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REDUCTION OF THE GENERALIZED
POPOV'S DIFFERENTIAL EQUATION TO
BIRKHOFEF MATRIX FORM

Lee 13, Risieski ~ostadin G, Trendevski
Valéry C. Covachev®

Dedicated to Academician Blagof 5. Popov on his 7Ot anuiversary

Abstract

In uhis paper the redaction ol the generalized Popov’s lucar dif-
ferential equation with one w-tnple regnlar sineularity 1o the Birkhot!
caniomceal madrix forin is piven.

1 Introduction

Tu (1. p. 32] B. S, Popov determined the necessary and sufticient condition
for redueibility of the dillerential equation

.rz_r,'” F o + )y’ - (,l.rg 4+ e+ )y =10

to a system ol differential equations.

T the present paper we will show that the differential equation of B.
S. Popov in a generalized form of p-th ovder can be reduced to a Birkholb
canouical matrix forn. using the previous algebraic method given in [2].
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2 Preliminaries

Counsider the generalized Popov's differential equation
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For the eqation (1) the charactoristic constants p; (1 <7 <0 n) ol the regular
singularity at the coordinate origin » = O arc given as roots of the equation
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l(/’} = [f’]n : Z”i(l[l’]nmi = 0.
e |
where
[ph.:p(p -1y {p = K+ 1), [I’}H: 1.

such that p, # p; (mod 1} (7 # 40 B < i j < n). The last equation is
derived when we look for a solwtion of (1) hehaving as o near » = 0. The
constauts p; (1 < ¢ < o) enter the lormulation of onr wain result.  For
the sake of completeness we note that the principal characteristic coustants
A (1 < i < n) of the irregular singularity of rank 1 at infinity » = ~ are

given as roots of the equation

T

A = N = ap AT =0,
i=l
It is derived when looking for a solntion of (1) hehaving as A times an

arbitrary power of » at infinity,

3 Main result
Now we will prove the following result.
Theorem 3.1 The cquation (1) is vedurced to the Bivkioff matrie form
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polyaoniials o' ' as s cocfficiens.

Proof. Let us denote

(5) yilr) = y*,
After o differentiatiou this vields
(6) wy =iy (0 i< - 1)

If we multiply the equation (1) by 7", then it takes on the form
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whoere
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Let us denote T2 = % Now accordiug to (6) and (7) we obtaiu
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we obtain the equality
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the matrix () are polvnomials of the required form ().

If we denote
Cla)E(e) = [pijle)nxn  and

then we have
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7)) can be uniquely determined so that all entries of
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where ol ) = 1) = {h and gy =017 =) cnled =001 <7< n).

Tyl gy {.
Then {12) can be writéen as
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These relations ave identically satisfied for the entries above the diagonal

becanse py (e =1 awd 1, = .

For the diagonal entries (15) becomes
apila) =1,
which iinplies that
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and for the j-th subdiagonal cntries we obtain

(18} Doyl e ol
J 1 )
= iyl L‘/l‘.i'—r’('*.)“f i ) e ) {2 <
12270}
(19] w (Dol e o led + Fpag(e)]
-1

- ‘IH,'”-',.I'("') + Z TR W [V _,u("':' (L=< <n— Ly
peezly

L.



s From the equalities (HG)  (19) the snbdiagoual cutries of ¢(+) can be
determined as polvnomials of the same degree with respect to o7 Now we
will substitnte
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where Ay (1 < < ) are constants {we assume of) L= O for e = §).
We reeall the represeutation
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and we write
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Substitnting (20), {21) awd (22) into (18) and (19). we obtain
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JFrom (240) it just follows that |
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Now we are able to determine all coefficients " and the polynowmials

I
gi,{). We shall need the following

Lemmma 3.2 Lol ,S[l,.f:{‘;. s &Y e conslants salisfyrog the equalily
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where ,uf, (0 < j < w— 1) are some coustanls. Lel e wakuown varable

Csalisfy the following equalitios
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“Proof. Since
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Now we will start by the determination of ("r"“,ﬁ (1 < j < — 1) aml

tanlas). From (17) aned (25) we obtain
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then from (29} and (2.1, it follows that
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where pff = 0. Applving Lemma 3.2 1o {30) and (31). it follows that 4% +
no- Tis one of the roots g (<0 < 0} of the equation
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By the substitution
e 4 _
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the coetticients b (<0 j <0 - 1) can be determined. Tu fact, according to
ot J =

the equation (28] the determinat
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is different from zero, which means that the coetficients ), S and g ean
he unigueiv deteruined. '

FFurther the coellicients r"}’l’— ; (b= j <= 1) aud ¢, () will be sucees-

sively determined. (From (16) aud (23,). it follows that

. i .. A
{l)}t;‘) o fr]“+r”_]“‘.

- . RES g FER .
["'}JJ WA I + T Tl FY AN + il g (L=<j=<i- 1)

Further we apply the mathematical induction. Let
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atdd let the coustants Si‘; (=0 <) satisty the equation
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This is so for + = o« - | hy virtue ol Lensia 3.2,

By the changes
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we obtain
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follows that
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Apgain. assuming that (32} and (37) hold. iy (1< j <y
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Applving the Lemma to the equations (356) and (36). it
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L)y and ¢;{r) can

he determined. Thus by mathematicad induction we proved that for cach
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wliere qr-lr =0 (i # n) and 'h]m ="uy.
Finallv, we will prove that the sets
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can be determined suecessively for the values v oand ¢« (1 < 7 < — 1),

It will be proved by induetion on j. Let the sets {yyn_wp en ., } aud
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v the change
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and using (34) and (38). we obtain
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The equation (43) can be represented in the following form
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and hencee we obtain the determinant
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Thus, the set {gnp-joep, ot I8 uniquely determined. Tn order to

prove that the sets {gi. ;. r':-”f;jf,m} {1 < i < u— 1) can he uniguely
determined, we again apply mathematical iwduetion. The argnments are

similar to those above, so we omit the details. O
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