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NECESSARY AND SUFFICIENT CONDITIONS FOR
OPTIMALITY IN DISCRETE INCLUSIONS DESCRIBED BY
CONVEX MULTIVALUED MAPPINGS AND DUALITY
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Abstract

Necessary and sufficient conditions of optimality for convex case are deduced
for the considered optimization problem (FPps) with discrete inclusions on the ba-
sis of the apparatus of locally conjugate mappings for convex compositions and
the cones of tangent directions. Then duality problem (Pp) is formulated for the
considered problem (Pps) and duality theorem is proved.
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1. Introduction

It is known that optimization problems with discrete t = 0,1,...,7—1 time
in euclidean n-dimensional spaces can be turn to the minimization problem
of a function in nT-dimension spaces on an intersection of finitely number
sets and one of the theorems of mathematics programming is used. Note
that the locally adjoint mappings for convex compositions is given by B.N.
Pshenichnyi [1]. The same results for superlinear mappings are obtained by
A.M.Rubinov [2]. Different optimization problems and duality for discrete
and differential inclusions are derived by E.N. Mahmudov (see [3]-[6]). In the
presented work, optimality conditions for a multivalued mapping constraint

problem, which is equivalent to the problem with discrete inclusions, have
been obtained.



2. Necessary information and problem statement
Lets consider the following convex discrete time problem:

minimize  g(zr) (1)
(Pum) subject to 41 € ag(ws), t=0,1,...,T —1 (2)
xo €N, zpr € M (3)

where a; is a convex multivalued mapping for each ¢t = 0,1,...,7 — 1 such
that a; : X! — X', all X* are an euclidean n-dimensional space, g is a
convex function, N € X% and M C X T are convex sets.

The set of vectors zo, Z1, ..., x7 which hold (1)-(3) is called optimal tra-
jectory and denoted by {z;}~,. Let us show the composition of mappings

T = gr_10ap_go0..0a It is obvious that

ag, 01, ...,a7-1 by al, ie. a
aT : X° - X7T. On the other hand, the composition for multivalued map-

pings is given by
(az 0 ag—1)(T1-1) = {41 : Teg1 € as(t), T € ap_1(ms1)}

= U at(a:t)

@t€as—1(zt—1)

After all these, the problem (1)-(3) is equal to problem below

minimize  g(xr) (4)
(Py) subject to  z7 € a¥(zy), (5)
o €N, zpreM (6)

The graph (gph) of composition of multivalued mappings can be defined by
using the definition of graph of the multivalued mappings like below:

gph(as 0 ag-1) = {(T4-1,%t41) 1 (Te-1, %) € gph a1, (1, Te41) € gphas}
Now let us give some necessary definitions.

Definition 1. K,(z,y) = {(Z,7) : (zo, %) + A(Z,7) € gph a,\ > 0} .

Definition 2. Subdifferential of the function g(zr) at a point zr is given
by the formula

dg(zr) = {z7 : glor) — g(Zr) >< T, xp — 1 >, VIr € XT}.
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Definition 3. (aT)*(z%, (%o, 21)) = {§: (—z§, %) € Kir(Zo,%7)} .

Theorem 1. Let the function g(zr) has the minimum value at the point Tp.
Furthermore, let K r(Zo,%7), Kn(Z0), Km(ZT) be cones of tangent directions
for the sets gph aT, N, M, respectively, where %y € dom aT. Then there exist
a number A > 0 and vectors ¥ € 0g(%r), z§ € K} (Zo), xt € Ky (Zr) which
are not equal simultaneously to zero such that

zy € (aT)*(z%; (Zo,%7)), T + 75 € NIg(ZT), =8 € Kiy(ZT).

In addition, if A = 1 then these conditions are also sufficient for optimality.

Proof. It can be see easily that the solution of the problem (4)-(6) is
equivalent to the minimization problem of the function f(z) = g(z7), z =
(w0, or) on the intersection set gph a? NN x XTNX'x M C Z = X% x X7,
Furthermore subdifferential of f(z) at point Z = (%o, Zr) has the form

0f(2) = {0} x 9g(r) . (7)
Then,
0f(2) = {z" = (&,27) : & = 0, &1 € 0g(¥r)}
According to conditions in theorem K,r(2), Kn(%o) x XT, X° x Kp(Z7) are

cones of tangent directions for the sets gph a”, N x X7, X% x M at the point
Z, respectively. If we calculate their dual cones we find

(Kn(Fo) x XT)* = Ky (%) x {0}, (8)
(X x Kn(3r))* = {0} x Kjy(%r) . (9)

Now, using Theorem IV.2.4 in [1] and the formulas (7)-(9) there exist a

number A > 0 and vectors =, %, (z4*, %) not equal simultaneously to zero

e?
such that

A0,27) = (20", 2F) + (25,0) + (0, 27), (10)
&1 € 0g(Fr), (w5" 21) € Kz (%), (11)
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z§ € Ky(Zo), s € K3 (2r) . (12)

We have from (10) that &% = z3* + 2%, zd* + 2§ = 0 or z§* = —z}, zf
= A\Z% — z}. Consequently

(—=5, A&7 — %) € Kor (%)
Then, using the Definition 3 of the locally conjugate mapping we have
2 € (a”)*(\2p — 27, %)

where the vectors A, z, x} are not equal simultaneously to zero. Let 7} =
AE% — z¥, 2t € K3 (Zr). It follows from [1,Theorem IV.2.4 ] that

op + @, = Ar , z; € K (%)
and so finally
zy +x, € \g(Zr) , =, € Kj(Zr)
where the vectors A, z§, z are not equal simultaneously to zero.

The relationship between (a”)* with af, t =0,1,2,...,T — 1, are given in the
following Theorem 2.

Theorem 2. Let K,, (%, %141) be cones of tangent directions for the multi-
valued mappings a;, t = 0,1,...,T — 1, at the point (Z;,%141) € gph a;. In
addition, we suppose that there exist the points T2 € X* for which hold one
of the conditions below

(a‘) (f(t)’f?—i-l) €ri gph’ Qg , t= O) 1)2)"')T -1
(b) (f?’f?—fl) € int gph at , t= 0) 1)2)"')‘T -2

(ZF_1,%7) € gph ap_y .

Then the following equality is verified

(ar—10arg0---o0 ao)*(zT; (%o, 1))
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= {133 : 155 € a(’;(wi‘, (Iio,ffﬂ), e )m;"——l € a;‘—l(a;;“) (‘iT*l)iT))} (13)
or shortly
(@")* (-, (%o, E7)) = a§(-, (F0,&1)) 0 -+ 0 @54 (-, (Er—1, E7)) .

Proof. Let us prove the theorem for the composition a;0a;_y. The following
statements are equivalent to each other by the definition of locally conjugate

mapping:
* * * ~ ~
T}y € (as 0 at1)" (2341, (Be1, Tey1))

and
— < T41,%f_ 1 >+ < Byg1, Ty >0

(Z-1,Tt41) € Kapoaey (Ft—1,Te41) (14)

where Kg,oq,_, (£:-1, $141) are cones of tangent directions at point (&;_1, F141) €
gph(as 0 a;_1). On other hand (Z;_1,%:41) € gph(az 0 a;—1) implies that for
some I; € Xt (xt_l,iit) (S gph ai—1, (IEt,Iit.H) (S gph Q.

Now let us consider the following two cones at point (&;_;, Z;, Z;41) in space
Xt x Xt x Xt

Ky (%1, %4, Bep1) = {(Ft-1, T4, Tog1) © (Bre1, &) € Koy (T-1, 1)}

= Ngyy (ﬁt-—lait) X Xt+1 )

Ki(Zi-1, Bty Te1) = {(@e=1, Tt Teq1) (T, Tug1) € Koy (Bt Tay1) }
= X" x Ko, (%4, Z141)
and let us write (14) as follow
= <Z4-1,T 1 >+ < F, 0> + < Ty, 25, >>0,
(Z-1,%1) € Koy ((T1-1,31) , (T4, Teg1) € Koy(Z1, E141) (15)
Then using Theorem 1.3.2 and Theorem 11.3.10 in [1] we have obviously
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(_xz)fk—la 0, CIJZ+1) € [Kt—l(ﬁt—l) fzta ‘%H-l) N Kt(‘;ﬁt—la ﬁta izt%—l)]*
r1(Bemt, By, Bega) + KF (121, Bty Tog)
= K7, (8-1,&) x {0} + {0} x K} (Z¢, To41)

After all these the vector (—z}_;,0,},,) can be represented in the form:

—zi = —f’;tlip 0= 1* - x?*> TZ+1 = wtzJ*,p
(—a*y, @) € K, (F4-1, %), (—z7*,28}) € K, (&, B141) (16)

The statements (16) are equivalent to the following statements

Ty = wgip mt 1 €0p 1(% , (B-1,%4)), xtl* € a:(x;;{—l)(:%tajt-’rl))

Let us denote a;_; 0 a; by a; and @42 0 azy1 by a1 ete. Then the proof ends
using these recurrent statements.

Theorem 3. The formula (15) is valid for polyhedral multivalued mappings
a;, t=0,1,...,T — 1., without conditions (a),(b) of the theorem.

Proof. Using Theorem 1.4.14 [1] instead of Theorem 1.3.2 and Theorem
11.3.10 [1] is sufficient in polyhedral case.

Theorem 4. Let the trajectory {%:}_, be the optimal trajectory for the
problem (1)-(8) and K, (%1, e41), Kn(Zo), Ku(Zr) be cones of tangent di-
rections for the convexr multivalued mappings a;, t = 0,1,...,T — 1, the sets
N and M respectively. Then under the conditions of Theorem 2 for the tra-
jectory {%:}E o to be an optimal of the problem (1)-(8)it is necessary and
sufficient that there exist some vectors z%, xzf, t = 0,...,T, not equal to zero
simultaneously, such that

x)tk € GZ(A'I:ZH; (i’ta izt%—l))) t= 0) 7T -1 (17)

zp + @7 € Sug(¥r), w; € Ky (3r),

110




xy € K¥ (&)

Proof. The proof is obtained from Theorem 1 and 2 taking into account
that the inclusions =} € (aT)*(h; (Zo, Zr)) and z} € af(z},1; (Ft, F11)), t =
0,...,T — 1 are equivalent to each other.

Theorem 5. Let the conditions of the Theorem 4 be valid and for each t
the multivalued mapping a;(z) be a closed set for all 7y € X*. Then for the
tragectory {%:}X, to be an optimal of the problem (1)-(3) it is necessary and
sufficient that there exist some vectors x%, xzf, t =0,1,...,T and the number
A = 0,1, not equal to zero stimultaneously, such that

:%t+1 S 8y*Wat(5%tym:+1) ,CU: c 8:1:Wat(f&t;m:+1) N t = O, 1, ...,T -1
m;‘ + m: € 85119(5%T)> m: € K;VI(:%T) )
Proof. It is known that

Wa(z,y") = inf{< y,y" >y € a(a)}

a(z;y*) = {y € a(z) < y,y* >= Wa(z,v%)}
From Theorem IIL2.1 in [1] if y € a(z,y*),2 = (z,y) then a*(y*;2) =
0:Wa(z,y*). On the other hand From (17) we have aj (z}, ; (&, F41)) # 0.
Thus we can write

af(w}y1; (&, Br41)) = 0uWa, (21, 2F,1) (18)
Tep1 € at(:%t, 55'21-1) (19)

It is clear that —W,(z,y*) = sup{— < y,y* >: y € a(z)}. Let for each t, the
» .

multivalued mapping a:(z) be a closed set for all z € X*. Then —W,(z, y*)
is a convex function with respect to y* and using Theorem I1.3.11 in [1] we
have

Oy (~Wa(z,y")) = —a(z; y*)
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Then W,(z,-) is concave because of —W,(z, ) is convex for all fixed z. From
the definition of subdifferential of the concave functions we have

Oy (Wa(z,y")) = =0y (~Wa(z,y"))

and thus 9« (Wy(z,y*)) = a(z; y*). Consequently, (19) can be written in the
form

Try1 € ay*Wac(i'h CL'Z+1) (20)

Finally using the formulae (18) and (20) the proof is completed.
3. Duality

For problem (Py) with convex structure dual problem are constructed us-
ing the theorems of duality of operations of addition and infimal convolution
of convex function. This duality problem consist of the following:

(Pp)  sup{—g"(27) + Qar (a5, 21 — z) + War(27) + Wi ()}

Theorem 6. If the solutions Zr and {z}, 25, x*}, 25 € Og(Z7) satisfy the
condition of the Theorem 1, then they are solutions of the direct (Py) and
dual (Pp) problems, respectively and their values are equal to each other.
Proof. The fact that Z7 is a solution of the direct problem (Py) was proved
in the Theorem 1. Study the remaining assertions. By the definition of a
LCM the condition z € (aT)*(xk; (%o, ¥r)) of Theorem 1 is equivalent to the
inequality

— < xh, 2o — Fo > + < Th,xp — Fp >> 0, V(m0,27) € gph 0T
This means that
(x}, z%) € dom Q, (21)

where dom Q, = {(zf,2%) : Qu(z},2%) > —oo}. Further, since [1],[3],
dg(xr) C dom g* it is clear, that

25 € dom g* (22)
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Consequently it follows from (21) and (22) that {z§, 25, %} is an admissible
solution. It remains to show that {z§, 25, «*} is optimal solution. By the
Lemma II1.2.2. in [1]

Qur(xh, 25 — T2)+ < z§, To >= W,r(Zo, 27 — 2,)
Here W,r (%o, 25 — x¥) =< Zr, 27 — x5 > and so
Qor(zh, 26 — b)) =< Tp, 25 — 2zt > — < T, To > (23)
On the other hand the inclusions z§ € K}(Zo), 2t € K};(Z7) imply that
Wi (z}) =< z§, To >, Wu(zt) =< 2}, &r,> (24)
respectively. Now, Note that 2z} € 9g(Zr) is equivalent with the inequality
0'(4) =< ir, 4 > —g(ér) (25)
Then taking into account (21)-(25) it is not hard to see that
—g"(21) + Qar (25, 21 — 7) + Wa(22) + Wi (a5) = g(&7).

The proof is completed.
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