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T H E W I E N E R T Y P E S P A C E S W(B;^(G), L[.(G)) 

Birsen S A Ğ I R A . T u r a n G Ü R K A N L I 

Abstract . Let O' be a local ly compact abcl ian group 1 < /?,Î/,/' < co and vr, v , v arc 

Beurl ing's weights on G. Wc denote by /?,',"((/') the vectorspace Lr

w{G)\ L ' l ( G ) 

and endowed it w i t h the sum norm l . / j^ ' ' = ||/| ı r + | / | r [8| . Research on Wiener 

type spaces was init iated by N. Wiener in ¡9] and many authors worked on these 

spaces. H. Feichtinger gave a k ind o f generalization o f the Wiener 's def in i t ion in \ 11. 

In this work we discussed Wiener type spaces İY{BI

I

1':'
I

V{G),L'V{G)) using the space 

B[v'! [8] as a local component, and L[, ( G ) as a global component. 

1. Introduction. 

Let G be a local ly compact (non-compact, non-discrete) abelian group w i t h 

Haar measure dx. We denote by C ( .(G*)the space o f a l l cont inuous, complex-valued 

functions on G w i t h compact support. The space L)IU.(G)consists o f al l measurable 

f u n c t i o n s / o n G such that f%K e L ] { G ) for any compact subset AxrG , where XK ' S 

the characteristic funct ion o f A.'. It is a topological vector space w i t h the fami ly o f 

seminorms / '—>|/ j f x -|] . A Banaeh funct ion space (shortly BF-space) on G is a 

Banach space ( # . | L ) o f measurable functions embedded into L\IK ( G ) , i . e. for any 

compact subset K c X i there exists some constant CK > 0 such that |./X^İ! - ^*/ .||/L 

for a l l / e f i . A BF-space is called sol id , i f geB, f e L ) M . ( G ) and | / ( x ) | < |#{.v)| 

local ly almost everywhere (shortly 1. a. e) impl ies f e B and | /| < ||̂|| . The left 

translation operators A, are given by L , j \ x ) ~ f { x - y ) for x.yeG. ) is 

called strongly translation invariant i f one has LvBçz B and H U L ' o r a " 

feB.yeG. A Banach space ( # . | L ) * s c a " e d a Banach module over a Banach algebra 

) i f B is a module over A in the algebraic sense and satisfied \aJ^ <||£/|| J|/>|| 

for al l aeA* beB. A tr ip le ( / ? ' . / ? 2 , / r ) o f BF-space w i l l be cal led a Banach 

convolut ion tr ip le ( B C T ) , i f convolut ion given by 

r*j\x)^[f\x y)f\y)dy 

a 

for / ' e B' 1 Cr(G) ( i = l , 2) , extends to a continuous bi l inear map f rom Bl x B 2 

into B*. It is known that a Banach space B is Banach module over the Banach 

algebra A i f (A. B, B) is a B C T [1]. The Fourier algebra A ( G ) is def ined by 

{/' / e L ] ( G ) } . It is a Banach algebra w i t h respect to po in lwise mu l t ip l i ca t ion and 

-|| / | , here / is the Fourier transform o f / ' € l) (G). Throughout the norm f 

this work , we also w i l l use Beur l ing weights, i . e. real-valued, measurable and local ly 



bounded functions i i ' on a local ly compact abelian group G wh i ch satisfy 

1 < ir( .v). ti'(.v + y) < \i'(.v)ir(y) for 1 < /? < co, we set 

/j;.(G) = \f\fW^Ll'(G)\. 

Under the norm |/'|^ ^ = |/'.nf . this is a Banach space. When p-~ /, L[,{G) becomes 

an algebra under convolut ion , called Beur l ing algebra |7j . In this paper another 

important tool is the space B ' t ' [ ' ( G ) = L ' l ( G ) [ L''r(G) w i t h the norm 

III!, !' ~ III,, u + III , , r !• where r a r e Beur l ing weights on G and 1 < < co. The 

main tool is the Wiener type spaces in the sense 111. The def in i t ion is the f o l l ow ing : 

Lei B be a BF-space. Assume that there exists a homogeneous Banach algebra 

( / / . [ H j , cont inuously embedded into ((.',, (G),|||^), and ( ^ f l l ^ ) is cont inuously 

embedded into the topological dual space A ' r ( G ) = ( A ( G ) 1 Cr(G)) . where A ' - ( G ) 

is equipped w i t h its weak topology <r(.-!,'.(G), Ar(G)). Here A r ( G ) - A { G ) 1 (\-(G) 

is given induct ive l im i t topology o f its subspaces ( / 1 A - ) , where K c X i compact, 

Ak(G> = A ( G ) 1 C\(G). A lso B is Banach module over A ( G ) w i th respect to 

poin lwisc mul t ip l i ca t ion . We define BliK to be the space o f al l elements / o f 

A\ . (G) such that hf e B for al l // e A r { G ) . This is a local ly convex vector space 

together w i t h the topology defined by the seminorm / > \\hj| J i e A r ( G ) . Fix an 

open, relat ively compact set QcXi and for / e BIIH we set Ff (x) ~ xvi2)* w i t h 

IMLv+n) = i n f lH I / i k G

 B.hf = hg for tilths Ar(G) with sup /?/-/ c .v + o\. 

I f now ( ' is a sol id , translation invariant BF-space on G". the Wiener type space 

IV(B,C) w i t h local component B and global component C is then defined by 

The natural norm on IV(B,C) is given by 

-Ik*;II.. pi-

2. T h e Wiener Type Spaces w(fi™(G), L'v (G ) ) 

We introduce the Banach spaces 

A''\G)=F{L\jG))={f fel}w(G)\ 

the norm where OJ is an arbitrary weight funct ion on G , and F is the 

classical Fourier transform. W i t h this, A " ' ( G ) is a Banach algebra under pointwise 

mul t ip l ica t ion |7J. We set A " ' { G ) - A'" ( G ) I C ( ( G ) , equipped w i t h the inductive 

l im i t topology r„ o f the subspaces A " ( G ) - A'" ( G ) I CK ( G ) , A.'czG compact, 

equipped w i th their || -norms and (G ) ' is the topological dual o f A'".{G) w i t h 

the weak*-topology. 



Lemma 2. X. B ' ^ ' i G ) is conl inuously embedded into A ' . ( G ) w i t h its weak*-

topology. 

Proof. I i is clear that B'^'{.(G) is continuously embedded into U'(G). It is also 

known that A'R(G) = i î (O ' ) , the space o f quasimeasures on G, and that /_''((/') is 

continuously embedded into Q ( ( J ) (w i t h its weak topology as the dual O(G) [6|. T his 

proves our proposi t ion. 

Theorem 2. 2. Let vt\r be weights on G and 1 < puj < » . I f the weight funct ion to on 

G satisfies Beur l ing Domar condi t ion (shortly ( B D ) i . e ^ / ^ < O Q , / £ ( J ) . 

then / ^ ' . ' (G) is continuously embedded into o~ e (^f!- (G)\ ẑ "- (G ) ) . 

Proof. Since B™.(G) is continuously embedded into a & (A'( ( G ) , A r ( G ) ) by the 

Lemma 2. L , then i f one uses the above embedding and Corol lary 1. 3 in [ 5 ] , easily 

proves the Theorem. 

We assume henceforth that the weight funct ion to on G satisfies (B . D) . 

Therefore A " ' ( G ) satisfies a l l o f the properties required for the construction o f 

Wiener type spaces in the sense o f Feichtinger [1]: It is clear that / i " ' ( G ) i s 

cont inuously embedded into Cb(G). Moreover , A ' " ( G ) is a regular Banach algebra 

under pointwisc mul t ip l ica t ion (Reiter, [ 7 ] ) and also is homogeneous Banach space 

14J. 

Secondly, B ^ : ' ' ( G ) is a Banach module over A " ' ( G ) under pointwisc 

mu l t ip l i ca t ion [8] and we proved that B ^ : ' ' ( G ) is cont inuously embedded into 

o"(/J'"(G)', A'" (G ) ) in Theorem 2. 2. Hence. Feichtinger's general hypotheses arc 

satisfied. That means the Wiener type spaces w { B l ' i ' r
, ' y ( G ) , L ' v ( G ) j arc we l l def ined: 

G iven any open subset Î 2o f G w i t h compact closure and / e ( ^ i ' , ' - we set 

F/(z) = \\f\z + a\\p-11 z e G \ 

The Wiener type space W{B™V{G)HU'V{G)) w i t h local component B™(G) and 

global component L ' V ( G ) is then defined by 

The natural norm o f (/?,{'''(G), L'Y (G ) ) is given by 

f\w(B^(GlL'v(G) — 

We now proceed to the investigation o f some basic properties o f Wiener type 

spaces IV(B;;.'1(G),L[,(G)) in the sense [1]. 

Theorem 2. 3. ( i ) The Wiener type space w { B l

r

t ' : ' l ( G ) , L ' V ( G ) ) is a Banach space 

under the norm 



where f ^W{B{G)J!Y{G)). It is also continuously embedded into (B™(G)\K . 

(ii) The set A { ) = { / G 5£\?(G)|sup p f i s compact^ is cont inuously embedded 

into w{B;;'>V{G),LY{G)\ 

(iii) ^ ( / i ( ; : i ( (y) , / , ; . (G)) is left (r ight) invariant. 

\L\\<\\L \¥*U, 

where |||-|||-|||||' ' and ||.||| are operator norms on w{Bjy''V(G)* L'y (£/)), B{^(G) and 

/ ^ . ( G ) respectively. 

(iv) The translation is continuous in the Wiener type spaces 

HiB;;;i(GiL[.(G)). 

(v) w{BH'!

Y{G\L!Y(G)) is a Banach module over W{A(G)J,' { G ) ) w i t h respect 

to the pointwise mul t ip l i ca t ion . 

Proof. By Proposit ion 2. 3 in [8] the space B^['(G) is translation invariant and 

translation is continuous in this space. Then i f one uses Theorem 1 in [ 1 ] . the p roo f 

o f this theorem is completed. 

Proposition 2. 4. Let i r and v be weight funct ion on G sat isfying v<vr and 

1 < i\q <oo . Then i f ( G ) , / . ; . ( G ) ) is a Banach module over wfy?V{G)JÏV{G)) 

wi th respect to convo lu t ion . 

Proof. It is easy to show that every local ly compact abelian group is a IN group. 

Moreover by Proposit ion 2. 13 (b) in |8] the space ','((/) is a Banach module 

( G ) w i t h respect to convo lu t ion . It is also known that L N

W { G ) is a Banach 

module over w i t h respect to convo lu t ion [ 4 ] . Then 

( ^ ; ; ; . ( G ) . B ; ; ' ( G ) , ^ ; . ' ( G ) ) and ( / ' J G U ^ O ' ) , / . ; ; ^ ; ) ) are two Banach convo lu t ion 

triples on G. I f one uses Theorem 3 in [1] shows that 

{l>V(Bl[[.(Gl L[ ( G ) ) , W( B:;1 (G\ L:.(G)). W( ( G ) , L'l(G)) ) a Banach 

convolut ion tr iples on G. Then w{BH:I[{G),Lll(G)) is a Banach module over 

w{B^\XG), L[ ( G ) ) w i t h respect to convo lu t ion . 

Theorem 2. 5. W{B™\G\ L ' V ( G ) ) is a BF-space on G. 

Proof. By the Theorem 2. 3. ( i ) , W{B^'V{G)JIV{G)) is cont inuously embedded into 

(B^I1 ( G ) ) h . That means g iven any he / f " ( G ) (Thus a seminorm / * ; , ( / ' ) ~ | / Î . / ' | ^ 

on ) there exists a constant Dh > 0 such that 

|/î.y|;;;;<D (J|y|fF(B:: :; '(G')./_.;;(G)| 

for al l / e W ( B , " ( G ) , L'r ( G ) ) . Hence one can wr i te 

( l ) \\hj}l<Dll\\f\iv{B;;-(G)j:AG)} 

Take any compact subset KczG. Since A " ' { G ) is a regular Banach algebra w i t h 

respect to pointwise mu l t ip l i ca t ion , then one may choice a funct ion 



heA°!(G) = Am(G)\ Cr(G) satisfying 0<h<\ and h(x) = l for a l l xeK. Wc let 

Supph-A'0. Then ^ (x) < h(x), hence %K• (-v)|./"(x)| < / i ( x )| / (x )| for al l .veG. Since 

/ / is cont inuously embedded into / J / w , then there exists /\ > 0 such that 

( 2 ) j I ^ / U ^ ^ / ^ J I / ? / - ^ . 

Also one has 

( 3 ) j\f(x)\dx< j\f(x)h(x)fa. 

The proof is completed combin ing the formulas ( 1 ) , ( 2 ) and ( 3 ) . 

Corol lary 2. 6. Let vv, v be weights on G, v<w and xeG. Then the map x —> is 

locally bounded, where |||.||| denotes the operator no rm on w { B l ' t

K ' ' , ( G ) , L [ , ( G ) ) . 

Proof. By the Theorem 2 . 3 . ( i i i ) , one writes 

where |||.|||̂  ^ ' a n t * 
¡1 are operator norms on W(B™(G),LF

V{G)\ B™(G) and 

L[.(G) respectively. It is also known that |||£v|| ^ v ( x ) [4] and j||^v||[' < c .vrU) 

[ 8 ] , Then we have 

| | | / . V | | | < C . 1 V ( A - ) V { . Y ) 

for al l X G G . Since w and v are weight functions, then the funct ion w.v is local ly 

bounded. Hence x —• | | l v | is also local ly bounded. 

Proposition 2. 7. The Wiener type space W{B^{G)J!"V{G)) is a Banach 

convolut ion module ( left and right because G is an abelian group) over some 

Beur l ing algebra i\v (G). 

Proof. We proved i n Theorem 2 . 5 that W{B^,{G\L!'V{G)) is a BF-spacc. Thus 

w { B { ^ ( G ) , L r

v ( G ) ) is cont inuously embedded into L\JG). By Theorem 2 . 3 . , this 

space is left invariant and translat ion operator in W [ B ( ^ ! (G), L ' V { G ) ) is continuous. 

N o w i f one uses Lemma 1.5 in [ 2 ] proves that W [ B ^ ! ( G ) , L ' v ( 0 ) ) is a Banach 

module over l } ( G ) , where 

w ( ) ( j f ) = m a x ( l , | L v | ) . 

Coro l lary 2.8. W ( B ^ ( G ) , L ' V ( G ) ) is a left ( r ight ) Banach module over L\,n{G) i f 

V „ ( J ) is a we ight sat isfying v Q ( x ) > w0(x) for ai l xeG, where w()(x) is def ined as 

in Proposit ion 2 . 7 . 

N o w we w i l l begin to discuss the inclusions between the Wiener type spaces 

W(B™(G),L'V(G)). 



Given a weighted space AJ,'(G) the associated weighted sequence space is 

denoted by X,', and defined 

K=\<',hel e A. r|( £/, . ir(/)) / e / 6 ^ } , 

where the discrete weight w given by ir(/') - ) for iei. It is known that X[. is a 

Banach space w i t h respect to the norm 

i-iL = ( S M ' i i 

where r = ( i / , ) ( i , . 

[t is easy to prove the f o l l ow ing two lemmas: 

Lemma 2.9. I f /• < /\ then ^ . e /.',';. 

Lemma 2.10. Let v r v , be weights on G. and 1 < co. I f v, < v , and i\ </• 

then X'- <= V 1 . 

Any given solid Bl ;-space J* may be quite naturally associated w i t h a 

corresponding sequence space i ' ^ .vHsomel imes called sol id BK-space). 

Given a discrete fami ly v = (.v, in G and a sol id translation invariant BK-

space ( i J.| ) we define [he associate discrete space )' ( /(.v) as 

A | A - ( À , } w l i 7 7 / / X K | ^ v l . e f [ . 

wi t h natural norm 

14 =2J*. 

Using this de f in i t i on , we wr i te 

X .V.l! [3J. 

( 4 ) (//' (G ) I /.'• (G ' ) ) , , - • A|À = ( A , )-YlX\x.y* e / ' ' ' (G') l 11 { G ) \ . 

ml 

I f we use ( 4 ) and Lemma 2 . 9 . easily prove the f o l l ow i ng two lemmas: 

Lemma 2.11. I f r , < /-, then (/.'' (G ) I //' (G)) , , = Xr'. 

Coro l lary 2.12. I f i% </-, and A ' , < V \ then 

(/.;; ( G ) i /,;? (o) = i r ; . 
\ V , v2 f j 1'2 

Theorem 2.13. Let //, and //, be the weight functions in construction o f Wiener type 

spaces W [ B ^ {G}./ ,[ ' ' (G ) ) and M'I^! ' ," , , ( G ) . I I ; , { G ) ) respectively. A lso assume that 

i i i . i i ' ^ V p i ' ^ V p V , weights on G and \< pu(j\J\ <oo.If u] - u1 and 

( G ) c f i : ; ; . ( G ) 

then f r ( / ^ ' ; " r , (G ) , /.',\(G')) is continuously embedded into ^ ( f i , ^ . (G ) . ^ (G ) ) i f 

and on ly i f /\ </*, and v, < v , . 

Proof. Since B™VJG) a B™. ( G ) , then by Proposit ion 2 . 9 . in [ 8 ] there exists a 

constant c"--0 such that 

( 5 ) i / i r < , . iM ' "-" 



for all f & B ^ ( G ) . Also since //, * //_, then A'1' (Ci) = A"' (G) and 

(. I ' ' 1 {G'))' = G f * (G ) ) ' by Lemma 1.1 in |5j . Hence a simple calculat ion shows that 

(/*''•'' ((/') is cont inuously embedded into [ B ' , A ' (G ) ) . 

N o w using the def in i t ion o f Wiener type space and (5) . i f [ G ) j ! ' - : ( G ) ) 

is continuously embedded into ^"(s^^, ( G ) , / / ; ( ( / ) ) . Also because the Proposit ion 

3.7 in |3|, Jf^,'-,"'', ( G ) , L 1 ^ (G) ) is cont inuously embedded into W { B ' ^ ( G ) J % (G ) ) 

il"and only i f 

(6) ( / " (G) ) c ( / ' | [ G ) ) . 

where ( / ^ ( G ) ) ^ and ( / ^ ( G ) ) ^ arc the discretes o f the spaces /-'^(G') and (G ) 

respectively. I f we assume (5) then by Lemma 2.10 and (6) , we have r2 < r, and 

\'l < v 2 • Conversely i f r2 < i\ and v , < v 2 then A.'^ a ^ , Th is completes the p roo f 

o f this theorem. 

It is known that i f i n < w , . v , < i s . then / * { G ) c z B ' 7 - l / ( G ) . 181 . I f one 
1 1 - H i .1-.

 v lt'| ,V| 

uses Theorem 2.13 easily proves the Corol lary . 

Coro l lary 2.14. I I * u] ~ J / 2 . W , < u s , v , < v 2 then W{B™ (G ) . (G ) ) continuously 

embedded into W\BPUL (G).Z,''1 (G) i f and only i f v. <>'•>,/•-> < / , , 

C o r o l l a r y 2.15. I f ti{ ^u2-\V\ - " ' i ^ ' i ~ v 2 - v \ * v 2 a n t ' '*i = r2 • t n e n 

»ifl:;^(o')./^((;))-r(/i^ (c;u;! i ((;)). 

Propos i t i on 2.16. I f r 2 < and v, < v-> then 

Proof . Since r2 < r, and v, < v 2 then by Corol lary 2.12 we have 

(L'j ( G ) l / • £<G , ) ) / A lso by Lemma 3.5 (e) in |3| we wr i te [ L ^ ( G ) ) . 

Hence we obtain { L ' ^ ( G ) \ iJ^(G)) ^ =(L'^ { ( ! ) ) . Consequently i f we use the 

Proposit ion 3.7 in [ 3 | we have 

H ' { l ^ ( G ) J ^ ( G ) ) - W(B!$(G)JJI[G)). 

T h e o r e m 2.17. I f v, < v 2 , v 3 < ^ ' 4 - v 2 < v 4 , r 2 ^ > ' | . ' ' 4 - , ' V ' ' 4 -
 r i

 a r | d 

B''\ {G)aB'';1' (G ) then W[B'KI' ( G ) . t f r , J | (G ) ) is cont inuously embedded into 

W{B,KI> (G),B/]J'2 (G ) ) . 



Proof. Using t h ; [ o o f Theorem 2 . 1 . I V [ B P ; ^ { G ) j ! ^ (G)) is continuous!) 

embedded into W' Bp' ', ( G ) , / / ; ( G ) ) . By Proposit ion 2.16 we wr i te 

(7) W 8 , ' ^ ( ( / ) . Ll_ ( G ) ) = IV(B^ ( G ' ) . B ^ (U)). 

Hence from the . m ila (7) , W\B,KT1 { G ) j ! ~ ( G ) is cont inuously embedded into 

W [ B l l A ' v (a^By - ( , ) ) - S i n c e r4 ^ 0 and v 3 < v 4 , then because the Corollary 2.12 
1 1 - ' I » I 

we have 

• -(8) k i / . ; ; ' , « ; > ( , = . 

Also since /'4 < r 2 id v 2 < v 4 then A/1 c ^ ; by Lemma 2.10. I f one uses the 

formulas (8) and the qual i ty (//;" ( G ) j = V ; obtains that 

in '!<<;>) =[i';,(G)[ HUG)) c ( i ' ; d . 

Also by Proposit ion 3.7 in [3|. tf'(V;''v> ((./), /??/''! ( G ) ) is continuously embedded 

into W{B^(G)J'1(G)). Therefore W[B{^ (G),B'^ { G ) ) is cont inuously 

. embedded into will1'1' (G)jf1''2
 (G)). 

Coro l lary 2.18. I f U | < u 2 . r | <v1.vl <\ ' 2 , v i < v 4 , v 2 < v 4 . r 2 ^f)J'4 ^ ' ' i and 

/•] </••> then Y\\BP'1' {G).B'I ' A { G ) ) is cont inuously embedded into 

W[BPAI ( G ) . l ! v r - (G)). 

Proof. Sincevr, < i r 2 , v , < v 2 by Corol lary 2.10 in [8 j .we 

w r i t e B P ' L I (G)<zzB'Kl' (G). A lso by Theorem 2.17. W [ B ' ' c ' {G\B™ ( G ) ) is 

continuously embedded into w\p™ ( G ) , S ' , ' ^ ( G ) ) . 

i f one uses Corol lary 2.19, easily proves the f o l l o w i n g Corol lary . 

Coro l lary 2.19. I I ' x\\ « M ' 2 , V I - Vj^v\ * v 2 < v i * V 4 ^ 7 * v

4

 a n d /"j = / 2 =/'^ -/ ' 4 

then 

W[BIU< < G ) , / ? ' V ' ' 4 (G )U f J / ( /? / , - i /
 < G ) , / ? ' W - ( G ) ) . 

The p roo f o f the f o l l ow ing Proposit ion is easy using the p roo f technique o f 

Theorem 2.14. 

Proposition 2.20. I f vvt <V|,n-> < v 2 . r 2 <V],£/| < y?|.i/ 2 ^ Pi^h - L l i a n d 

L'^ ( G ) c L'^ ( G ) then ^ ( / ^ ( G ) , BP]^ ( G ) ) is cont inuously embedded into 

lv{jj;,(GlBp^{G)). 
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