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Abstract

Duality relations are obtained for quasisuperlinear functions. Rela-
tion between conjugate and locally conjugate mappings is investigated.
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1. Introduction

A great number of optimization problems arising in mathematical pro-
gramming, classical optimal control problems, differential games, economic
dynamics and so on, can be expressed in terms of differential inclusions. And
the main object in studying optimization problems for differential inclusions
consists of obtaining necessary and sufficient conditions for optimality. One
of the central directions in optimal control theory to obtain necessary and
sufficient conditions is by using conjugate and locally conjugate mappings.
We refer the reader to the survey papers [1],[6-8],[14],[18-20]. So in this pa-
per we deal with conjugate and locally conjugate mappings that facilitate
deriving optimality conditions. In Section 2, under some conditions, locally
conjugate mappings are given by the subgradient of the "support function”
which is important in necessary and sufficient conditions.(Theorem 1.1)

By the Lemma 1.2 in Section 2 are expressed essential duality relations
which can be applied furthemore in different optimization problems.

In Section 3 we investigate the relation between conjugate mapping and
locally conjugate mapping in Theorem 1.5.

2.Necessary concepts and duality relation

A multivalued mapping a : R® — 2" is convex if its graph gfa = {(z,y) :
y € a(z)} is a convex subset of R*®. a is convex-valued if a(z) is a convex set



for each z € doma (doma = {z : a(z) # 0}). a is closed if gfa is a closed set
in R*", a is bounded if there exists a constant c such that ||a(z)|| < e(1+|z|]).
Let us define i @), alz) £0 4
o _ ) inf{<y,y* >y €alx)}, alz
I/I/a(m>y ) - { +OO, a(z) — m)

a(z,y*) = {y € a(z) < y,y* >= Wy(z,y*)} and
for any set M

WM(IE)ZJélAf;[<£B Y >
Definition 1.1: The cone Kjs(z) of tangent directions of the set M at a
point zo € M is called a local tent if for each z € riKp(z)(the relative
interior of the set Kjs(z0)) there exist a convex cone K C Kp(z) and a
continuous function ¥(Z), defined in a neighborhood of the origin, such that

)% € miK, LinK = LinKp(z), where LinK is the linear span of K,

i) U(z) =z +7r(2), 2] *r(z) 2 0,as 2 > 0

iii) 20 + ¥(Z) € M,z € K N B(0) for some € > 0, there B,(0) is a ball
centered in the origin with radius €.

For a convex mapping a at a point 2o = (%o, %) € gfa, the set

Kgsa(%o, o) = cone(g fa — (zo,10))
={z=(%,9): T=Mz—20),§ = My — %), A > 0,Y(z,y) € gfa}

is a local tent of a.
Definition 1.2: 1)h(Z,z) is called the upper convex approximation(UCA)
of a function g(z) at a point z € domg = {z : |g(z)| < +oo} [1] if:

)h(Z,z) > F(z,z) = 31(11)) lin;lsoup $g(z + 2z +1(N) — 9())

A7lr(A) — 0, Al0 forall Z#0.

ii)h(Z,z) is a convex closed (lower semicontinuous) positive homogeneous
function of z.

2) The set

oh(0,z) = {z* € R™: h(Z,z) >< T,z* >,T € R"},
is called a subdifferential of the function g at the point x and is denoted by
dg(z), there symbol < .,. > denotes scalar product. It is known that when
g(z) is convex, the given definition coincides with the usual definition of the
subdifferential.(see [1])
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A function g is said to be proper if it does not take the value —oo and is not
identically +oo. ‘

3)The mapping

a*(y*; z) = {z*: (—2*,y*) € K;(2)}
is called a locally conjugate mapping (LCM) to the convex mapping a at the
point z.
Theorem 1.1: Let a : R™ — 28" be convex-valued closed bounded continu-

ous mapping such that the function W,(z,y*) = én(f ) < y,y* > is continuous
: y€alz

differentiable on z. Let us suppose that the vector z; = (%, 7;) satisfies the

inequality
8VVU.(mO) y*)
Oz
Then the following statements are true for a point zo = (zo, %), %o € a(zo, y*):
i)The cone

< Zy, >— <7,y ><0.

8l

8Wa(m07 y*)

K. () = {2 < 5

>—< gy >< 0}
is the smooth local tent, which is the cone of tangent directions to gfa(graph
of a) at the point 2.

ii) LCM a* corresponding to the cone K,(z) may be given by the formula

a*(y*; 20) = {—-———8W“(82°’ V) }

Proof. If S,(z,y*), y* € R", is the support function to a(z) , then by the
theory of convex analysis it is known that y € a(z) if and only if < y,y* ><

Sa(z,y*) for all y* € R™. Since S,(z,y*) = —We(z,—y*), the preceding
inequality means that < y,y* >> W,(z,y*). Thus a(z) is given by
a(z) = {y: Wo(z,y")— <y,y* >< 0}, y*eR™ (1)
Suppose
fy* (Z) = Wﬂ(:E;y*)_ < y7y* >, (2)

then by the Lemma 3.1[1,p.225], f,+(2) is continuous on y* and is continuous
differentiable on z. By the Theorem 2.2[1,p.211], UCA(upper convex approx-
imation) h,+(Z, z) of the function f,«(z) is
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(2, 2) =< 2, 0OV g s 3)

Furthermore f,«(2) = 0 and f,+(2) has an UCA h,.(Z, z9), which is continu-
ous on % and by the condition on the vector 2, we have hy (21, 20) < 0. Then
applying Theorem 3.3[1,p.234] by (7) we see that i) of the theorem follows.
Since in this case

aVVa ) *
—cond fy(20) = con {__M,y*} )

oz
then by the same Theorem 3.3[1,p.234] the equality

a*(y*; 20) = {—*————8%59?’ V) }

holds. This, in turn, implies that ii) is correct. The Theorem is proved.

Let O*(gfa) be the recession cone[2] to a convex function a in the space
Z=XxY,le.

O (gfa)={z:z+ Az € gfa,\>0,Vz € gfa}. (4)

For such convex function a, let us define

Q.(z*,y") = inf{— < z,2* > + <y,y" > (z,y) € gfa}. (5)
It is evident that |
Qu(z*,y") = inf{— < z,5" > +Wa(z,y")}. (6)
Definition 1.2: The function
a*(y") = {z": (—z",y") € (O"gfa)"}

is called conjugate function to a convex function a. It is clear that if mapping
a is superlinear[5], i.e. gfa is a cone, then this definition coincides with the
definition of B.H.Pshenichnyi [1].
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Conjugate function can be used in different problems connected with du-

ality theorems.
Definition 1.3: Multivalued mapping a is called quasisuperlinear if its graph
is in the form of

gfa=M+ K,
where M is a convex compactum, K is a closed convex cone.
Lemma 1.1: For a convex mapping a we have

domQ, = {(—z*,y*) : Qu(z*,y*) > —00} C (Otgfa)*.

If a is a quasisuperlinear mapping then

dom$Q, = K.
Proof. Let us assume the contrary: let (—zf, yg) € domS,, but (—z}, y8) &
(O*gfa)* . It means that there exists a pair (Zo, %) € O gfa, for which

— < x5, To >+ < yg, Yo >< 0.

By the definition of Ot gfa, we have

(z,y) + M@0, %) € gfa, (z,y) €gfa, A>0.
Then
— <+ AZo, x5 > + <Y+ Mo,y >=— < x5,z >+ < y5,y > +

+M{— < Zo, x5 > + < o,ys >} — —oc0 for A — 400,

which contradicts the fact that (—zf,vy8) € dom$Q,. This proves the first
statement of the lemma. Furthermore, when a is a quasisuperlinear map-
ping, applying Result 9.1.2[2] and Lemma3.6.1[1],we get

(Otgfa)* = [OM(M + K)]* = (O*M)* N (O*K)* =R"NK* = K*,
On the other hand

dom§, = dqm(flM + Qx) = domQuy NdomQg = domQyx = K*.
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Hence

dom§, = K*.

Lemma is proved.

The following example shows that the inverse inclusion generally is not
true. In fact, let a : X — 2¥(X,Y one-dimensional axises) is given as:

| a(z)y ={y:y>2"} , gfa={(zy):y>2°}
Check that O*tgfa = {0} x Y*, where Y+ is the positive y-axis. There-
fore (Otgfa)* = {(—z*,y*) : «* € X,y* € Y*+}. Then it is clear that
(—z8,u8) € (OFgfa)*, zf=1,95 =0, but (—z}, 1) & domQ,.
Lemma 1.2: Let a be a quasisuperlinear mapping and W,(.,y*) be proper
closed function. Then the relation

sup {<z,z* > +Qu(z",y")} = inf <y, y" >
:Z:*Ea*(y*) yEa(m)

holds.
Proof. From Lemma 1.1, we have

dom$, = (Ot gfa)* = K*.
Therefore with regard to Theorem 4.1.III[1] we find the relation
sup{Qa(z*, y" )+ < z,2* >} =
m*
sup{< z,z* > +Qu(z*,y*) : 2" € a*(y*)} = Wa(z,v").
m*

Remark 1.2.1: If M = {0}, then Qp; = 0 and so the result of the above
lemma coincides with the result of the Theorem 4.5.111[1,p.129)].

Lemma 1.3: Let a be a convex mapping. Then the point zg is a solution of
the problem

inf{— < @,2" > +W,(z,y")}, «*,y" €R"
if and only if .

z* € a*(y*,20), Yo € a(wo,y").
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Proof. By the Theorem 2.1.IV[1l], ¢ is a minimum point of the convex
function

— <z, " > +Wo(z, v*).
if and only if

0 € 8ol < @o, 2" > +Wa(zo,y")],

ie.

111* S aa:Wa(xO: y*)

And, therefore by the definition of €, it is evident that yo € a(zo,y*). Then
by the Theorem 2.1.ITI[1], we find the required result.

Theorem 1.2: Let a be a convex-valued closed bounded continuous map-
ping, satisfying the Lipschitz condition, and let the function W, (Z,y*) be
closed, where

0(7) = {7 (@9) € Ku()}.

Then for arbitrary y € a(z,y*),z = (z,y) € gfa, the function W,_(.,y*) is
an UCA for W,(.,y*) and, besides,

a*(y*; z) = O,Wa(z,y").

Proof. If z = (Z,9) € Ku(2),z = (z,y),y € a(z), then by the definition of
the cone of tangent directions, there is a function 7(\), A™*7(A\) - 0, A | 0
(1(A) € Z =X xY) such that z + Az + 7()\) € gfa for a sufficiently small
A > 0. That means

Y+ A7+ 7(N) € a(x + AT+ 7(N), T = (7o, ), Ta(A) € X, 7y(N) €Y.

Since a satisfies the Lipschitz condition, W,(z,y*) also satisfies the same
condition by Lemma 3.2.V[1,p.226]. For such functions we have

1
F(z,2) = limsup  (Wa(z +A2,y7) = Wa(a,y")).
10

It is easily shown that

) 1
F(z,z) = hn;lsoup X(Wa(a; + AZ + 7.(A), y") — Wa(z,v%))

99




holds independently from the choice of 7.(A). From the definition of W,(z, y*)
and from the condition y € a(z,y*) it follows that

(Wa(z4+AT+7.(A), ') —Wa(z,v*)) < (< y+AG+7,(N), " > — <y, ¥ >) =

T, (A
<z7,y*>+<-————y§\),y*>-

>
>

Then we have
1
F(z,3) = limsup s (Wa(a + 2% + (), 4°) — Wa(z,y")) <
ALO )
limsup[< 7, y* > + < A7 ', (\), v* >] =< 7,¥" > .
ALO

It means that

F(z,z) < i%f{< U,y > 7€ ay,z)}

In addition, given T ¢ doma, let us put W, (Z,y*) = +oo. Then, by
applying Lemma 1.2 to a,, we get

W, (Z,y*) =sup{< z,z* > z* €al(y*)}
:z:*

But on the other hand, by the definition, a*(y*; z) = a*(y*). Hence

F(z,z) < Wo,(2,y") = sup{< Z,2" > &" € a’(y"; 2)},
w*

where W, (Z,y*) is positive homogenous convex closed function of Z, i.e.
W, (Z,y*) is an UCA function of W,(.,y*) at the point . Now to conclude
the proof, it remains only to apply Theorem 3.2.II[1], thus we find

3Wa(x,y*) = 0h(0,z) = a*(y*; 2).

3.Connection between conjugate and locally conjugate mappings

Let us investigate the relation between conjugate function and LCM(Locally
Conjugate Mapping). We need the following two theorems.

Let Kj(z) be the cone of tangent directions to a convex set M C Z =

100




X XY at apoint z € M, ie.

Ky(z)=con(M —2)={2: 2= XNz —2),\> 0,21 € M}. (7)

Theorem 1.3: Let Ot M be the recession cone of a convex closed set M C Z.
Then we have

ﬂ KM(Z) = O+M.

zeM

Proof. Let us show that

M= () (z+ Ku(2)). (8)
zeM

In fact, let 29 € M be an arbitrary fixed point. It is evident that all vec-

tors as Z = 2o — 2 (in definition (11) they corresponds to A = 1) belong to

the cone Kp(2), i.e. 20 € z+ Kp(2),2 € M, then 20 € N (2 + Ku(2)).
zeEM

Conversely, if we have the last inclusion then 2y € z + K (2) or there are

such z; € M and a number v > 0, that 2o — 2 = (21 — 2) € Kp(2). Hence

20 =721+ (1 —v)z € M. Formula (12) follows.
On the other hand, we easily show that

O (z+ Ku(2)] = () [0 (z + Ku(2))].
zeM z€EM

In fact if 2 is an arbitrary point of closed convex set M = () (z + Kp(2))
zEM

then by the definition of the recession cone, it is evident that, directed ray
Zz+ Az, VA > 0, is contained in any cone z + Kjp(2),2 € M. But it means
that

e 07z + Kn(2)))
zeM

Therefore

Ot*M = O+[ﬂ Z+KM ]_n[O+Z+KM ]—nKM
zeM zeM zeM

Theorem is proved.
Remark 1.3.1: In the statement of the above Theorem, the closedness of
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M is essential. ‘
Proof. Actually, let M = {(z,7) : ¢ > 0,5 > 0} U {(0,0)} C R?% Clearly,
OtM = M. The set M contains points (2o, %) + A0, %), where zo > 0,
1o > 0 are fixed. But (0,4) ¢ OT M.
Theorem 1.4: Let M be a closed convex set and let K3,(z) be the conjugate
cone to the cone of tangent directions Ky (z),2z € M. Then

U Ki(2) = (0" M)",

zeM
where the bar denotes closure.
Proof. It is sufficient to show that

U Kii(2) = () Ku(2)". (9)

zeEM zeM
Get any fixed point 25 € U Kj/(2). Then there exists a sequence z;; — 23,
20€
zt € U K}s(2). Let us define sequence {z,} by the relation z; € Kj(z,).
zeM
Note that 2} € | Kj};(2) implies the existence of z, € M such that
zeM

z € Kip(zn).

On the other hand, since Kp(z,) 2 N Kum(z) it is evident that K3},(z,) C

. zeM

(N Ku(2))*. Sothat zt € ( N Kum(2))*, and therefore 2§ € ( N Kp(2))*.
zeM zeM zeM

Let us prove the converse inclusion in (13). Let us zf € ( 1 Kum(2))* be

zeM
arbitrary fixed point and let us assume the contrary i.e. let zf € U Kj;(z2).
zeEM

Then 2} ¢ Kj(z) for any z € M. In other words, there exists a vector
%1(Z1 # 0) such that

<ZT,Z1 >< 0, ZleKM(z), Vze M
or

<25 ><0, ze () Ku(2), ie z¢ () Kul2)
zeM zeM

This contradiction shows that

(N Ku(2) < U Ki(2).

zeEM zeM
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The proof of the theorem is over now.
Theorem 1.5: Let a be a closed convex mapping. Then the conjugate func-
tion a*(y*) and the LCM of a implies the following relation

a*(y*) = U a*(y*;2), vy € a(z,y").
z€gfa

Proof. Setting M = gfa as in the previous theorem, we obtain

a'(y) = U ey 2)

z€gfa
By the Theorem 2.1.III[1] z = (z,y), y & a(z,y*), implies a*(y*; z) = 0.
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