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The statement of fundamental problems and solution methods in a class of linear 
dynamic systems are studied in the present paper. Theorical results are applied to 
the vibrations of two binding pendulums with viscoelastic spring. The effect of 
viscosity coefficients on the character of the solution is investigated. The 
conditions of stability, asymptotic stability and instability of the solutions are 
obtained and the orbits of the motion for the different values of parameters are 
driven by using Maple 10 program. 

1. INTRODUCTION 

The statement of fundamental problems and solution methods in a class of linear dynamic 
systems are studied in the present paper. The solutions of dynamical problems are used in a 
number of areas of science and technology [1-3]. Obtaining the solutions of the systems are 
actual problem. There are some investigations of this kind in the paper, too. 
Since the power of exponential kernel function is related with the viscosity coefficient, the 
dependence of the solutions obtained on this parameter is studied. Theorical results are 
applied to the motion of two binding pendulums with viscoelastic spring. Stability, 
asymptotic stability and instability [4-7]of the solutions are solved by using Maple 10 
program for the different values of parameters (Fig. 2-5). There are some orbits in two and 
three dimensions. Investigating the graphs the critical points are obtained and can be used by 
researchers in various fields. 
We take motion equations given by general dynamical systems studied in [4], hi the present 
paper 

a \ A + C11?1 +Cl2a2 ^fi1) 

(1) 
a2\<I\ +e2<İ2 + C 2 1 # l + C 2 2 # 2 = g{£) 

(where a n , a2], c n , cl2, c2l, c22 are constants (a M • a2X ^ 0), c, and e2 damping 

coefficients, f{t) and g(t) are the functions depend on the time t) viscoelastic dynamical 

systems is studied. 

2. THE STATEMENT OF T H E PROBLEM 

Systems (1) is adapted to the equations of motion of two binding pendulums spring to each 
other with the initial conditions. 
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mxl2(p + mxl2v]<pA-m]gl(pA-cd2ip — cd2,il) — e1'^^2 [AQ sini + B{) cosí) 

m2l2i) + m2l2v2i> + m2gh¡> + cd2ip - cd2ip = e" ' v / 2 (C 0 siní + D0 cos/) (2) 

t = 0: ip = <p = 0, ip = $ = 0 

Fig. 1. Two binding pendulums with viscoelastilc spring 
where (p, \jf are the angels of the first and second pendulums measured from the vertical 
axis, respectively; m}, n%2 are the masses of the first and second pendulums, respectively; c 
is the spring constant; / is the length of the pendulums; d is the length from the rotation 
axis to binding points of spring. 

3. T H E SOLUTION OF THE PROBLEM 

2 2 

In system (2), divide the first and second equation by ml and ml .respectively. 
Use the notation 
g cd2 2 g cd2 2 cd2 „ cd2 

j + — r = ' V y + ^ 7 = V — ä = B r — J = s 2 
( m{l 1 m2l / 7 y m2l 

A . = 4 A . = B t _SL = C ) - \ = D , 
mxl ml ml ml 
then. (2) becomes as follows: 
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ç + vlç? + By/ + n] cp-e (Asmt + Boost) 

(3) 

y/ + v2y> + B y> + n*y/ — e '" '^ (Csini + Dcos/). 

Substituting (p = e "' '^O, y/ = e ' - ^ ^ and taldng the first and second derivatives respect 
to / 

2 
V. - K //2 -v,t/2 • .. K -v,tl2^ -V/2 A , - ' V / 2 A -

Y 2 r 4 2 

in (3), we obtain 

4v,-v.V/2 
0)+5,e v 2 Y + 

2 V, 
O = ^sinZ + Scosi 

- f v . - v , )f/2 
*¥ + B2e [ 1 2 " 0 + 

r 2\ 
Y = Csini + Dcos/. 

Therefore under this substitution the initial conditions become 
i = 0: 0 = 0 = 0, Y = Y = 0. 
We are to examine the case v = v 2 = 2v in (4). 

So the systems reduces to 

é+B^ + ^n2 -v 2)<i> = ^s in i + ^cos/ 

Y + B2<£> + {ii2

2 - y 2 ) Y = Csinf + D cos i . 

We solve the homogeneous systems 

YF + S2(D + ( « 2 - v 2 j t î / - 0 
and obtain the solution [8] 

O = a s i n ^ j i + ̂ J + è s i n ^ f + /? 2) 

T = fliatj sin (/^ i + /?j ) -I- ba% sin (/c2/ + p2 ) , 

(4) 

(5) 

(6) 

(7) 

(8) 
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there 0 ' M ' ^ s are the functions of weak changed time, ^ ^ 2 ^ ^ < ^ 2 ) are the 
main frequencies that are determined by the principal frequency equation 

k4-(«] +n]-2v2 )k1 + U - v 2 )(n2

2-v')-BtB2 = 0, 

also for abbreviation -
,2 2 2 
/c. + v -it, 

B. a2 = 

,2 1 2 
k2+v - n 

To find a particular solution of the non-homogeneous systems (6), substitute 
<D - asiwt + boost 

(9) 
¥ = csini + <icosf 

into the left members. The result must be identically equal to right side of (6), so that 

| / i 2 -v2 -lja + B}c = A 

B2a + (ıı2

2-v2-\}c = C 

B2d + [n\-v2-\}d = D. 

Hence 

a — 
B i C - { n 2 2 ~ y 2 ~ l ) A  

BAM-v2-l){n2

2-v2-l 
c = 

B2A-[ıı2

x-v2-l]c 

B^D-\n\-v2 

^ - ( ^ v ' - l ^ - v ' - l 

B2B-{n2 -v2 -IjD 

The general solution of (3) is 

Q> = a s i n ^ i + fi^ + b$m(lc2t + J32^) + asint + boost 

*F =aa] sin^t + fi^-\-ba2 sin^Ay+ /?2) + csin/ + £/cosr, 

where a, b, c, d are as above. 

From the substitution q> = e "O, (// = e , (10) becomes 

yy - e aay sin (/c^ + /?,) + sin {k^t + ß2) + csint + d cosr 

(10) 

( U ) 
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4. EXAMPLES: 

Let consider the following dynamic systems. 

1. p + 2vp-01074p+ S,9S<P = e~*" (Asint+Boost) (12) 

if) + Ivy/ - 0,06[<p + 8,97 y/ - e~vt (Cs'mt + Dcost) 

p(0) = ^ (0 ) = ( &(0) E =^(0) = 0 

We write x( f ) ve y ( i ) instead of <p(t) ve y/(t) in graphs, respectively, 

hi figure 2, the motion is asymptotic stable and completes each full tour in 6.2 seconds. 

(c) (d) 
Fig. 2: v = 0.15, ¿ = - 0 . 5 , 5 - 0 , C = 0, D = 0.9 

fa) 0 < / < 6 . 2 (b) 0 < / < 12.4 (c) 0 < / <18.6 (d) 0 < / < 3 1 , 3-dimensions 
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In figure 3, the motion is asymptotic stable and completes each full tour in 6.25 seconds. 
Since the masses of the pendulums are equal, their orbits are almost similar. 

(a) (b) 
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(p + 2v<p-§,Q014y/ + 0,c\9%(p = e ' (Asiwt + Boost) 

2. f + 2vy/ - 0,0061^ + 0,897y = e~vi (Csinf + D cost) (13) 

( p ( 0 ) - ^ ( 0 ) = ^(0) = î / (0) = 0 

(a) (b) 

Fig. 4. (a), (b): v = 0.000025, A =0.9, B = -0.5, C = 0.2, D = 0.3, 0 < / < 3 0 0 
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