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SEMI-STRONG U NUMBERS IN THE P-ADIC FIELD Q, !

Hiilya DURU

Abstract. In this paper, by adjusting Abuacil's avticle (1] to the p-adic
nambers field, Q. we have oblained some uncountable subficlds of Q.

Introduction. For the conveunience of the reader we shall briefly recall
Koksma's well kunown classification [2] for the p-adic nmmbers, which was
introduced by Schlikewei [3].

For an algebraic number o define the height # (o) as the height of the
minimal polynomial of o, say P {¢) € Z[r]. where the P s supposed to be
unormalized, such that, its coofficients arve relatively prime.

For a p-adic number € in ,, and a natural mumber » put

Ed .
w, (H,£) = min [& -,
degan <1
H{o) < H
o
furthermore
S 1 . log w? (H£)
(&) = limyy o sup (“T:T
alnd

o ({) _ Ii]n?,goc Sup rn'”(& ] \

Define (&) as beiug the smallest | such that ), () = oo, if such an n
exists, Otherwise put g* (€) = oo, Now call a p-adic number € a

*IThis is an Euglish translation of the main part of the author’s Ph.D.
Thesis done at Istanbul University uuder the supervisor of Prof. Dr. Kamil
Aluiacik in 1996.
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ST —nemher i < w0 (8w oo and gt () = oo,
b= oow and gt (L) = oo,

= oo and gt () < oo,

T — wuniher if 0"

£ — napiher il wt

Fverv ' =T U —wwber s a S— T - U — number respectively. More-
aver in [1] Loug has proved that Mahler's subelasses U, are equal to the
Noksma's subelasses U]

For the proal ol the main results we shall need the following lemnpas,

Lemma 1. Let o, F be twa p-adic algebraic munbers with diflerent

ninimal polviomials. Then. for fa f,= p " and » = min{0, 5},

‘ (- fil,_.}“ —WLJW

o

M e MELED

where M= max{dega. dge 4} and ¢ = L AT (Schlikewei {3] ).
Lemima 2. Let P} = a0 4 0wy © Z]e| o is a oot of 77 then

| r
[ - 3], YITEE] (Morrisou [9] ).
Lemma 3. Letagay (02 1) bealgebraie munbers in ¢, with @ |ioy. 0y 1 Q) =
o and let F{y.epo o) bea polvnomial witl integral coctlicients, whose de-
sree g s at least one, Hoyosan algebraie mmunbeys such st F o ay o) =

(). ithen the degree of oy < dy and

e { E } .
Iy = R AR ”.frff:’.._hff:"
where £ 15 the heteht of o0 6, s the heigln ol o, (0= 10080 1 is the
] = f f (m] \

maxinmun ol the absohue vahies of the coetficients ol Fo 7, is the degree of F

iy (= 1o k) and o is the degree of Fin oy ( O.SICEN (6] )
The frst main result ol one of this paper is the Tollowing theorenr.

Theorem 1. Let (o) - he o seguence ol peadice aleebrae munbers with
A | )

T
(1 dega, = m; <4 lun, o H (o) = oo (& > 0 constant),
(2)0 < fag —a; = T',-l——"—‘—,_ where lim, o owy = oo,
(3) [, —a; |,,<; ﬂTJrT for some & = (),
Thew fim, .o, € U7, where = lin nl, .o,



Proaf. Tt follows fronn lenina 2 aml hypothesis (2) that consceutively o«
cannol be conjugates and if 7 is sufficientiv lavge. | o0 =] o, {,. Hewee by
putting | o, {,=p e Z) aud 1 = wind 0. 4} and using lenma 1, we get

s
(1} /'rl“.')f'-”(l:'\p-{-llk I < | ”"“ll = (Y i'”‘

Jh 1 btk
whore &} 7L"WW"‘—
Sinee liny, o~ | ajsy = a; [p= 00 the sequence (o), 15 o Cauchy sequence
m ¢, and so lim,_a; = £ exists. Let's show that £ € L7 First we shall
prove that, for sufficiently large 7 and s > o0 | ag = o, [p=] 031 — o, |, .
[ndeed. combiuing (4) and {2) and using both the facts that H (0;) — ou
aied vy — oo we obtain

s

(5) H ()7 < H(ag)
and from this

(G) I (o))" < H (o)™ (¢ large enough).
C'owbiniwg the relations {2) and (6) we get

by = oy [p= | anr = aigs b loveach 1= 20005 0,
Henee

Jloo—a, |,=lai —ai|,= Wﬂl)— (7 laree and s > )

Siwce o, - for sufliciently large 7 fhere is a s = 7 such that

€l (o) "

Therelore a combination of (6).{7) and (8) together with the (‘qnnli!.ic‘s.

| € —a;fp=max{ | & —a, || ae—n, |} =la, —a,]= = {a,) """,
FIVeS 1S

((!) L& —a,|,= 11 (a;) "L (for i large).

Ou the other hawd, since limint; oo = mwe have a subsequence

(a;, ),‘@\,- ol (o Dien sucl that ey e o, = o Henee 1()1' suticiently large
. w .
degay, = nio Henee, using, (9) we get | &= aj, = I (g, ) % whieh

shows that (% (£) < nr.

-

We shall complete the prool by showing the opposite inequality @7 (£) =
i For this we shall distinguish fwo cases according to =1 orm > [ [u



the case e = L by definition of g* (&) we have " (€) > 1. So together with
p €Y < = fowe obtain gt (§) = 1.

Now suppose that m > L Let 4 he a p-adic nnmber of degree < e, Sinee
ling; e 10, = m. dega, = for sufficiently lavge 70 Applying lensma 1owe

gt
(bO) | = a, > ecH (a,) S H ()78 (G large),

On the other hand, as w0, — oo, for sufficientIv large 7, we have

Dh(h40)
fal

(LL) w, =

Now suppose that the p-adie algebraic mumber 3 satisfies the condition.
" : . I

(12} 11 (3) > max{J] (o). =}

where 7y is a sufliciently large, fixed index. It is clear that there exists a
natural mumber ¢ 2 iy suel that o for every p-adice algebraie munher satisfving,
(12), we have

(13) H(a)) < H(3) < Hia).

Taking into acconnt (5). (11) and (£3) we can have only one of the following

Cases;

(14) or

(E1) H (a7

I

=

' Sff {nf) SH((’),‘H)
Supposce that the first relation in(14) holds, Then a combination of(2). (3) . (9) . (L0) . (12}
and (14) gives us :

24

(ID) | 4 —a;|p> H () > i ((\,‘H)mh > Ha)y ™ =&~ o, Iy -

Furthermore, using the equation | & = 4 |,= max{| { —a; [,.| 7 — a; {,}.we

wor
(16) ] & — 4, [> H (o) ™ (for Jarge i),

If he second relation in{ 14) holds, then nsing the relations (9), (10), (LL), (12).
we got



S {hb) kg2

|£“(I,’+| h,i H (r\-,-_i 1)“-“:’*" < H (d) A < H (J’?’)Ti < (I,'_H—‘:"f |p

s0 that
gl

U7) &= 3= amr— 81, H (37 k.

As the exponent of # (i3) on the right hand side of (17) is greater than
that of (16), (17) is verified for all p-adie algebraic nmmubers of degree at
most. i — L and height greater than max{{f (“"“)";'JT}' This shows us that
pF (&) = m. This result together with the inequality g () < e hply that
() = e also i case o> 1oas well. Henee € € UL and this completes
the proof.

Definition L. Given a U number & in (. If there is a sequence {(a,) of
p-adic algebraic muubers satisfying the conditions (1) . {2) and 3 of Theorem
1. then we say that 78 = liny L 05 1s an irregular sewi-strong U — wwimber”

In Theorem 1 we have seen that if liminf; . m; = m. then & € U,

In the sequel 7% and U7

* will denote the set of all irvegular semi-strong

/- U,,— mnubers.

Example. If pis a prime nuber and o is a p-adic algebraic number of
deeree e, then

: 5 .. .
o= a4+ T " s i U)S

Lt e’

| il ; . .
= a4 p" 4 4 p™. one can show that {ev,) .. satisfies

tlie conditions of Theorem L.

By defining a,

T

Definition 2. Let (o)., be a strictly incereasing sequence in natural
e N . l

: . . o
mnhers satisfying ling ﬁ—' = 00 awl (¢;),, 5 be another natural mun-

bers sequence. We say that “the sequence (a;);, 5 15 comparahle with (idien
" if there exists a subsequence ()0 n 0F (17);cy atcd positive real nmumbers
fq. o such that

ey < Jff (i=1.2...).

I
The main result of tiie paper is the following theorem.
Theorem 2. Let (b)), ., be as above definition. Then the set
ieN ’
F = {E € UM - (H(0)) ey 15 comparable with (), , where ling o, = o e ,’\'}L
A

is a subfield of continumm cardinality of @,,. Here A denotes the set of p-adic
-algebraie nuniboers.



Proof. Lot groge € Fo Assue that gy ¢ Uy € U Then there
Are positive nnhers sy, o, w0 s (peps aid seguences ol algebraic mombers

(), y Uhi)en (dega, < fodeg d, < where £ 2 max{r /}) such that

! i T N
(‘\) ” - ! ”."+| =y, lfJ:: !“”"‘u-, T ”(H,,;,lrl’ .\\']l(‘](' h]]l, s YR T
linit, one £ (12,} = o0
. i i ETRT : _
()0 < | Aig -, |,= IR A avhere ling v = oo i, .o L) =

X0
aud the subsequences (i, ). o (o) e OF (), 4 satisfving

(O et o) < (= 020000

(D) < H () < ant (0= 0200,

Let (), x denote the monotonic nnion sequence formed from (e, o (e ), 8
Assume that o> wax{ I (a,) 4 (35) ) We shall introdnee positive inte-
goers {7} {0 aud then p-adic algebraic nunbers 6, as [ollows, For 7 > iy,

Wi = max{ g, oo, < e

(18)
Wiy = maxd o, o, < rl
(‘), fraey ”,j(ll ‘4:' -)J,o(,‘}.
Now consider the set 2 = {¢&, o 7 = igh. B contains ouly finitely many

p-acdic algehbraic munbers then ling. e d, = gy + 42 € 3. Henee gy 4+ 42 15 a
p-adie algebraic uinmbers i.e.0 4y + gy € F.

Hence se suppose that 2 contains infinitely oy p-adic algebraic nnm-
hers. In this case, we deline a subsequence (8, Jpen of (8,),00 as follows.

(I(J) If (S’-k{—l = (\,"‘_,{,..,- thew {\"A = ('S'J.-ll = .. = (‘)-’A-?ﬁ' | ( N = 1,2....!"(.._|_| -
oo Lodpe = ig)
Now by using lennna S.018) . (C7) and (D), we have

N TEI Y oy N .
His, ) < 3 .r_f,f*'—’“”. Sinee - — oo, for large Ioowe get

+



(20), H (5,) < J;"‘A where sy = sy + ).
On the other haud, tromn the definitions of j (/)and #(7), we see that
(21) 0 < j(ipgr) — Jligyc— 1) < Land O < #(iggy) — #{igy — 1) < L

Moreover. from the defiuition of (4, Jren. 011e can see easily that the nmnbers
in (21) cannot be zero at the same thine. ift the nmnbers are both different
from zero. then a combination of (A) . (B) . (C7), (19) and (21) gives us

(22) | hfk-»-l — 04, |P: | bf'h-+| *'h"k-i-l - |P§ nmx{[ i) 7 Viliegr-1) ,P-"
d”-"i. IR d"(-‘m - 1) ]P} < nlax{{‘f[(“ﬂ"uﬂ*U'H ))'-011 (]f(df(f.k-Jrl—”Jrl))—}w}
"l
where p = miu{sip).s3p2}. Hence using the relations (20),,, and (22) and
o log Lo \

Sty b — s s iy
putting v, = St we got

(23) | iy — diy Jp H(8;,) 7" (b Targe).
Let’s show that H{4;,) — oo as k — 0. Iu(l('('(l by using lemma 1,{22)
top kr, hp
aund the hy pn‘rhvslsm%%—"-- — 00, for sutfic 1(‘11tl\ large £, we have aff <
.

H{(é,,,,). Thus, since the limit of the left side of the Iast relation is infinity,
woe get 71 (6;,) — co. Hence by Theorem 1, we have linyg oo 8, = yi+ys € U2
( for some m < J?),

Now we show that (H (6, ))ren I8 comparable with (.1?,-,* Jeen- To this end,
first remark that, for sufficiently Iarge &, the sequence (H(6;, ))gen s strictly
mereasing and then by using lemnna 1 and (22) we get

(24) ¢ H(8;,) " H(d;

-'i.--H) S

<8, ot
Tt

Teps iy |I'<

Since f (8, ) is strictly nereasing and H(8;,) — oo It follows [rom (24)

pTic

it < H (b, )

Hence a combining the last relation above and {20)
Wz

A r',r‘. r

Hence yy +y2 € F.

k1o for large b, gives us

.55

Tiggr '

< H(d

’LH)

Now we show that the product gy, is in F. To show this we shall ap-
Yy
proximate yye by algebraic mmunbers 6] as defined as



If B={:i2>ip}contains only finitely many p-adic algebraic numbers. then
it is closed. Thercfore by (25) we have yyy» € A C F.If Bis not Huite, we

can choose a subseguence ( b,lk Jeeny of { hj-),-EN as follows,

Ifol =ol,, thenol =ol ;= =0l | (5= 120 0 —i-
Now using (18), (") and (22) we obtain

(26) 1 8y, ~ o, b= 1oL, Oy, 1 b€ maxl g — oo b
N Bty I | Bty — Brtie—1 bp - 1 oGt —n b £ Muax{] a0 -
Cjtiy—1) |T“I ﬂ"(fL-q-]) - -df(i'x\--u—'l) |Ji}:

where A = max{1.| y¢ l,.] y2 |,}- On the other hand. using an arguient
sitnilar the one used in the previous steps, we obtain

(27} H(r"},l;k_) < 23 (for k large).

ke
Hence a combination of (26) and (27) gives us
I ! I =5 e T
[ 63py — i lp< H(6;, )57 ( for k large).
Morcover, using the same argiments that we have used to get {23), we obtain
B
! | |tk L Ve
' br'g.+1 - 67'4.‘ |I?< H("’i;..) 2 ( for & }‘115%(‘)»
which shows that gy 15 in U,",f for some m < [?. Next, as we have shown

for (H (8, }}ken, one can easily show that respectively, H((S,l-k) — oo and

H(é,’.k))keN is comparable with (.17,.,.* Jeen and s0 yrye € F.

Finally let o« € A and y; € F — A. Then using an sitnilar argument. to
the one used to prove that o + ¥ € F and approximating ay.a 4 y; by
(oa)ien, (o + ailien respectively, one shows that ay o + yy € F.
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