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S E M I - S T R O N G U N U M B E R S I N T H E P - A D I C F I E L D Q, , 

H i i l y a D U R U 

A b s t r a c t , In this paper, by adjusting AhUaeik's article [1] to the p-adic 

numbers field. Qp. we tmvc obtained some uii.eou.iitable subfi.rlds ofQf). 

I n t r o d u c t i o n . F o r t h e c o n v e n i e n c e o f t h e r e a d e r we s h a l l b r i e f l y r e c a l l 

K o k s m a ' s w e l l k n o w n c l a s s i f i c a t i o n [2] f o r t h e p-ad ic n u m b e r s , w h i c h was 

i n t r o d u c e d b y S c h l i k e w e i [ 3 ] . 

F o r a n a l g e b r a i c n u m b e r n . d e f i n e t h e h e i g h t H ( o ) as t h e h e i g h t o f t h e 

m i n i m a l p o l y n o m i a l o f n , say P (x) G Z[.r\. w h e r e t h e P is s u p p o s e d t o b e 

n o i m a l i x e d , s u c h t h a t , i t s c o e f f i c i e n t s a r e r e l a t i v e l y p r i m e . 

F o r a p-ad ic n u m b e r £ i n Qp a n d a n a t u r a l n u m b e r '// p u t 

w* ( / / , £ ) = m i n U - o I , , 

dog n < n 

H ( o ) < H 

n ± i 

f u r t h e r m o r e 

< , ( 0 = l i m „ _ ™ p ( - ^ ^ ) 

an<l 

" H O = l i m „ _ o c H u p ^ p . 

D e f i n e //* (£ ) as b e i n g t h e s m a l l e s t n , s u c h t h a t w* ( £ ) — o o . i f s u c h a n n 

e x i s t s . O t h e r w i s e p u t //.* {(_) — o o . N o w c a l l a p-ad ic n u m b e r £ a 

' ^ T h i s is a n E n g l i s h t r a n s l a t i o n o f t h e m a i n par t , o f t h e a u t h o r ' s P h . D . 

T h e s i s d o n e a t I s t a n b u l U n i v e r s i t y u n d e r t h e s u p e r v i s o r o f P r o f . D r . K a m i l 

A l u i a c i k i n 1996 . 
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.S':f — // ii uihcr i l 0 <'' ir f ( i 

T' — // nihcr i i (/'' 

(''* — iiiiuihri i f / r ' ( £ ) 

) O ^ ' U l l d / / * ) = 0 0 , 

) -- ou a n d // + ) — o o 

o o a n d //*' ( £ ) <: o o . 

K v e r y .S" -. 7'\ i . ' M " — /> milia r is a .S'- . P — . n u m b e r r e s p e c t i v e l y . M o r e ­

ove r i n [1] L o n g l ias p r o v e d I l u l l M a h l e r s subc l asses Vni a r e e q u a l t o I l ie 

K o k s n i a ' s subc l asses i ' , ' , , . 

For ( he p r o o f o f t h e m a i n r e s u l t s we s h a l l n eed t h e f o l l o w i n g l e m m a s . 

L e m m a 1 . Let o . i be t w o p-ndie a l g e b r a i c n u m b e r s w i t h d i i f e r e n i 

m i n i m a l p o l y i i o m i a l s . T h e n , f o r | n — n h a n d /• = i u i i i { ( ) , / / } . 

I n ~ i i ' ' - ' " / / ( . o " " , / / ( . - i 1

w -

w h e r e M > m a x - j d e g n . tlt/i i\ a n d c\ — ^ — { • > A n ' ) ~ — ( S c h l i k o w e i [3] ). 

L e m m a 2 . L o t P ( . r ) - ( / „ / + . . . + i / n C ^ [ r \ - ^ < v ' s r o o t <>f" P t h e n 

j o - ."i I , , > y^yyy ( M o r r i s o n [!",] ). 

L e m m a 3 , L o f n i . . . . f u {/>' > 1 ) be a l g e b r a i c n u m b e r s i n Q p w i t h Q\[>\\. . . .n /, ); <7| — 

f/ m i d let p ((/. . ! • ] r>,.) l ie a p o l y n o m i a l w i l h i n t e g r a l c o e f f i c i e n t s , w h o s e de ­

gree i n // is at least one . I f >/ is an a l g e b r a i c n u m b e r s u ch 1 hat F {// . o i , ., ,n /.) -

0. 1 hen I he deg ree o f ;/ < ih/ a n d 

I •>_'(/./ | i l t | ...-! I k ',</ i l,t/ ; /,,</ 
" •] -- ' " n , 

w h o r e // ( J is I he he i gh t o f //. h,ti is I he h c i g h l o f n , (/ = f //) . // is t h e 

m a x i m u m o f t he a b s o l u i e va l ues o f I he c o e f f i c i e n t s o f F. I, is f I n 1 d eg r ee o f F 

i n (/ = 1 //) a n d <i is 1 he deg ree o f F i n ;/.( O . i j . i ^ ' K N [(>] ) 

T h e Sirs! m a i n r e s u l l o f o n e o f t h i s p a p e r i,s I ho f o l l o w i n g I h e o r e n i . 

T l i e o r e m 1 . L e t (o , _ ) ( i v be a s equence o f p-adic a l g e b r a i c n u m b e r s w i t h 

( 11 d e g o , in, < I. b i n , .-v // ( f t , ) — o o . ( /, > 0 c o n s t a n t ) , 

( 2 ) 0 •• | o | — <\ -, \r~ -fi~-~~;- w h e r e l i m , _^ te> — o o . 

( 3 ) | o , ; i — o,• | / ,< •^•-••••y [o r s o m e e > 0. 

' f l i e n l i m / . , x , o , G i'*n. w h e r e in — l i m i n f , in,. 



Proof. It f o l l o w s f r o m l e m m a 2 a m i h y p o t h e s i s ( 2 ) t h a t c o n s e c u t i v e l y n ' * 

c a nno t he c o n j u g a l e s a n d i f / is s u f f i c i e n t iy l a r g e . | o , , i ¡,,— 1 0 , [ / ( . H e n c e I >y 

[ m l l i n g | <\, \p= {> h [h € Z) a n d / — m i n { ( ) . h } a m i u s i n g l e m m a 1 , we get 

( 1 } / f , n , ) ' / / | n „ , P < I " ' " " I " ' 

w h e r e r { ) J m ) , . 

S ince l i m , | n , + 1 - n ; |,,= 0. I he se(|uence , Y is a C 'auchy s e q u e n c e 

i n Q,, a n d so l i i n ^ ^ o , — £ e x i s t s . L e t ' s s h o w t h a t £ C (.',"„. F i r s t we s h a l l 

p r o v e t h a t , f o r s u f f i c i e n t l y l a r ge / a n d ,s „> /. j n . s - o , | ; i = | n , + ] — o , | ; J . 

I n d e e d , c o i n b i u i n g ( 4 ) a r i d ( 2 ) a n d u s i n g b o t h I he f a c i s t h a t H ( o , ) —* oo 

a n d fr,- —-> oo we ob t a i n 

(.r,) / / ( n , ) ^ < H ( a H i f 

a n d f r o m I h i s 

(<i) 7 / { o , ) " ' < r / ( o , ) " v " (/ l a r g e e n o u g h ) . 

0 ' o u i b i n i u g t h e r e l a t i o n s ( 2 ) a n d ( ( j ) we get 

| , H " " ( |,*> I ";-|•/ - | |,,. f o f each / = 2. -- /. 

Hence 

( " ) | - n , | j ( = | 0 , f i - O , n^ly; ( /' h i l 'ge a n d -S > i) 

S iuee o , - C,. f o r s u f f i c i e n t l y l a r ge / I here is a * > / s u c h l l i a t 

| i - o , |,,< // ( o , ) . 

T h e r e f o r e a c o m b i n a t i o n o f (G) . ( 7 ) a m i ( 8 ) t o g e t h e r w i t h t h e < i<[uali!-ios. 

| i - n , m a x { | £ - M„ | n,„. - o , ),,} = | n , - n.„ | ; ) - // ( o , ) " ' , 

g i ves us 

(<>) U - n , |,,= I I (<*,)""'' . ( f o r / l a r g e ) . 

O n t h e o t h e r h a n d , .s ince l i m i n f , . . i ? c i n = m , w c have a sul)se<|uence 

(ai>. )/,^\' ° f ( " ')/f-yv S U ( ' U 1 • n a ' n m inf/,. ^ n ( /. ~ m . H e n c e f o r s u f f i c i e n t l y l a r g e 

d e g n , A — m. H e n c e , u s i n g ( 9 ) w e get | £ - o , t . |,,— I I [ o i h ) ~ " ' ' k

 : w h i c h 

s h o w s t h a t //* ( ( ) < in. 

W e s h a l l c o m p l e t e t h e p r o o f b y s h o w i n g I he o p p o s i t e i n e q u a l i t y //* ( £ ) > 

m . Fo r t h i s we s h a l l d i s t i n g u i s h I w o cases a c c o r d i n g t o in — 1 o r in > i . I n 



t h e case /// — 1. b y d e f i n i t i o n o f //* (£) . we h a v e //* ( 0 > 1 . So t o g e t h e r w i t h 

/ f

j {< ) < ) M = i . we o b t a i n / ; f ( O ^ 1. 

N o w s u p p o s e tha t , in > 1. Le t ^ l i e a p-adic n u m b e r o f d eg r ee < in. S i nce 

l i m inf/ . . .-so ///,' = m. d e g n , > m f o r s u f f i c i e n t l y large- /. A p p l y i n g l e m m a 1. we 

get 

( 1 0 ) | , i - o , \p> cyli (n,) {ii)~k
 {-/ l a r g e ) . 

O n t h e o t h e r h a n d , as irt ~ - o o . f o r s u f f i c i e n t l y l a r g e /, w e ha\re 

( 1 1 ) s — 

N o w s u p p o s e t h a t t h e p-adic a l g e b r a i c n u m b e r 4 s a t i s f i e s t h e c o n d i t i o n . 

( 1 2 ) I I (.1) > m a x { / / K , ) . ^ } . 

wher< ' /o is a s u f h e i e n t l y l a r g e , f i x e d i n d e x . It is c l e a r t h a t t h e r e e x i s t s a 

n a t u r a l n u m b e r / > /'u s u ch t h a t . f o r e v e r y p-adic a l g e b r a i c n u n i b e r s a t i s f y i n g 

( 1 2 ) , we h a v e 

( l i i ) / / ( O , ) < II < / / { o H I ) . 

4"ak i ng i n l o a c coun t ( 5 ) . ( 1 1 ) a n d ( L i ) we can h ave o n l y ou t 1 o f 1 he f o l l o w i n g 

cases: 

( I ) H(n,) < H ( . i ) < H + 

( M ) o r 

( I I ) tf(n,.M)£ < / / ( < * ) < H(aiH) 

S u p p o s e t h a t t h e f i rs t r e l a t i o n i n ( 1 4 ) l i o l d s . T h e n a c o m b i n a t i o n o f ( 2 ) . ( 3 ) . ( 9 ) . ( 10 ) . ( 1 2 ) 

a n d ( 14 ) g i ves us 

( L r 0 I - i - n , |,,> H ( d ) ~k > > H UM)-"'' = | £ - o , |„ . 

F u r t h e r m o r e , u s i n g t h e e q u a t i o n | £ — ii \p— m a . x { | £ — a,- \p. \ ii — n,- jy/} ,wo 

get 

( H i ) I i - d , \„> H ( n , ) 2 k ( f o r l a r g e , ) . 

I f h e s e cond r e l a t i o n i n { 1 4 ) h o l d s , t h e n u s i n g t h e r e l a t i o n s ( 9 ) . ( 1 0 ) , ( 1 1 ) , ( 1 2 ) . 

we get 



U - n i + 1 \„= H(m,x)-"-' + l < H ( 4 ) ~ ~ ^ <H(H) * _ < | n , _ M - , ^ | / , 

so t h a t 

( 17 ) k - . ' H H o , 4 ] - / i i , > / / ( ^ ) ™ ^ " A ' . 

A s t he e x p o n e n t o f I I ( 4 ) o n t i n 1 r i g h t h a n d s ide o f ( 1 7 ) is g r e a t e r t h a n 

t h a t o f ( H i ) , ( 17 ) is ver i f ied f o r a l l p-adie a l g e b r a i c n u m b e r s o f d eg r ee at 

most , in — 1 a n d h e i g h t g rea te r t h a n i i i a x j / / (n ; „ ) . — • } . T h i s s h o w s us t h a t 

> "'- T h i s r esu l t t o g e t h e r w i t h t h e i n e q u a l i t y //.* (£) < m i m j > i y t h a t 

//.* ( 0 = in a lso i n ease in > f. as w e l l . H e n c e i £ V,„, a n d t h i s c omp l e t e s 

t h e p r o o f . 

D e f i n i t i o n 1 . G i v e n a U n u m b e r £ i n Qn. I f t h e r e is a s equence ( n , ) o f 

p-adic a l g e b r a i c n u m b e r s s a t i s f y i n g t h e c o n d i t i o n s ( 1 ) . ( 2 ) a n d 3 o f T h e o r e m 

1 , t h e n we say t h a t " i ; = l i n i / . . , o c a* is a n i r r e g u l a r s e m i - s t r o n g U — number" 

I n T h e o r e m 1 we h a v e seen t hat. i f l i m i n f j . . . ^ in, = ni. t h e n £ <E I 

I n t h e seque l U's a n d w i l l d e n o t e t h e set o f a l l i r regu la r s e m i - s t r o n g 

I1 - , U,n~ n u m b e r s . 

E x a m p l e . I f /> is a p r ime numbe r a n d o is a p-adic a l gebra i c n u m b e r o f 

deg ree m, t h e n 

B y d e f i n i n g o „ = o + + ... + //'•. o n e c a n s h o w t h a t ( n ' „ ) . f ( O V sa t i s f ies 

t h e c o n d i t i o n s o f T h e o r e m 1. 

D e f i n i t i o n 2. L e t (.»-,•),. N b e a s t r i c t l y i n c r e a s i n g sequence i n n a t u r a l 

n u m b e r s s a t i s f y i n g l i n t ^ ^ . ''^'"'^ ' = oo a n d (aj)i(zN he a n o t h e r n a t u r a l n u m ­

be r s sequence . W e say t h a t " t h e sequence (« . / ) ; N is c o m p a r a b l e w i t h ( . * • ; ) / e / v 

i f t here e x i s t s a s ub sequence (.rn,-);e/v o f (.r,)ieN a n d p o s i t i v e r e a l n u m b e r s 

A-i . /.'•> s u c h t h a t 

•<•»: < «i < • ' • £ ( / = i . 2 . . . . ) . 

T h e m a i n resu l t , o f t i n 1 p a p e r is the f o l l o w i n g t h e o r e m . 

T h e o r e m 2. L e t ( . r ; ) l € N b e as a b o v e d e f i n i t i o n . T h e n t h e se t , 

F = {( G UJH : {H{of))ir_N is c o m p a r a b l e w i t h ( . r ,- ) ,-^ , w h e r e l i m , _ ^ o , 

is a subf ie ld o f c o n t i n u u m c a r d i n a l i t y o f Qp. Here. A deno tes t h e set o f p-adic 

a l g e b r a i c n u m b e r s . 



Proof. L e i tj\.u-> t F. A s s u m e t h a t tj\ 6 i r / . " s . //•_» £ t . : / ' s . T h e n l h e r e 

are p o s i t i v e n u m b e r s . - ^ - j -- s : i- I , / M-7 j J ' i l J < ^ sequences o f a l g e b r a i c n u m b e r s 

) , t v • f ' ^ ' / f ,v ( , 1 ( ' £ n < ' i : ' ' ' ^ J - < ' w h e r e / > n u i x j r . / } ) such t h a t 

(,\) 0 • | n , . 4 , - o , |,,^ 77777^7 / / i „ , ' M f . w l l < ' r < ' n m < "V " • 

l i m , .-^ 11 ( r . i , } — oo 

( H) 0 < | i / . f i j , , - ^- 77777-; <- m ^ ^ f j o v h e r e l i m , //; = 0 0 . l i m , . . ^ // (•*,) = 

oo 

a n d t h e s ub sequences ( . r , , , ) , ^ . - . (.c,,,, ) i f , y o f (•'•,)„. v s a t i s f y i n g 

« " ) < < // ( o , ) < ( / ,- 1 . 2 . . . . ) . 

t w ) < < " w < ( ' - i - 2 . . . . ) . 

bet ( ' 1 ,)/. ,v d e n o t e t h e m o n o l o n i c u n i o n sequence f o r m e d t r o m \xUi ) ; t y . {.* ,„()([ v . 

A s s u m e t h a i xr> > n i a x { / / [o,).JJ ( 4 , ) } . W e s h a l l i n t r o d u c e p o s i t i v e i n t e ­

gers j ( / } . / { / ) a n d 1 hen p-adic a l g o b r m c n u m b e r s e, as f o l l o w s . F o r / > /0. 

n } i l ) - m a x { nw : 11 „ < r;\ 

( 1 8 ) 

m / ( , • — lua x { 111 

<\ <> / f, } 4 

N o w c o n s i d e r t h e set / i — ; / > ,'„}. f f / j c o n t a i n s o n l y f i n i t e l y m a n y 

p-adic a l g e b r a i c n u m b e r s t h e n l i m , . . ^ (\ —- \f\ + ,1/2 £ Hence \}\ -f- //•_> is a 

p-adic a l g e b r a i c n u m b e r s i .e.e //; -h y-> G P . 

Hence we s u p p o s e t h a t /? c o n t a i n s i n f i n i t e l y m a n y p-adic a l g e b r a i c n u m ­

be r s . I n t h i s case , we d e l i n e a s u b s e q u e n c e (e , t ) / , . ^ v ° f t )/<: iV < i S f o l l o w s . 

( I ! ) } I f < v , f l = t h e n \ = * a M - ... - <\i}, , ( s = 1 . 2 . . . . / , . , -

'/, - 1- ' M t - ' k ) 

N o w b y u s i n g l e m m a , '} . (18) . (<") a n d ( D ) , we h a v e 

H{bih) < 3 - » 2 . , . ^ - I M ) i S i n ce . r t , i ; — 0 0 . f o r l a r g e k w e get 



(20) * H { b u ) < . r . ^ w h o r e .sr> = / 2 ( . s 2 + «.,). 

O n t h e ot h e r h a n d , f r o m t h e d e f i n i t i o n s o f j ( / ) a n d t (i) , w o see. t h a t 

( 21 ) 0 < . / ( / H i ) - j ( ' ' i - n - 1) < 1 m i d 0 < ~t(ik.+1 - 1) < 1. 

M o r e o v e r , f r o m t h e d e f i n i t i o n o f [f>i.k)f,-eN• 0 1 1 ( 1 ( ' a 1 1 K ( - ( 1 e a s i l y t h a t t h e n u m b e r s 

i n ( 21 ) c a n n o t b e ze ro at t h e ' s a m e t i m e , i f f t h e n u m b e r s a n ; b o t h d i f f e r e n t 

f r o m z e r o , t h e n a c o m b i n a t i o n o f ( .4) . ( B ) . ( C ) . ( 1 9 ) a m i ( 2 1 ) g i v e s us 

( 22 ) | bik + i - bik \p= | bik+l - <<>,,.,,. , \p< m a x { | o / f , , + l ) - a j { l , + i _ V ) |/;. | 

% A H ) - ' ^ ( - M , - i) 1/4 <' m a x { ( 7 / ( n / ( , A + 1 _ 1 ) . H } ) - ' ? l , (Hi'M^+i-D+i))'^} = 

y;. • 

w h e r e /> = m\u{^-\i>], s : i { ) - , } • Hence u s i n g t h e r e l a t i o n s ( 2 0 ) A . + | a n d ( 22 ) a n d 

] > u t t i n g uh - « r , i „ R , r ^ ' • w r 

( 2 3 ) !, ,< / / ( / ) , , ) - " ' - (k l a r g e ) . 

L e t ' s s h o w tha t . H ( b , k ) —* oo as A- — oo . I n d e e d , b y u s i n g l e m m a 1 , (22) 

a n d t h e h y p o t h e s i s ^ r '
t " + J -* oo , f o r s u f f i c i e n t i y l a r g e A1, w e h a v e Xr,k < 

H [b,k , ) . T h u s , s i n ce t h e l i m i t o f t h e le f t s i de o f t h e l a s t r e l a t i o n i s i n f i n i t y , 

w o get / / ( b , k ) —> o o . H e n c e by T h e o r e m 1, w e h a v e l i m ^ o o bjk = y\ + y2 G U* 

( f o r s o m e in < / " ' ) . 

N o w we s h o w t h a t ( H {bik))^N is c o m p a r a . b l e w i t h (xrj )A-G/V- T O t h i s e n d , 

f i r s t r e m a r k t h a t , f o r s u f f i c i e n t l y l a r g e k, t h e s equence (H(bik))k£N 1 H s t r i c t l y 

i n c r e a s i n g a n d t h e n b y u s i n g l e m m a 1 a n d ( 2 2 ) w e g e t 

( 2 4 ) c 2 H{bikr'2H(bik+l)-'2 < | bh.+] - / ) , , |„< x-<> . 

S i n ce H{bjk.) is s t r i c t l y i n c r e a s i n g a n d H{bik) —» oo .- I t f o l l o w s f r o m (24 ) , 

H e n c e a c o m b i n i n g t h e l a s t r e l a t i o n a b o v e a n d ( 2 0 ) A . + 1 , f o r l a r g e k, g i ves us 

H e n c e // f + i / 2 G F . 

N o w w e s h o w t h a t t h e p r o d u c t yxy>2 is i n F. T o s h o w t h i s we s h a l l a p ­

p r o x i m a t e y\ij2 b y a l g e b r a i c n u m b e r s b\ as d e n n e d as 



( 25 ) b] - ctj{i)(1t{i) ( / > /„). 

I f B — { ; / > / ' o } con t a i n s o n l y finitely m a n y p-adic a l g e b r a i c n u m b e r s . I l i e n 

i t is c l o s e d . T h e r e f o r e b y ( 2 5 ) w e have 1 y\y-¿ £ A C F. I f B i s not . t h i i i e . we 

c a n choose a s u b s e q u e n c e ( b\ ) ^ / v e f ( <">]),̂ /v ; ,-s f o l l o w s . 

I f ^Ln = t l l 0 n *L = * L i = - = *L«~i ( * = 1-2..-,UH-I - Ú- -
r , ú .+ i - ú ) 

N o w u s i n g ( 1 8 ) . ( C ) a n d ( 2 2 ) w e o b t a i n 

<2ti) I é L i ~ *L I " A l + r - i L'̂  i n a xíl n / f , - H ) - « j o * . , . , - ] ) U 

when? A/ — m a x { l . | /y t \f,,\ // 2 O n t h e o t h e r h a n d , u s i n g a n a r g u m e n t 

s i m i l a r t h e o ne used i n t h e p r e v i o u s s t ep s , we o b t a i n 

( 2 7 ) H(b\j < ( f o r A- l a r g e ) . 

H e n c e a c o m b i n a t i o n o f ( 26 ) a n d ( 2 7 ) g i ves us 

\6L,-6l\p<H(6l*,)* ( for k l a rge )-

M o r e o v e r , u s i n g t h e s a m e a r g umen t s t h a t we h a v e u sed t o ge t ( 2 3 ) , w e o b t a i n 

Él 

I * ! w - ¿ I , lF< H i b l ) ^ ( for k l a r g e ) , 

w h i c h s h o w s t h a t yyy-2 is i n U'n* f o r s o m e 77; < I2. N e x t , as w e h a v e s h o w n 

f o r (H(bik))keN, o n e c a n e a s i l y s h o w t h a t r e s p e c t i v e l y , H{b\k) —* 0 0 a n d ( 

H(&lK.))k£N is c o m p a r a b l e w i t h ( .c r f )ATGW a n d so ,(/]y 2 6 F . 

F i n a l l y l e t a € / I a n d ?/[ £ F — .4 . T h e n u s i n g a n s i m i l a r a r g u m e n t t o 

t h e o ne u s e d t o p r o v e t h a t o 4- y i 6 F a n d a p p r o x i m a t i n g 0,71,0 -f /y, b y 

( f t C »i)¿GAí, ( « + Qi)ieN r e s p e c t i v e l y , o n e s h o w s t h a t 07/1, o- + //-, £ F. 
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