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SPACES OF ANALYTIC FUNCTINOS OF FINITE
TYPE OF TWO COMPLEX VARIABLES

Hazem Shaba Behnamn and G.S. Srivastava

ABSTRACT. Let f(z,.z,)~ Zam”z{’”z;' be analytic for lz, l<],i: 1,2, Using

m.n=0
the order and type characterization of f(z,,z,) in terms of coefficients {¢,,,}, a metric is
defined on the space of all functions of type less than or equal to 7. The properties of this

space and linear transformations have been studied. Necessary and sufficient conditions

for a base to be a proper base have also been obtained .

1. Let
(ll) f(zvzz) = ZL!""JZ:"Z‘;,
m_ =i}
0, ~ H
where =z, =ne™.z, =re'™, a,, €C . be analytic for lzl [<i , l:/:2 ! <l. Bose and

Sharma [2] obtained the growth properties of entire functions of two complex variables
and defined their order and type etc. In a recent paper [1], we have considered the
growth of analytic functions of two complex variables. Thus we define, following Bose

and Sharma,

M(r.r) = 111&)_( [f(:‘,zz) .

The order pof f(z,.z,) is defined as

log" log" M(r,.r,) _

(1.2) hm sup , ; <psw,
ansl —log log(rr)”
and for0 < p < o, the type T of f'is defined as
log® M(r,r,
(1.3) hmsupu’:—"—):i’" ,0LT <0,
oyl —IOg (rll"z)_'n

We have shown that the analytic function f(z,,z,) is of type T'if and only if

l + P+ ol
(1.4) hm sup (log |a""' )) _lpt l))
o (m + n)’ (2 p)n'

T, 0<p<w,



Let X(p.T)denote the class ofiall functions f(z,,z.)= Zam:,'”:’; analytic for

n =0
‘z,| <1 and ofiorder less than or equal to p, and if of order p, then of type less than or
equal to 7, 0<T <o. Under pointwise addition and scalar multiplication, the set
X(p,T)is then a lincar space over the complex field C.

Forany f e X(p.T),. we have

i .t . gt p+l
(] 5) . i]m Sup ( 0!3 l('rumh1 < (p + ]) : T'.
) " (m-{-n)" (zp)l

Hence forany ¢ > 0, 3 positive integers m, and n, such that forall m >m, . n>n,.

- (1.6) la,,,| < explim +m)" MO +e)) ]

where we put (p+1)*" /(2p)* =C. Foreach f e X(p.T), we define

I, = Slan expl=tm+my > e +q 0T

=0

where ¢ =1,2..... In view ofi(1.6), “f"q exists for each ¢ = 1,2,.... and for ¢, <¢,.

i, <A,

This norm induces a metric topology on X (p,T). This is given by the equivalent metric

2 17 -2
Af gy =S L 2l
/.8 ; Tl

We denote-by X, (p,T) the space X(p.T) equipped with above metric A .
2. In this section, we obtain some propertics of space X,(p.7) and linear

transformations on it. First we prove

Theorem 1. The space X ,(p,T) is a Fre'chet space.
Proof We show that the space X, (p,T) is complete. Therefore, let {_f!} be a
A —Cauchy sequence in X)"(p,T). Then for any >0, 3 a positive integer

m, = my(n7) such that

(2.1)

7. —fﬂ!L <n forall a,f >m,, ¢g=1.

. o * o
— (a) ' — b
Lel j:x (zl 123 ) - Zan:: zlm Z;, f,(l (zl 3 22) - Ztlfjir)‘;,'zj’."

w n=0 =0

Then we have



ipth

rm! ] < ” *

(2.2) Z}al‘,jj‘,' - “'! CXpl—(m + )t ;( Tty )}

o=
fora.ff>m,. ¢>1.

L7 [
i fu:l N

llence lor each fixed m,a, {a being a Cauchy sequence of complex numbers.

- l .
hus, 3 asequence e, (. such that

Ilmu“”: a mon=012..

ma NI
"w—r

Now, taking fI = «in (2.2). we gel for @ 2m, .

i‘af,'j" - m”| CXp|—~(m+n)” ”"“{( (T+qg™ )F S P

[FIS]

—
b3
[}

——

Taking a = m, . we ge| for any fixed ¢.

1 tp+ly

|expl=(m+m)" " HOT g D <

! H,‘u

| o '|e\p[ (m+n)””””;( (T +q¢ )}M'”“]+13.

Ul”

P

Now, f, (z.2,0= D um’z"z1 € X, (p.T). Hence the condition (1.6) is satisfied for

LINTd

l ta, li

l, "

Thus for arbitrary p > ¢ . we have
| ,,,,,}‘-\Pl (1H+’7)" \',‘JH]%( (I iy p )}I(,lnlll

< n +|U“H")| exp[m(’"+”)“'“HI]{(‘(T+(!‘I )}Il{,u+|)]

Hit

<I?+txp[’(jn+n)p{,nll(tl[;1+I){(T+ 1(.,|+I] (T+qf|)|[p+1)}J
Since p>gis arbitrary, the second term on the R.H.S. approaches to zero as
(m+n) =@, Also, since n>0 was chosen arbitrarily, the sequence {a, }:ﬂz(, satisfies

(1.6) for any ¢ and all sufficiently large wvalues of m, n. Therefore

(z.25) = Zu”m:,’":’; e X, (p.]).

oi=4

Again from (2.3), we have for arbitrary £ > 0 and ¢ = I.2,....’fu ~—f"q <& . Hence

fu =/t
i(f.,-f)"zz "Hr
<w~8— 3 27 = £ <E,

l+& 5 l+¢



Since the above inequality holds for all a > m,, it follows that. f — f as a > .

Since we have already preved that f € X, (p,T), this proves that X, (p,T) is complete.
This provee Theorem 1.

Now we give a characterization of linear cdntinuqus functionals on X, (p.T). We
thus have | |

Theorem 2. A continuous linear functional F-on X, {(p,T) is ofi the form

F(f)= Za c,, ifand only if

I
wt =0

(2'4) ' |c"m| <l CXp[—(m +n)pl(p+l) {C(T + qm] )}U(IH'”]’ monz ,.. g > ],

nn

U-l‘lwhereLls f'nlte positive number and f(z,,z )= Za 7'z; -

. =0
| Proof ' .Le; F X, (p,TY>C, where C is the complex field, be a linear, continuous
| :f'__-.;ﬁ:ﬁé{ibnal Then for any sequence {f,}c: X,(p,T) with f, = f, we have

_-_F(fj) —> F(f) as ] — o, Now, let f(z],z )= Zam,,z{”z;’ , where the sequence {a,,}

m =0

-satlsﬂ_es (16) . Then feX,(p.T). Also for j=12,., let us put

-. f(zt,zz)—- Zamnz{"z; Then f, e X,(p,T) for j=12.... Let g be any fixed
pos’p_t_we |_nt_eger‘and let 0<e<g”'. Then from (1.6), we can find a positive integer j

[

W Ymn> ;.

uf.-;»-f,-n-_ Z

= 4 1

Z'anml exp[ (m + n)pf':P*’” {C (T +gq i )}l/(pH)]

o=+

< zExp[(m + n)P-"(PH)CH(pH){(T + E)I.’(p+l} (T + q_|) I{p+])}]

Somh=

g'.iven o >.0, we get “féfjnq < for all sufficiently large values ofij.




-7,

R,

i: 21

Hence f, — f in X,(p,T) asj — . Therefore, by continuity of F, we have
lim F(f,)= F(f).

Let us assume that ¢, = F(z,"z}) . Then

i

an

Fuwmmﬂfymngmm_z%@w

=0 ©om =

|F(z"' 3)|. Since F is continuous on X, (p,T), it is continuous on

ther l

Further, |c
Xy (0T for each ¢ =1,2.... Consequently, 3 a positive constant L independent of ¢

such that
IF(Z:IZJ)' = lcnm I = L“(Snm”q o 21 i

M

where 6,,(z,,7,) =z, z; . Now, using the definition of the norm for §,,,(z,,2,), we get

< L expl~(m+ ny" e {C(T 4 g

li'l"l -

1,

\c

where c¢,,’s satisfy (2.4).

i mn * i

Vmnzl, g 21. Hence we have F(f)— Za

m =0

Conversely, suppose ¢ os satisty (2.4) and for any sequence of complex numbers

™R

m,, F(f)= Zam,, ¢, - Then for g th, we have

o omn=h

FONS LY fa,lexpl-(m+my o™ (o + g™,

mn-0

or, |[F(NH s LYf),. a2t

Hence F e X, (p,T) for g=12,.... Since

I -&l,
A 2L
8= Z L+]f - gll

therefore X, (p,T) = UX i (p.T). Hence Fe X, (p,T), the dual of X (p,T) Thls:.

proves Theorem 2, . 7 o
3. In this section we shall study continuous linear transformations and proper bases in-

X(p,T). Following Kamthan and Gupta [3] ,we give some definitions. Let’



S .m.n=0! be a double sequence of entire functions in X. The sequence la Uis
G s q q { §

s

said to be linearly independent if Zcr,,ma”m =0 implies that «, =0Vm.n. for all

st

mn

sequences {a,, }0[' complex numbers for which the series Zam”cxm” converges m .Y

nin=l)

A subspace X, ofi X is said to be spanned by a sequence {o. ' X ifi X, consists of all
p 0 p y q o § [H]

linear combinations Za”mam“ such thal Zu”ma”m converges in X A sequence

=0 s gr=4)

Y, Y X which is linearly independent and spans a subspace X, of X is said to be a

base in X,. Finally, a sequence {a,, }< X will be called a “proper base™ if it is a base

and satisfies the condition:

“For all sequences {u, ! ofi complex numbers. the convergence of Zumnam,, in X

i =1}

implies the convergence of: Zaw,ﬁ

i =10

in X, and conversely™.

nn

To prove our next result we define for f e X(p.T) andany 6 > 0.

"f: p.T + 5“ = 2 |a”m|exp[—(m + )T + 5-)}“’”"' R

-}

o
where _f(:l-\:g) = Z"‘rmn:l’":g .

m n=t)

Theorem 3. A necessary and sufficient condition that there exists a continuous linear
transformation £ : X{(p.T) = X(p.T) with
F(anm) = ﬁnm M= 0,',2,... ;5mu(:| ":3 ) = :]m:g 5 ﬁum € /\,(p‘ T)
is that foreach 6 > 0,
(i1 + )"
NN Gt <ﬁ
B0 T +3]f ) |

Proof. Let F be a continuous linear transformation from X (p.T) into X(p,T) with

3.1 hm sup {
BEH—yo log‘r (

F5,)=p8,, .mn=012... . Then, for any given 6 >0, Juad =06,(6) and a

‘constant K = K(8) such that



|75, p:T + 8| < K|5,.:0: 7+
[P 5] K expltoms m {5} )
e (m+n)" < I <_l_ ‘
| {iog' (B, T +5] )}”'“_’ C(r+8,) CT
ie. hm sup (mt )" | 0

=< < .
g+l 1 o v
[T s {10g!(”/j,,,,,lPlT+5n l)}( ! ((_T+O|) (T
Conversely. suppose that the sequence {f,} satisfies (3.1). Then, for any

n">0, AN, =N, suchthat

{m+n)" - < |

(3.2) 1
{log" ([B:pT v 8] H] ™"~ €A+

s Vmn>N,,

and all 6 >0. Let f(z,.z,)= Za ='z3 € X{(p.T) and choose O <n<n'. Then

|
ui =0

from (1.5). 3N, (;7) = N, such that forall m.n> N,

(3.3) e | < expl(m+n)” U@+

i

Let n, = max (N,,.N ). Then from (3.2) and (3.3). we have forall m,n > n,,

|a”"f | “ﬂum , P; 7 + (5” <

expl(r + 1) P 4 gy L g gryleeD }] :

Since 0 <1 <n'. this inequality implies that the series Zanmﬁm converges absolutely

m =)

in X(p.7) and X(p.T) being complete, we infer that this series converges to an

element ofi X(p.7). Hence, let us define a transformation F: X(p,T) — X(p,T) by

putting F(u) = Zu”mﬁ”m for ¢ € X(p.T). Wenote that F is linear, F(5,,)=,,, and,

m p=i)

for & > 0.3’ > 0. such that

(m+n)" ' . C
Iﬁ"m;p:T+6f|—l)}[r’+1). - (‘(T*F(S’)

for m,n > N(8,8")

{Iog*(
i.c Hﬁm,,:p: T+ 8" <h exp[—(m+n)yrteth {(‘(T +5’)}”(’””]

forall m.rn 20, h=h(&)being a constant. Hence



[F @7 + 55 S lBunt T +5]

m =0

< i|am“| h expl—(m+ )o@ +8) )

=0
< h'i|a;p;T+5'"ﬁ
where 4" = max(#',1). Thus F is continuous and Theorem 3 is proved.

From (1.5), we know that ZC,"”a”m converges in X (p,T) if and only if

+1
(log'le,.)" <

(3.4) Hmsup <(CT .

nn—sw (m + H)P

Now, we prove

Lemma 1. The following three conditions are equivalent:
{(m+nm”

<L,6 >0,

(3.5) ' hmsup NATRT ;
T B

n {log + (

(3.6) For all sequences {u,,} of complex numbers, the convergence of Za m

=0

Fe}
iy i

X(p,T) implies the convergence of Zaw,ﬁ”m in X(p.7),

=0

(3.7) For all sequences {a,,} of complex numbers, the convergence of anm,,&m, in

=)

X(p,T) implies that lim a,, B

n .o

=0 in X(p.T}).

Proof. In proving the sufficiency part of Theorem 3, we have already proved that
(3.5) = (3.6) . The implication (3.6) = (3.7} is evid_ent. Hence we have to prove that
3.7Yy=(3.5).

Let (3.7) be true but for some & >0, (3.5) be not satisfied. Then, say for
8=68", 3 sequences {m,},{n,} of positive integers such that for, m=m,, n=n, and
k0 =12,..

(m+n)" | I

(3.8) - -
{Iog* (|[ﬁ,m',; p;T+5[|“)}“ C {T+(k1) ‘}

We define a sequence {a,,} as



—I
, m=m, h=n,

wil

{" B i T +8]

otherwise

Then for aii large values of kand /

+ }[I“*’]J . , 1 )
{Iog (a““s"t l)j _ ]()g [jmkn, I’p; T + 6 " )
(m, 4 ny)" - {m, +n)"
Hence
¥ Hoth
log™ |a
hm SUPW{ 5 I "wlj, <7,
mH—w (n? =+ f’l‘)"

Thus, the sequence {a”m} as defined above satisfies (3.4) and hence Zam,ﬁ”m ‘converges

in X(p,7). Hence by (3.7), we have lim 4, 3, =0. However

“a,w BT+ 6'“ = Ia"n-"f Hlﬁ'"m o T+0 ’H =i.
Therefore {a,%ﬁw"’} does not converge to zero in X(p,T). This is a contradiction.
Hence (3.5) must hold for all & > 0 and the proof of lemma | is complete.
Lemma 2. The following three conditions are equivalent:

(3.9) For all sequences {a”m} of complex numbers, lim a, f8,, =0 in X(p,T) implies

o

that ZUW,SW converges in X{(p,T),

e =4

(3.10) For all sequences {“..m} of complex numbers, convergence of Za"mﬁm in

mp=0

X(p.T) implies that Za”m&;rm converges in X{p,T),

m o=

‘1
(m+n) S ‘

|
T

(3.11) fim [lim inf prerd
. d=0 e {l0g+(l§ﬁ“m,p;T+6"4)}( !

Proof. Obviously (3.9) = (3.10). Thus we prove that (3.10) = (3.11). Assume that
(3.10) holds but (3.11) is not true. Then, we have

(m+m)’ 1

(!ih‘?, [hm mf ENTEIE e
g thm m {log+(“ﬁnm; p:iT +38| )} CT

Hence forany 6 > 0,


http://oiherwi.se

(3.12) [iin inf (m +m)

|
- f y . ol ](Pil! <_(—-|?
N N I B

Let 17> 0 be a fixed number. From (3.12). we can lined increasing sequences m, L {n,}
ol positive integers such that

(1, +n,)" i

<
{l()g’ (|1/3m;”’:p:7'+<5” i)}' RS VEN7)

For i, 0 <y, <. we define a sequence {u“m !as

S e Cpl
_ jexplm +ny’ RO A = e =,
(2] R
0 : othervise
Then for any ¢ > 0. we have

(3.13) Zla,””[ 1B, T +3|= Z'a BT 48],
At

hrar U

Now, {or any 6 >0, we omit those erms on the RH.S. scries for which & < (&) ",

Then the remainder of the series (3.13) is dominated by

> | [B T+ D) |

A=l

Consequently by (3.11), we obtain

3| [T TSI
LA

Zcr‘ipif”-',, +”,‘),..s,u|)(wl 1,u||j!(7-+”|}l|,nlj -—(T-l—I])Hr”“H.

A3

Since 13, <. the series on the RILS. is convergent. Sinee a,, =0 for m# m, and

n# i, . he series Za”mﬁm converges for the above choice ol ja,, ;. Sinee this is true
niir =t

lorany 6 >0, Za“mﬁm“ converges in XY{(p, 7). On the other hand, for this sequence

m =0
a,, i » we also have
NS
. {!og*|a,,,,,|F' - -
(3.14) lim sup———""—=C(T"+n,)> 1
it Al r {(m+m _

which is a contradiction. Hence (3.10) = (3.11). Lastly. we prove that (3.11) = (3.9).

Hence, suppose that (3.11) holds but (3.9) does not hold, Then, 3 a sequence {a !

Friryl ’


http://olhcmi.se

— 0 inX(p.7) but Za a . docs not converge

sy i

ol complex numbers for which «,, 3

nin
it -4l

in X{p. 7). Henee from the equivalent condition (3.4). we have

§ + ol
+ -{h)g |”mu j i
lim sup——————> (T
LINIEY (”’J‘ + ”)’

Thus. 3 a positive number £ and a sequences (i, } {n,} ol positive integers such that

f

(o)
og |, |§

”m;n;

=T + &)

(o 4 n, ¥
Let O <y <e/20 From (3.11). we can fined a positive number & such that

{(m+m)” . |

lim inf T .
N \lh)g‘ (uﬁm”;p;}r +5“ I)I ( (7 + 1])

[ence 3 aninteger N = N(17) such that Tor m.n> N |
{(m+m” ]

f [ - RS 3 T 1U”|) 2(‘(l+2})
Hog" (|B,,.:p: 7 +3| ) ]

Therelore.

PRV AR !

mux|ic.'m”ﬁm”;p: 7+ O‘” = max{ |um“| “ﬁ

> |11ax‘“u,,,‘,,, | “/5 Pl 5” }

My by
> expllm, +m,)" e ””"{(TJr::)] PN AT 2! “””}]
>1.
since & > 217, lence the sequence {umﬁ”m } does not converge o zero for the & chosen
above:  Hence, {“..,,,/3”,”} does not converge to zero in X(p, 7). This is clearly
contradictory o (3.11) and hence we obtain Thal (3.11) = (3.9). This proves Lemma 2.
The following result, which gives a characterization ofa proper base in X{(p.7) . lollows
[rom Lemma | and Lemma 2. Thus, we have

Theorem 4. A base {[3

i

} in a closed subspace X, {(p.7) is proper iland only il the conditions

(3.5) and (3.1 | stated above are satisfied.
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