h a t is a solution of the singular 
Cauchy problem (5), (6). A n d then we can express the fo l lowing theorem. 

T h e o r e m 1. 1 Let f(xx,x2, •. • ,xn) is differentiable continuously infinitely 
with respect to its variables and let a > 0,6 + 1 > 0. The function u(f,t,a,b), 
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which is a solution of the singular Cauchy problem (5) , (6) , is given by the following 
series: 

oo 

u(f,t,a,b) = J2un(t,a,b)Anf (27) 

where the functions un(t,a,b), (n € N) are expressed with (15). The series (27) 
is absolutely and uniformly convergent in the space Rn x R when the following 
property is satisfied for the initial function f(x) 

|A»/| = o ( (2n) ! ) , ( n e W ) . 

The series (27) is absolutely and uniformly convergent in the subspace of Rn x R 
which contains the plane t = 0 when the following property is satisfied for the 
initial function f(x) 

\Anf\ = 0 ( ( 2 n ) ! ) , (n E N). 

C o r o l l a r y 1. 1 If it is written a = 0 in the solution (27) we obtain the solution 
of the singular problem of the EPD Equation which is given [10] as follows; 

u(f, t, b) = T(b + 1) y n
 [Zn-2 \ . A " / . 

X J ' ' J v 1 ^ 2"n ! r (6 + 2n J 

C o r o l l a r y 1. 2 If it is written b = 0 in the equation (5) we obtain the series 
solution of the singular Cauchy problem 

A.u = uu + atut 

u(x,0,a) = f(x),ut(x,0,a) = 0 

which is given by Dernek [6]. The solution is 

«(/.'.«> = E C V ' ( 2 l 2 + t n ) ! " ^ f ^ r ^ - ^ f 

where (pn,2r is defined by (14). 
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