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Constructing Codes Using Ay

N. AYGOR, H. 0ZDAG

Abstract: In this study, we obtained code by the contraction of the incidence matrix of
a symmetric block design with parameters (v,k, A ). We give a new definition of dot

product and we prove some theorems by using this definition. By this way the
construction method has been given for Hamming codes.

1. Introduction

In this work we consider difference set with parameters (v,k,A )
and obtain incidence matrix A of the design that is a development of
these difference set in (Z,, +). When IH |= h and H < Z,, by contracted
the incidence matrix A of the symmetric design, we have obtained Ap.
We study some new theorems of the linear code generated by Ay which
contracted of A and we also show this linear code is perfect code hence
a Hamming code.

Definition 1.1 :

Let G be a group of order f}, written multiplicatively. A (v,k,A )~

difference set in G is a set D consisting of k group elements with the
property that the list of differences

xy' with x,yeD

contains every non-identity element exactly A times.(To avoid trivialities,
we insist that k> 1)
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Definition 1.2 :

Let D be a (v,k,A)-difference set in a group G. Define an

incidence structure D, called the development of D, as follows: the
points are the elements of G and the blocks are the left translates of D,

gD={gx| xeD} forall geG.

Definition 1.3 ;

Suppose that D is a (v,k, A )-difference set in an abelian group G.
Let D be the development of D and let A be the incidence matrix of D.
We can contract A by any subgroup H of G. Let G be a group of order v
and let H be the subgroup of order 4 in G. w=[ G : H ] is the number of
different cosets of G in H. The contracted matrix Ay has size w and
satisfies the equations

A, Al =nl+h\J and
A,J=JA, =kJ

(where J the matrix with every entry 1, of appropriate size.)
2. Calculation of Dimension of C, and C2*

Definition 2.1 :

The code generated by rows of Ay is called as Cy-code. The
extended of Cy is given as follows:

BH=

hA hil . .. hA k
(w+1D)x(w+1)
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The code generated by rows of By is said as C}".

Definition 2.2 :

I X=(x1,x2, ....%0 Xys1) ii ( Vis Y25 o5 Yiws Yowsl) for x, ye

Cy' then u(X,y)= (xiyr+xyat .. X AL X1 Yr1)-

Theorem 2.3 : If p | k and p |n then Cy-code contracted with H
is self-orthogonal.

Proof: Since p|n, plkand n=k-A then p|A. Therefore nl +hAJ
is 0 mod p. Then from the equality A, A}, = nl +hAJ we deduce that
scalar product of two rows of Ay always equals to O.

Theorem 2.4 : Let pln and pl k Then C&-code is self-
orthogonal with respect to x .

Proof:

i. Let g; be arow of By for i <w+1.
Hence (ai, ai) = n+ hA- hA.1=n  because of . A, Al =nl +hAJ.
Therefore since p |n, (%,5)=0 (mod p).

ii. Leta; and g; be two rows, of By for j,i<w+1 (i#j).
Hence u(aj, aj)) = hA- hA=0
il p1 (@yits Gprr) = WA - hAK
=hA(whi-k*)
=hA(vA-k?)
=hA (k% k+A-k*)= -nhi
Since pln, u(%,5)=0.

vi. Let a1 be the last row of By fbr i <w+l, j=w+l,
Since AgJ =kJ, p(a;, aw1))=khA-khi=0.

Therefore C;" -code is self-orthogonal.
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Theorem 2.5 : Let the F-code be Cy which is generated by rows

. . , 1
of contracting matrix Ay. If p |n, then Dim Cy < E(W + 1).

Proof: Suppose that p | n. If plk then Cyis self-orthogonal with
respect to the ordinary dot product. Because A, A}, = nl +hAJ.

Let a;, a; be two rows of Ay .If i =jthen a, aj =n + hA. Since p | n
and p |k then plk-n and hence p | A because of n=k-A.

Therefore n +hl=0 (modp) .
Thus a;a;=0 (mod p ). If i #j then a; a;=0 (mod p), a; aj=hAand p | 4.

Dim Cy' < é—(w + 1) because of Cy is self-orthogonal.

ext

Suppose now, p | and p | k. Two rows of extended matrix C y are

x= (X[,Xz, oo Xy xw+l)
5;: ( Y15 Y25 oo Yo yw+l)-
Hence dot pI'OdLlCt is H (x, y) = (Xl}’1+x2)’2+ oo T Ym hA xw+1yw+1)-

Therefore u(x,y)=0 (modp).

Hence the extended F)-code C;" is self-orthogonal with respect to above
dot product. Then Dim C;' < -é—(w +1).

If p | k then we show that Dim C;"= Dim Cy . The sum of the fist w
columns of By, is

and final column is

LWk ok
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Since p | k and (p, k) =1 then the inverse of k mod p exists. If
we multiply the sum of first w columns by k™' we get
whi = vA =(k>k+1)

= k- n.

Since p | n, whi=#i (mod p ). Therefore the sum of the first w
columns equals to -

k

" Hence, the sum of the first w columns with respect to mod p is
equal to the final column.

Similarly, the sum of the first w rows of Byis [k k . . . kew]
and the lastrow is [kA RA . . . hik].

The hAk ! times the sum of the first w rows is
[ha na..whak™].

Here the last element of this row is whik ™' = vk !
= (K- k+ ) k!
=(k-n) k' =k-nk"!
and since p |n, we have whik™ =k (mod p).

At the end of this proof the last row with respect to mod p equals

to Ak "' times the sum of the first w rows. Thus Ay and By have the
same F, - rank

L1 ) A
Therefore Dim C, ZE (w+1). Finally, we have Dim C; < % (w+1).
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3. Application

In this section we give an example to the theorem above.

Example 3.1: Let D = {7,9,14, 15, 1_8} c ( 7 2],+) is a difference

set with parameters (21,5, 1). Blocks of symmetric design that is
development of D are given as follows: For

VgeG,g+D ={g+d |deD }
Bl={§,§, 1—4,15,1_8}

BZ={é,1b,13,16,1b}

B, = {6, 8, 13,14,1_7} .

Here the incidence matrix is
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When we reduced Ay to mod 2, Ay=

oo - O —~ — o
O - 0 - - o ©
_ D e - O O O

S -~ -~ O O O =

- - O O O - O
— o O O = O -

S O O = O = -

Therefore we get linear code

Cu = {0001011,1000101,1100010,0110001,1011000,0101100, 0010110,
1001110, 1101001, 0111010, 1010011,0100111, 0011101, 1110100,

1111111, 0000000}
which are generated by Ay . This code is with parameters (7, 16,3) .

Now we show that this code is perfect . We know that (n, M, 2t+1)-
code is perfect if and only if the sphere-packing condition

M{1+(q—1)n+(q—-1)2 (Zj . +(g-1) (’Zj}zq"

is satisfied .

Since d =3, then t=1 and

fgeoff)-+

Follows from the fact that Hamming codes are the only perfect
linear codes with these parameters.
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4. Result

We prove some theorems with respect to our new definition of dot
product and we show that the new codes which are obtained by
contraction of long codewords are perfect code.
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