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- THE WIENER TYPE SPACES W (B (G). L. (G))

How
Birsen SAGIR A.Turan GURKANLI

Abstract. Let ¢ be a locally compact abclian group 1< pog.r <wand w, v v arc
Beurling’s weights on G. We denote by B/ ((/) the vector space LI (G)T LI((G)

and endowed it with the sum norm ||f“” = ||_/'||M +||_f'||’]_r[8_l. Research on 7Wiener

lype spaces was initiated by N. Wiener in [9] and many authors worked on these
spaces. H. Feichtinger gave a kind of generalization of the Wiener’s definition in {1].

In this work we discussed Wiener type spaces W(B,ﬁf‘.‘{,((}), L"',(G)) using the space

BI""((/)|8] as a local component, and L) (G} as a global component.

I. Introduction.
Let & be a locally compact (non-compact, non-discrete) abelian group with
Haar measure dx. We denote by C.(G)the space of all continuous, complex-valued

functions on G with compact support. The space I, (G )consists of all measurable

functions / on G such that fy, € L'(G)for any compact subset KcG, where y . is
the characteristic function of K. It is a topological vector space with the family of
seminorms j'~—>||/}(,\. |], A Banaeh function space (shortly BF-space) on G is a

Banach space (B""”) of measurable functions embedded into L, (G). i. e. for any

/1,
for all feB. A BF-space is called solid, if geB, _}"eLl (G) and |_f'(x)|s|g(.\')|

Tow

compact subset KcXs there exists some constant ', > such that "./'Xa’ !L <y

locally almost everywhere (shortly 1. a. ¢) implies feB and ||j'||H <

o
<

- The left
translation operators L~ are given by L f(x)= f(x—y) for xyeG. (B.”."B) is
called strongly translation invariant if one has £ B B and ”LI]'H’g = |lft|n for ali
feB. yeG. A Banach space (B“ H”) 1s called a Banach module over a Banach algebra

(4.

for all acA, beB. A triple (B'.Bz.B:) of BlF-space will be called a Banach
convolution triple (BCT), if convolution given by

£y = [ =y 0y

”f) if B 1s a module over 4 in the algebraic sense and satisfied "a.h"ﬂ < ““”.4 ||b||H

for /' e B'1 C.(G) (i=1. 2), extends to a continuous bilinear map from B'x B°

intoB*. It is known that a Banach space B is Banach module over the Banach
algebra 4 if (4. B. B) is a BCT [l]. The Fourier algebra A¢() is defined by

v

the norm Hf” = ||/||I here f is the Fourier transform of f' e NGy, Throughout
: A

fe LI(G)}. It is a Banach algebra with respect to pointwise multiplication and

this work, we also will use Beurling weights, i. e. real-valued, measurable and locally



hmmded tunctions w on a locally compact abelian group G which satisfy
F<w{x) w(y+ ) S wlvu(y) tor 1< p<oo we set
LU f} five L’”((;)}

Under the norm Hl”; L= ]l_f.n"]ﬂ. this is a Banach space. When p=/, I (G) becomes
an algebra under convolution. called Beurling algebra {7]. In this paper another
important  tool 1s  the  space B! (G)y=LI(G)L LIG)  with  the norm
|||]” = ||||P \ +||'”,, . 81, where ar, v are Beurling weights on G and 1< p.g <o, The
main tool is the Wicener type spaces in the sense [1]. The definition is the tollowing:
Let B be a BF-space. Assume that there exists a homogencous Banach algebra
(A. “l) continuously embedded into ((,',,(G).HIRE). and (B””H) Is continuously
embedded into the topological dual space A/ (() = (/1((})] - .((:')) . where A (G)
is equipped with its weak topology o (/. (), A‘,((;)) Here A, (G) = AG)Y1 C ()

is given inductive limit topology ot its subspaces ( 1, (1)“" ,). where K compact,
AAGY= A C (G). Also B is Banach module over A(G) with respect to
pointwisc multiplication. We detine B, to be the space of all clements f of
Al (Gysuch that Af € B for all he A (G). This is a locally convex veetor space

together with the topology defined by the seminorm /7 — l'.rf'” e 4.(G) . Fixoan

open, relatively compact set QaGand for [ € B, weset £ with

1/ fsesyy = ll
It now (" is a solid, translation invariant BF-space on G, the Wiener type space
WieB,C) with local component B and global component € is then defined by
W(B.Cy={f B,|F, e 43
*The natural norm on H(B.CJ is given by

Ay L

I T P
ge Bh =hg forallhe A (G) with sup phc v + Q}.

&l

;1'[ l!(' i I ] :
2. The Wiener Type Spaces W(l MG L (G))
We introduce the Banach spaces

141Gy = F{L G} {7] 1 < L]

the norm “f“ = H_f"l_m where  is an arbitrary weight tunction on G.and F is the
classical Fourier transform. With this, A”(() is a Banach algebra under pointwise
multiplication |7} We set A7(G) = A" (GY]D C (G), equipped with the inductive
limit topology t,, of the subspaces A:_’((;):HA"’(G)] Co Gy, KeG compact.
cquipped with their uu“ -norms and A7 (G)" is the topological dual of A7 {(/) with
the weak*-topology.



Lemma 2. 1. B”Y(G) is continuously embedded into A" (¢) with its weak*-
topology.

Proof. It is clear that B”'((;) is continuously ecmbedded into L7(G). It is also
known that A/ (G) =), the space of quasimecasures on (. and that L"((r}is

continuously embedded into €2(;) (with its weak topology as the dual (G) [6]. This
proves our proposition.

Theorem 2. 2. et w.y be weights on (G and | € p.g <eo. It the weight function @ on

e . . log w(s" -
(; satisties Beurling Domar condition (shortly (BD) 1. ¢ ZL,()«JOJ c ().
e
then B!/ (G} is continuously embedded into o € (A("f (G), A ((})).
Proof. Since B//(G) 1s continuously embedded o o e (4.(G), 4,.(G)) by the

Lemma 2. L, then it one uses the above embedding and Corollary 1. 3 in [5], easily
proves the Theorem.

We assume hencetorth that the weight function @ on G satisfies (B. D).
Therefore A" ((;) satisfics all of the properties required for the construction of
Wiener type spaces in the sensc of Feichtinger [1]: It is clear that A”(G)is
continuously embedded into (', ((+). Moreover, A" ((;) is a regular Banach algebra

under pointwisc multiplication (Reiter, [7]) and also 1s homogeneous Banach spacc
|4}.

Secondly, B[/(¢) is a Banach module over A"((;) under pointwisc
lTlLllllpllCdllOl"l [8] and we proved that B/'((;) is continuously embedded into
0’(/1:'((1) .A:”((;)) in Theorem 2. 2. Hence. Feichtinger's general hypotheses arc
satisfied. That means the Wiener type spaces W(B,’,’ (G L",((})) arc well detined:

Given any open subset (2 ot (G with compact closure and f € (B” "((;)) . We set

=]z + Ol e
D=+ zeG.
The Wiener typce space W(B,{’ G, LAG )) with local component B/ () and
global component L () is then defined by
wlBrs o). o)={r < (822 @), JFre LAG).
The natural norm of W(B[f G L (G)) is given by
fAwlsLan o] =|F|, -
We now proceed to the investigation of some basic properties of Wiener type
spaces ]4*’(B,§_’.““’,((}).L"', ((;')) in the sense [1]. '

Theorem 2. 3. (i) The Wiener type space W(B,{fi‘,’,((;' ) L’l',(('})) is a Banach space

under the norm
H-f‘u'(n{,’ ;.f(f,‘)\r,((r;)]” = u /




where f e W(Bfﬁ'f.’-((f), L (G)). It is also continuously embedded into (B‘f,’_‘."’ (G))

foe "
(ii) The set A, = {f e BII(G)|sup pf is compacl} is continuously embedded
into W (B4 (G). L(G))
(i) W (BL (G, 12(G)) is lef (right) invariant,

=g e,

where ||||||||||"M and ||||||“ are operator norms on W (B,{f‘_‘,’,((i), L:',(G)), BI(G) and

L (G) respectively.

' (iv) The translation is continuous in the Wiener Llype spaces
W (BL G L(G)).

(v) W(B,f,"“'f_((i)_ L'\',(G)) is a Banach module over W(A(G), L (G)) with respect

to the pointwise multiplication. |
Proof. By Proposition 2. 3 in [8] the space B//{(() is translation invariant and
translation is continuous in this space. Then if one uses Theorem 1 in [1]. the proof
of this theorem is completed. , :
Proposition 2. 4. let w and v be weight function on ¢ satisfying v<w and
1< pg <oo. Then li”(B,’,f"‘f(G)_/.:',(G)) is a Banach module over W(B,‘,‘ff‘,((i),Li‘, (G))
with respect to convolution.
Proof. It is easy to show that every locally compact abelian group is a IN group.
Moreover by Proposition 2. 13 (b) in |8] the space BI(() is a Banach module

B (G) with respect to convolution. It is also known that LT(G) 1s a Banach

module  over L' (GY with respect to convolution [4]. Then

(Bllljff.((f). BIG), B‘f.‘,',’((}')) and ([,'",(G), LIAG), I.fl'_((.f)) are lwo Banach convolution

triples on G. If one uses Theorem 3 in [1] shows that
(W (BL(GY. LG, W (BI(GY D (GY). W(BNG), (G a Banach

convolution triples on (. Then W(B,‘,’f"‘f,((i)‘L{"‘(G)) is a Banach module over
W(B,::‘f\_((}). L"“(G)) with respect to convolution.

Theorem 2. 5. W(B;{f‘_‘{_((i). L(',(G)) is a BF-space on G.

Proof. By the Theorem 2. 3. (i), W(B[{T'_‘I{(G), L:',(G)) is continuously embedded into

(B‘f’_“'f (G )) . That means given any he A7 (<) (Thus a seminorm (/)= Hb._l'u’ al

fere Wy

on (B”“’ (G))f,.. ) there exists a constant D, > 0 such that

| e < D, u i (Bro Gy 4G )1’

forall f e W(B,{_’,f{._((}), Lf,(G)). IHence one can write”

(1) ln.fl, <D, l] 1w (BLI ). LG )]\ _
Take any compact subset KcG. Since A”(() .is a regular Banach algebra with
respect to pointwise multiplication, then one may <choice a function




he A"(G)= A" (G)1 C (G) satistying 0<h <1 and Afx)=1 for all xeK. Wc let
Supph=K,. Then y . (x)=<h(x), hence y; (x)|_f‘(.\')| < 11(.\')|_f'(x)| for all xe(. Since
L” is continuously embedded into L} . then there exists D,. > 0such that
(2) [ {hy sl < D ] -
A’fl
Also one has

(3) [lreolar < lreoncks.
¢ K,

The proof'is completed combining the formulas (1), (2) and (3).
Corollary 2. 6. Let w, v be weights on G, v<w

L\A” s
erator norm on W (B,’,f‘_‘,’, (G), LG )).
Proof. By the Theorem 2. 3. (iii), one writes

e = e e,

dnd |||.“|r‘|_are operator norms on W (B,{’ (G, L""((;)) B"(G) and

wor

locally

where

L.(G) respectively. It is also known that |||L‘|H” <v(x) [4] and ]"Lr\‘ m::’ < em{x)

[8]. Then we have

L=

for all xeG. Since w and v are weight- functions, then the function w.v is locally

bounded. Hence x — mL,‘_ In is also locally bounded.

Proposition 2. 7. The Wiener type space W (B{,Z‘f{' (G),LC(G)) is a Banach
convolution module (lefi and right because ¢ is an abelian group) over some

Beurling algebra L:,, (G).
Proof. We proved in Theorem 2.5 that W(B"7 (6% L",(G)) is a BF-spacc. Thus

w.y

(B"":’((;) L ((1)) is continuously embedded into L, (G). By Theorem 2. 3., this

space is left invariant and translation operator in W (B;:f:ff (G), L (G )) is continuous.

Now if one uses Lemma 1.5 in [2] proves that W(B"""(G).L:',(G)) is a Banach

H.v

module over L“ , (O) . where

)

Corollary 2.8. W{B”9(G), L, (G)) is a left (right) Banach module over 1! (G) if
v Vi

w.v

Wy (x) = max(l, “ .

v,(x) is a weight satisfying v,(x) > w,(x) for ail xeG, where w,(x) is defined as
in Proposition 2.7.
Now we will begin to discuss the inclusions between the Wiener type spaces
w8246, 6)).



Given a weighted space 27(() the associated weighted sequence space is
denoted by A, and defined
. . _ N
X, = {m, Yoy EX !(a,-w(r))je, er |

where the diserete weight wgiven by w(i)y = w(x,) lor iel It is known that 2 1s a

Banach space with respect 1o the norm

. (Zoor

red

where = =(a,), ;.

[L1s casy Lo prove the lollowing two lemmas:
Lemma 2.9.11 r, <r, then A7 < 20
Lemma 2.10. Let v.v, be weights on Goand 1<, <o Iy, <v, and r, <1,
then A7 < &l .

Any given solid Bl-space V' may be quite naturally associated with a
corresponding sequence space V(v (sometimes called solid BK-space).

Given a discrete family v =(x,),, in & and a solid translation invariant BF-

space (}””j ) we define the associate diserete space Y, (x) as

-{/\I/\ ={4)., “'f"!’Z|/1,|X.,\.- 5 )’}.
5 v

with natral norm
I, =], 131
! ief

Using this definition, we write

(4) (L"'((;)l 17(0)), = -{/1|,1 =) Alx., e LG L"((j)}.

el
II'we use (4) and Lemma 2.9, casily prove the Tollowing two lemmas:
Lemma 2.1L Il », <1 then (l."‘ (Yl - ((;'))“f =",
Corollary 2.12. I r, <r, and v, <v, then
(/,:'!I (G L] ((;))J = A2

Theorem 2.13. Let 1, and 17, be the weight functions in construction ol Wiener type
spaces B (Blffl‘ff.l((;'). !,:'!‘ ((:‘)) and I-J"(Bf"" ((;‘).Lff\((:'_)) respectively. Also assume that

Wy
WML Y sy v, weightson Gand 1T pogor o <ol I u, = u, and
B (Gya B (G

Wy TR

then PF"(B""’ ((;').I,'\'_‘}((;')) is continuously ¢mbedded into m.-'(B"“’l((i).L’l'El((;')) il

WAty LT

and only il r, <1,

and v, <v,.
Proof. Since B" (G)c B (G), then by Proposition 2.9. in [8] there exists a
constant ¢ ~f such that ‘

(5) WL, =<l

L



for all  fe B Gy, Also since  w, =u, then  A"(Gy= A" (GY  and
. I : ] ‘

Wit

(A" (OGN = A" (GYY by Lemma 1.1 in | 5]. Henee a simple calculation shows that

(B’”'" ((}')) is continuously embedded into (Bl":““:‘! ((;‘))

W2 s fiae

Now using the definition of Wicener type space and (5). i-l”(B\":_’h (G L7} ((f))
is continuously embedded into ifV(Bflf"'l" ((;').!.'\}’ ((;')). Also because the Proposition
. 1-*1 2

3.7 in 3], l‘i-"(l?"lfl'_"‘_l ((L2 ((})) is continuously embedded into Hf’(Bflfl"’:_l ((F). L’l",l ((;‘))
il and only il

(6) (/,“?'2 (G))(/ < (/,’\'!I ((;))‘!.

where (!,"?‘((}))i and (I"'I (G))J arc the discretes ol the spaces l,:'?’((;') and L:'fl ((5)

respectively, [ we assume (5) then by Lemma 2.10 and (6). we have 5 <7y and
. ‘i 5 I n s .
vi <vy. Conversely il ry <rpand vy <v, then &7 < X This completes the prool
- = = 2 i
ol this theorem,

IUis known that il wy <wy.vy < vyl then B2 (Gya B2 (¢) . |8]. 1f one
- - R -1

uscs Theorem 2,13 easily proves the Corollary.
Corollary 2.14. 11 1y = 0y 00y <y <15 then I/If’(li’"lff":.’((f)-ff\';i ((!')) continuously
embedded into PI*’(!B:".’I“{" (G). L:'fl ((;')J iland only il vy <v,.r5 <4,
Corollary 2.15. 1" w1 = 5. wp = wy vy = v5.v = vy and /) =1y, then
L—Jf(B’f"f, (G). LY ((;)) = H’(/;/f-‘f (G ((,;)).
Wil L] Wy ¥
Proposition 2.16. [I' 1y <y and v <v, then

w (B,i.’;,‘.’ (G)B]2 (G )) =W (B

G LY ((:)).

Proof. Since <y and vy <v, then by Corollary 2,12 we have

(L’l.f?((})l li’ ((})) :)\,::. Also by Lemma 3.5 (¢) in | 3] we write (L:? ((;'))ir =f&",.3.

2 o ? 2 ¢ 2

Hence we- obtain (L:", (O L ((;'))/ :(L’\ ((:'))l. Conscquently il we use the
) 2 ¢ 2 0

Proposition 3.7 in | 3] we have
I/Jf’(B”“f((;').b"""',2 ((})) = W(B
Vi

. L

(L ((;)).

Theorem 2.17. r Vi SV Wy <V Ve <Vt SHLF S Py S0y and
I 2-V3 4-V2 -1 =Ny =104 50

B (< Bl"fl'_"vl ((5) then H”(B"l:qv1 (C5), B",'f""‘,‘l ((;'),) is continuously embedded into

\5'2.173

W('B o (B ((;)).

HLY,



Proof. Using th | ool Theorem 2.1, l'l"(B\"‘f;“"‘.’(G), [‘f\?,((")) is continuously
embedded into W;B’f' ", (G).L? (G)). By Proposition 2.16 we write
(7) W B ((}).1,'\',"(6)) ll’(B”" (G). B (c;)).

WL Wiy A ViVa

Hence from the ..muala (7). W (B” q ((J) ((:)’) is continuously embedded into

H( \‘:] {f (.8 . )). Since ry <ry and vy <vy, then because the Corollary 2,12
. ; :

we have

Vy

(8) (L‘j (G)L L ((;)) = A
3 v o
Also since ry.<rp, d vy <vy then k:".: (:?U‘ by Lemma 2.10. If onc uses the

formulas (8) and the uality (L: (G))i = )\.:‘,21 obtains that
NP "o r . T
(B v"ll ((’))u' = ([‘ ()l L\f_l (O))J - (.LvJ ((J)]d .

Also by Proposition 3.7 in [3]. I/V(B\'::"n((_:‘).B”“"f (G)) is continuously embedded

Vi

into ”’I(B,’.-):ﬂvl((")-]':i(G)]- Therefore W(B”“’ (ULB",Z'_":,{I (G)] is continuously-

\l“:.l'z

. embedded into W(B]’ "‘f{l (GF), ls’:}""f (G )).

. - i

Corollary 2,18, I wy <wy.v) <¥y.v| <Vo V3 <V Vy <V 1 Spury £y and
ry<ry  then ”'(Bflf;"'\,‘ ((F). B:"*J (G)) is  continuously embedded into
8 NS LEL -

" (Bn-] Y (G). 1’\'|.t-'3 ((r)).

Proof.  Sincew; < wy.v <, by  Corollaty 210 in |8} we

wrile B” Y (G < B" “ ((r) Also by Theorem 2.17. H«’(B:P’;"h (G)~B:.i?4 (G)) is
continuously embedded into W (B \’. f]“‘:‘] (7). B:'I'h (G)].

H one uses Corollary 2.19, easily proves the following Corollary.
Corollary 2.19. It wy =wh vy = v, vy =vovy vy vy =vy and 1 =1 =15 =1y
then

w (B"‘f (G). B G ‘)) W(B’”’ (G). B (G)).

Wity HY LY V.V

The proot of the lo]]owmg: Proposition is easy using the proof technique of
Theorem 2.14.

Proposition  2.20.  IF wi<viowy <vavy <vLg S gy < Paagy Syy  and
L:',I (Gyc 1."',1 (Gy then W (Li',] (G), B":' "“ (O)) is continuously embedded into
wlis, ). B2 ()

L]
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