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THE WMAPPING OF THE DUAL PROJECTIVE PLANE INTO THE THREE-
DIMENSIONAL SPACE OF LINES

Fisun URAS

Abstract:  In this work every point of the projective plane P2 (whose homogeneous
coordinates are duai numbers) is corresponded with a single oriented straight line of the space
of straight lines. As examples, the figures corresponding to classical Desargues’ axiom and
Pappos’ Theorem are determined. In addition, the figure corresponding Pappos figure is plotted
axonometrically,

1. Introduction

1.1. First, we wish to give a brief explanation about the dual quantities which find
successful appiication fields in geometry [1} :
Let the symbols ¢f be defined as

a=a+ea ., (g =0) (L.1)

] 3
where «¢.a are real numbers, & is a symbol whose square is zero (&~ = () . Let us define

the sum and the muitiplication of the symbols as it is done belween the two binomials of real
numbers. Then it can be easily shown that the set of such symbois ¢ form a commutative ring
with zero-divisor and unit element. The ring so-defined is called the ring of dual numbers. In

{1.1), « is called the real part of (¢ and a’ is the duaf part. If ¢ =0, ¢t is called pure dual, if

a =0, a is real. The pure dual numbers & b are the zero-divisors of the ring and the
division by these numbers is not defined.

fw=u+eu isa dual angie, the cosine and the sine are defined as

2 4 3 b
Cos (u:I*——w—+&—A . Sin (u:(unﬁ)—+2——/\ (1.2)
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Therefore, we have

x Bl . ki b
Cos ) =Cos (u+gu'):(I-E-+L—A)ﬂz:u'(u—“—+“——/\):
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=Cos 1 —& N Sin n {1.3)

Now we consider a straight line in £3, passing through the points V,Jl . The six coordinates

Ed
a, .a, ol the veclors

B=pB-B. 8 =pfrd . (p20) (1.4)

which satisfy the condition



88 =0 (1.4")

are called homogeneous Plicker coordinates of the straight line. it is easy to see that for
¥+ J)J {2 can be chosen so that gl =1.

If pis assumed to be chosen so that gz =1 , the unit vector 5} determining the direction and

the sense of the straight line and the vector ﬁ " which is the moment vector of J.rj with respect
to the origin, determine a straight line completely. The condition of a paint f to be on the

straight line ((Fl)g*) is
EAE=8 (1.5)

The footpoint of the perpendicular from the origin to the straight line has the position
vector

N K (1.6)

H -
Let us now consider the dual vector 4 whose coordinales are &, = u, + & a4, , we have
H . M
A=8+ve b (42 =1 (1.7)

V)

If we use (1.4 and gl =1, and therefore, A is a unit vector. Thus we cbtain a mapping of
- — 9

the directed straight lines of E 3 to the dual points of the unit sphere. If 4 and

b}w g’-l- & ))J* are two unit dual vectors, we have g };= Cos(c[i };) =Cos # inthe
scalar product

54§=3$}+5(§-£}'+F-g) (1.8)

On the other hand, the dual par, i.e. the coefficient of £ satisfies tha relation
BB 8.8 8K = - .8 ki

where H . K are the foot paints of the commaon perpendicular on the lines (g, g ) and
(g . }; ) ) respectively.

If the length of the common perpendicular is & |, we have
.g}: +g-g’|:65in u, = b =1)

Now it is seen that ¥ is equalto & if (g,): HK)>0 jsequaltc — 9 if

(g, g, HK) <.0.That s, u' is the directed length of the common perpendicular. Therefore

the dual partis —€& ¥ Sin #  which gives
v E . . .
A-B=Cosu—cu Sinu=Cosw ,(w=u+eu) (1.9

|J
Now we cbserve that the dual angle between the straight lines A, E is a combination of the

ordinary angle # and the directed shorlest distance u~ . On the other hand, if the dual
4 E . e E 4 E ]
angle between 4, B is w ,the angle between — 4 and B (or 4 and — B) is



H—w=(x—u)+e{—u)

As the last properties, we cite the following : H the R (&), [ (er) are the real and dual parls

o
of the dual number ¢t , we see from (1.9) that the condition of the lines A, E_lo he
perpendicular is

}J H
R(A-By-0 (1.10)
})
the condition for the lines A, 5 to be concurrent is
Vop [
pii-By=0. rUA-B221 _ (1.11)
4 .
the condition for the lines A. E to be perpendicularly concurrent is

d-b-o0. b=y (111

[T
the condition for the lines A, 3 to be parallel is

R(}{’- })’}) = 41, (where necessarily ) (;{-5) =0) (1.12)

|"J
Let us note that the orthogonal transformations of the unit sphere A =1 cofresponds to a

Euclidean motion in the space of lines £ 3.

1.2. Now let us note some particular properties of the projective plane [ 2 ].
Between the points X° of P, and ordered triple of numbers ( X, , X, . X, ) different from (0,0,0)
a one-one correspondence can be established through an [/,.J, K coordinate triangle if a

common proportionality factor is neglected. The triple {X,.X,.X,) is called the homogeneous

coordinates of the point X °.
The equation of aline A"’ of f | that is the condition that a point  {X;,X,,X; ) to

be on the line A" is

ax, tayx, +aix, =0 (1.13)

where the triple («;, <0y, ) #(0,0,0) is also determined uniguely of a common
proportionality factor is disregarded . The ordered triple (“; ,a; scl;) so determined is called

the homogeneous coordinates of the straight line A'O . Therefore (1.13) is the equation of A'D
if {¢].a’,a;) is known and is the equation of the point XCif (x,.x,,x,;) is known.

Summiarily, (1.13) gives either the points on A , or the linas passing through X?
2. Dual Points and Dual Lines on A@g

2.1, Let the real pdinls of P> be denoted as AO,BO,.., and the real lines

as A°.B°.("°, .. The homogeneous coordinates (x,,x,.%;) of a point X°, can be

interpreted as the Cariesian coordinates of the direction vector JE} of a straightline in £ 3 ;

singe 2 direction in £ 3 ig also determined by an ordered-triple of numbers different from
(7,0.0) if a common proportionality factor is disrsgrrded. Similarly the homogeneous



! . ! . . J .
coordinates {«|,¢5.¢) of the real line A ® defines a direction vector &' in  k 3.
Therefore the equation {1.13) can be rewritten in the form

Y=o 2.1

A® and Y° . On

the other hand, the coordinate vector & of the reat line A°B° = (" will be in the form

We called the diréclion vector c}f' and .V as the coordinate vectors of

P’zp(g/\ﬁ) . (p=ED | (2.2)

4 ~
since it satisfies the properties F' -c‘]: p’ )\r =( dueto (2.1). Similarly, the coordinate

vector of the real point A'°B'° = ('° willbe
E_ o n by, (p=0) (2.2')

- Naturally, the points on the straight line ("° andihe straight line passing through (*° canbe
respectively given by the following equations :

.E::afr)+b£} . ﬁ'=ag'+bﬁ' (2.3)

2.2. Now we will consider the dual points and dual lines of P72 whose coordinates are dual
numbers. But as (0,0,0) was neglected above, in the dual case, also some resltriclions need to
be necessarily made. The first restriction is the necessity of disregarding such triples which are

purely dualas ( E d, ,E ¢, , E ¢, ). This must be so because according to (2.2). (2.2'). a

pair of purely dual points cannot define a line, neither a pair of purely dual lines is able to define
a point. in addition, straight lines determined by a purely dual point and a dual {or real} point

will be purely dual. According to {2.2), two purely dual such lines passing through 4 should
determine 4 , but those two lines will surely determine no point at all. The same argument
can also be repeated for the purely dual straight line 4" . Hence, together with the real ones,
the purely dual lines and points also must be disregarded. Hence the point .4 and the line A
of F’z which are neither real nor purely dual have the coordinate vectors

A=F+ef 0 AP fr0 0P x0. P00 o

=
tet us normalize the vectors 4, . ‘41' by —q . |TV respectively. We use the notation

_1:7 . Pu k 10
But the normalized vectors ;ﬂ-and'—g— will again be denoted as ,{’)*..E" . Then the
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normalized coordinate vectors are obtained as

=Pl K; = +5.€" (2.4

v s

From now on, we will use the normalized coordinate vectors (2.4') as the coordinate vectors of
dual points and lines of P .

The points {or lines) A .8 of Ps, which have the normalized vector denoted by



-~ g ) o
A= BBy :.{‘)0+£_P‘
both having the same real part, will be called dependent points (or lines). Two dependent
points can determine a purely dual line and two dependent lines can determine a purely dual
point, both of which had been necessarily disregarded above. Hence, as a second restriction,

the dependent points(or lines) will not be considered as different from each other.
Let us correspond the dual unit vectors

IEI):_(')"+8,(‘)”/\P‘ (=g+sp)
AN TSRS TR PO S NS L (2.5)

to dual point 4 and the dual line A’ . For this correspondence to be acceplable, the unit
vector corresponding to  A(A') and to ad{ad’) must be the same. in fact, for

a=u+e clg we have

a/{', ~df e +a D) a/\)'. ' @b 1 a®)
and

(r,z,éf1)‘=_€°+s(|%+%§’°) : (ruﬁ').@"’ﬂ:(l' 'f +—E— %)

-

[
The vectors to be corresponded to these normalized vectors are obviously the vectors A4, A
given in (2.5), according to the correspondence rule (2.5). Thus, to the dual points and dual

lines of P2, there corresponds directed lines which are the only elements which form £ 3. But,
the correspondence should be restricted to the elements which are not excluded by the above
mentioned two exceptional cases. Hence, lo the all results and their dual correspondence

involving the dual lines and dual points in P2 , the same result corresponds in F 3 . For
instance, both the dual points of a dual line of P2 and the dual lines passing through a dual

poinr of P2 have the same corresponding figure in £ 3 . On the other hand, both the

dependent lines and the dependent points obviously correspond parallel lines in £ 3.

3. The Figures Corresponding in £ 3 to Dual Figures in P2

3. The “Incidence” relation, that is a point being on a given lin ( or a line passing through
a point) is given by (2.1) as is known. The same relation can be expressed between the dual

points and the dual lines of P2 -naturally in terms of the dual unit veclors as
i F 4 A B .
AA=0 ., (A=8+e8 . a=0+e8 (3.1)

But this is the perpendicular concurrenCe condltlon (1.11") of the directed lines in £ 3
corresponding to the dual unit vectors A and A Hence the incidence relation in P2
between the points and lines corresponds lo perpendicular concurrence in E 3. As aresult of
this fact we have the following : The intersection point (  of the lines A", B in P2
corresponds the common perpendicular of the lines corresponding to A", B in F 3.
Likewise, to the line joining 4. B in P, there corresponds the common perpendicular of the
lines corresponding to A, Bin £ 3. For example, to a triangle in Pz , there corresponds a
figure consisting of three skew lines and their three. common perpendiculars. Since there

corresponds two parailel lines in £ 3 to two related points (lines) of P> , Obviously their
common perpendicular becomes indefinite. Hence the necessity for the identification of
dependent elements of P2 in the dual generalization comes in to the scene once more, since

the mappina from P> to £ » =shnuld ha nna_nna



One of the most farnous hgures (freorems) of F'2 is the well-known Pappos figure. In
this figure, every one of the three pairs of lines joining the points 1,2.3 and [1], [2]. [3] on the
straight lines X, Y in theform [[1]2)=[12];[[2]1]1=[21]);[[2]131=[23];{[3]12])={3 2] ;

[[3] 1] =[31];[[1]13]=[1 3] have three intersection points I, 1, | and these three intersection
points are on a comsnon straight line [Q)].

The corresponding figure in £ 3 will be as follows :

Consider three skew lines 1,2.3 perpendicularly intersecting the straight line X", and another

triple [1], [2). [3), perpendicuiarly intersecting the straight line 1” . Let us denote the common
perpendicular of [1] and 2 by [1 2] and one of [2] and 1 by [2 1] . The other common
perpendiculars obtained exaclly in the same way will be [2 3], [3 2] and [3 1], [1 3]. Let us call
the common perpendicular of [1 2], [2 1] by I, one of [2 3], [3 2] by | and one of [3 1], [1 3] by

Il. Now, the theorem corresponding to Pappos’ theorem in £ 3 is as follows : These three
common perpendiculars |, Il, Il have the same common perpendicular [0]. The resuit has been
plotted axonometrically in Fig. | .

The vectorial demonstration of this result in £ 3 can be given as foilows
Let us denote the dual unit vectors of the skew lines in £ 3 by A }3 8J WhiCh

perpendicularly intersects the line X | and of the ones which intersect Y | by A }3 ( As

in the real case it can be easily shown that the necessary and sufficient condition for the three
lines to intersect the same line perpendicularly is being zero of the mixed product of the dual
unit vectors of three lines. Therefore we have

(A b= b by=o ' (3.2)

» )
We will denote the common perpendicular of the dual unit vectors F& by U’é)'

Thus, if we use the notation

B & B8 B R = B e B

we can write
(Q A/\E mgz\ﬁfp' . ff f)’ (H p 6 b
' Siny, '2mSiny, ) /" Sina, . Sma

E fAA’E_M

! » = (3.3)
Sin g3, Sin g,

where a , ﬁ .Y, (I =1,2) are the dual angles between the correspondent dual unit vectors.

These angles cannot be purely dual since the mentioned lines are skew among themseives.
We will obtain

BV(bJAd{')A(g{Agl) g?_(g{AE')A(J;A '}’)
" Sina, Sina, Sina © © Sin B, Sin 3, Sin B
$
_(EAg')A(E/\fti')

Siny, Siny, Siny

(3.4)

AN AN AN

Now we must show friat ({° éi? A= . Since the dua! =cslars 6 e denominators (3.4) wil

et hovta ooy affec 0 oill he anooab io oravea that



[(5/\(*_{') /\(63/\ E')]-{l(ﬁx\ ztlj')/\(}leg')JA [(.»ti}/\ E') /\(g/\ ,'4?") ]}: 0
in operations, the vector identities

Hnbady=ci-Ob-iBE . Giabadiaby=
~AEBE-ABEE-ELAE-EBBA (3.5)

will be used and it will be shown at the end that the given expression is identically zero under
the conditions (3.2).
We want to show that the comrespondent of Desargues figure which is taken as an axiom of

P> is satisfied in £ 3 also.

But first, let us explain the meaning of the paradox encountered here just now : “The proof
of an axiom in any way.” The mapping we have defined above uses the homogeneous
coordinates. Therefore, it has been assumed that the Desargues axiom is valid in the method

used in corresponding homogeneous coordinates to points or lines in P2 . Otherwise, the

figures we call straight lines might as well be broken lines and the mentioned correspondence
would have been impossible.

Now let us consider the triangles ABC" and A, B,(', in P> . Let us use the following

notation :
[A4,]= A" (wecaltheline Adyas A7) [BB =B, [CC,]=C" ;

[AB]=C" |, [BCl=A" , [CA)=8B ; [AB,1=Cy . [BCoi=4,
[Cado] =By
According to Desargues axiom, if the intersection points of the corresponding sides A'. A, .

B', By ;{".(y of two triangles denoted by
A A ]l=4A, [B'.Bé,] =B, , [C.C5]1=C,

are on a straight tine D', the straight tines A" ,B".("" connecting the corresponding

vertices pass through the same point 1) and the converse is also true. (Fig. 2)




On the other hand we have the following configuration in £ 3 . If we denote the dual unit vectors
corresponding to dual points and lines of Pz . similarly as we have done above,

PSR N RO

~ Sing, mm " Siny,
A‘,,.Q/\E . g,:};/\{? ‘ lf;,(ﬂ/\/q
Siny Sin « Sin 8
(3.6)
(D'ﬂ.-{i),,/\ﬁn Q’:E.’/\ﬁ” ":8,/\5,,_
! Siny, o Sina, Sin g3,
: )
IRELS S 28 N
Sina Sin fB Siny

Hence, we must show that the relations
24 PP P
(A,,B,,(Q, y=0 . (4 k=0 (3.7)

are equivalent. This can be shown by a routine operation by using the identities (3.5).
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