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ANALYTIC SOLUTION OF ONE-DIMENSIONAL
PROBLEM FOR PARTIAL INTEGRO-DIFFERANTIAL
EQUATIONS WHICH HAVE PARTIAL CONTINUOUS
COEFFICIENTS IN THERMOVISCOELASTICITY
THEORY'

Mustafa Kul

Summary: In this paper, a non-stationary problem on thermomechanic wave propagation is solved
in an environment. which is, consists of a finite thick plate connected with a semiinfinite space.
Materials of the plate and the space are in conformity with linear viscoelasticity laws. Mathematical
model of the problem consists of: linear equations of viscoelasticity and heat transfer for each
environment independently, initial conditions and on the connection surface of environments
conditions of increasing temperature and normal stress, depending only on time which are given as
known functions. It is assumed that temperature and mechanical fields depend on each other. As a
system. parabolic type partial integro-differential equation of temperature and hyperbolic type partial
integro-differential equation of wave arc solved. It is assumed that kernels of integral operators are
difference kernels. Depending on boundary conditions, functions of temperature and mechanical
magnitudes become only functions of time and a space axis. which is perpendicular to free surface. In
this case the problem turns out to be a one-dimensional one,

LINTRODUCTION

Determination of the reaction of the bodies changing from to dynamical forces is one of
important problems in the field of mechanical science. We face to these problems in daily practice
frequently. «

Although pioneering works of Euler, Bernoulli, Sofi-lerman and others were initialized in
18" century. in the field | it is gained scientific form almost in 20" century. Dynamics of elastic
bodies has important application in seismology and in other branches of technology. Path breaking
rescarch accelerated alter 40°s of 20" century, reached important results many articles and book were
published. We will mention some of the published materials that are concerned with our research.

Heat is one of the important magnitude which effects waves in bodies changing forms. Effect
of heat is high in Composite and Polymer materials. Solution of the thermoelastic wave propagation
problem in homogenous bar became classical and exists in many books. These problems may be
classified into two; one is dependent and the other is ‘independent. In the first, heat and stress-

1. This paper is an English translation of the substance of a doctoral dissertation accepted by the
Institute of Science of Karadeniz Technical University in February 1995. [ am grateful to Prof. Dr.
M.Sait EROGLU and Prof. Dr. Musa ILYASQV for their valuable help and
cncouragement in all stages of this work.



deformation fields are mutually effected and can not be determined independently. Mathematically.
in this case, motion and heat equations constitute an interdependent system and solved commonly. In
independent dynamical problems field of temperature is determined initially then temperature is
added to motion equation as a defined function. It is clear that, in this case, the effect of stress-
deformation field is neglected. As it is seen, in second type solution of the problem became easier.
mathematically is reduced to the one of one dimensional problem which is finding solution of non-
homogenous hyperbolic type equation with initial and boundary conditions. The most widely known
of analytical solution methods of linear problems is integral transform mcthod. Interesting and
difficult part of this method is calculation of inverse transforms. Evens in the most simple dependent
problem inverse Laplace transtorms can not be find. Owing to this fact in the solution of similar
problems, we consider asymptotically situations. that is very large and small values of Laplace -
transform parameter, or initially solution of independent problem is taken and perturbation method is
applied.

In this paper we research one dependent problem of propagation of mechanical waves in an
environment which consist of viscoelastical plate and semiinfimite space. Considering partial constant
coeflicient in addition to what explained above makes even more complex. Problem is solved by
Laplace integral transform, and system which is obtained by substation of boundary conditions is
solved analytically in Computer by using software “Mathematica 2.0™. Inverse Laplace transforms
are calculated for very large and small values of Laplace parameter.

Classical solutions of thermodynamically problems for elastic and viscoclastic matcrials are
in [9] and in several books.

In [31] perturbation method is developed to investigate nonstationary temperature ficld and
stress tield in viscoelastic bodies of properties depend on temperature. In solutions of thermoelastic
wave propagation in cylinder of infinite length and in sphere. and viscoelastic plates are given as
infinite series and determined convergence conditions for these series.

In [21] termoviscoelastic problem is approached in a general form by .using perturbation
method with temperature-time analog. and same problems are investigated which arc Cl]lphdbl[ll‘lg
effcets of temperature field on properties of viscoelastic bodies.

In [10] nonstationary oscillations of viscoelastic bar are investigated under the pressure of
periodical variable force considering.lemperature effect on properties of materials. In addition under
the effect of harmonic load, lengthwise oscillations are studied for viscoelastic bars. Mechanical
properties of bar depend on temperature. Because of continuos transformation of mechanical encrgy
to heat, temperature of bar is increased and this in turn changes speed of the propagation of waves.
This problem is solved numerically.

In articles [12,13,14.15] and[23.24] effects of temperature and stress fields on propagation of
waves in homogenous half-space are studied.

In articles [1,2,3,5,6,7,16.17,18,19.20,22,25,26,27.28,29.30,32,33,34] related studies are
performed.

2.FORMULATION OF PROBLEM

Let us consider a non-stationary problem that resulted from mechanical and temperature
strokes in a semiinfmite stratified environment.

Let us take origin point on free surface and let us take x-axis perpendicular to the free surface
downward. Let us assume termomechanical effect, which is in the boundary (x=0) uniform for other
coordinates, only depends on the time. In this situation determination of stress, dcformation and
temperature ficlds is reduced to solution of one-dimensional problem. Magnitudes which belong o



plate are indexed by "1™ and those which beleng to semiinfinite space are indexed by *2". Thickness
of the plate is shown by “h™,

[.et us consider the linear problem of the related thcrmoviscoelasticity theory and assume that
conditions of the environment are not depend on temperature . In this situation we obtain following
displacement, heat conduction and state equations.

oo (x,f) ﬁzilf(,r,f)

OX / or’

(1)
x, 00 (x.0)y a' a'
L CURED -1y, + < [y (1 —1)de 2
T, &° 3l .,m'( P, o (.J‘W!( i ()

/ ~ Y
oilr.O= |:R,(i—r)+—§Q,(f—-r):|dc, - qu,(l—r)dﬂ, (3)

Above, 1712, &, (x.1) 1s stress, u, (x.t) is displacement, p; is density, T; (x,t) is temperature, Ty is
initial temperature, 7y; is temperature diffusion coetlicient, ny (t-1), y(t-1),Ri(t-t) and Qj(1-t) are
functions which denote mechanical properties of materials. R; (t-7) is called volume-relaxation
function, Q,(t-1) is called slide-relaxation function. Integrations in (2) and

{3) are Stiljes type and
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When we examine the linear problem we assume that ¢; and b, are infinitesimal and the
K .
same order. Beside let us assume following relation between extension resulting from temperature
and mechanical propertics of materials.

yilt)=E,Ri(1) (5)

where ¢, 1s coellicient of extension resulting from temperature which is independent of the time.
Firstly using (1) and (3) then (4) and then (2) and (4) we obtain
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and there is no summation according to repeating index. (6) and (7) are partial integro-diflercntial
equations. u; {(x.t) and OGyx.7) will be solved from this equations. II' viscoelasticity propertics of
materials have instantaneous elasticity property then (6) is hyperbolic and (7) is parabolic.

Relaxation function above are continuos functions of the variable >0 and when <0

Ri(1)=0,  Qi(7)=0, m;(1)=0 yri(t)=0

Initial conditions are,

ui(x,0)=0 ' (8)

ou,(x.1) —0 (9)
o .,

Bi(x,0)=Q . _ (10)

In case x=0
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In case x=h,
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Conditions (13).(14).(15).(16) show displaccment. stress, temperature and temperature dlliuslon
values are equal on the boundary of the space and the plate.

3.SOLUTION OF THE PROBLEM BY LAPLACE TRANSFORM

We will solve the problem (6)-(18) by Laplace integral transform accordihg to time. I we
apply Laplace integral transform. with the initial conditions (8).(9).(10).lo the equations (6).(7) we
obtain following diffcrential equation system.
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where i is the Laplace transform of u.

fpy= [fuyerde 21
Lt

(21) is the Laplace lrdnsform ol () function. p is the parameter fithe transform..
In order to determine u, (x,2) and 0 (x.;) lunctions, a system oficquations is found which is sccond
order and have constant coefficients. Characteristic equation of the system is

K*-AK*+B=0 (22)
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where, i=1.2. Since the numbers K, j=1.2.3.4 | are functions of the Laplace parameter p.
complex numbers. But for real p:
Re(K (K3 )<0 (27)
RC( Kj,.KL;,):"O (28)
Following propertics exist among K, solutions.
K1 KaiKsiK =B, (29)
KuKa, KJiK-ﬁ:\E (30)
KI |:‘K21 (3 ! )
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Kt Ksi=-(Ka +Kyi) (33)
General solution of the system (19).(20) is as follows.
u (v p)= £t v E e b E et 4 B et (34)
0 (x.p)=F e + e H Fet T 4 et (35)

they are

When this values are replaced o (19) or (20), following relations among Fy; and E; are obtained.
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As shown solution depends on six constants (Ey.Ea.Ex By Ej2.E32) and these constants will be
calculated tfrom (12),(13),(14),(15).(16). When we apply Laplace transform to (3)
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arc obtained. When we apply (38).(39).(40).(41) and (43).(44) cquations to Laplace transforms of
conditions (11).(12).013).014).(15).(16) we obtain following system of lincar cquations, which consist
of six equations,
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arc obtained. Here A is the determinant of cocfficients of system A, 1=1.2,3.4.5,6 arc determinant
which arc obtained by deleting " column replacing right side values instead. Right side:
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Coetlicients determinant of the system and the other determinants are calculated by the formula

A= Z (‘l )“j Ai‘| Mlj

where Ajj are subdeterminant of 2 x 2 which are subdetcrminants of the matrix of 2 x 6 which is
obtained from f{irst two rows. While M;; arc respecting 4 x 4 minor determinats. Minus sing in front
of summation stems from calculation of determinant with respect to first two row.

When we express A and A; determinants by help of M;’s

(58)
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arc oblained. where

Solution ol so stated problem by the help of Laplace transtorm. considering
(5DUA52)(53).(54).(55).(56) and (59).(60)(61).(62).(63).(64).(65) only consist of
(38).(39).(40),(411(43).(44d). Lssential solution is obtained by calculation of inverse Laplace
transforms.

Since caleulation of inverse Laplace transtorm are very difficult we will {ind approximate
solutions are asympltotic solutions. These are solutions, for very small and large values of Laplace
transform parameter p.

Fiestly. let us assume materials of semi infinite space and the plate are clastic. In that case
Laplace transtorms of material functions verify following conditions. m; Gi. R; i=1.2 ar¢ constants
and

prm, =m, (60)
p(: = (67)
pR* = R, (68)

4. SOLUTIONS FOR VERY SMALL VALUES OF LAPLACE PARAMETER

By usiﬁg (60). (67). (68) and (22)
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arc obtained. Replacing these values in (38).(39).(40).(41).(43).(44)
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5.CALCULATIONS OF INVERSE TRANSFORMS

By using these let us obtain inverse transform. If
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are defined accordingly then
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Inverse Laplace transforms of ua(x, p) are
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Inverse Eaplace transforms ofi o, =123 4. arc

/e I(Xi X N6S. P _‘Ezlpz +'§|zp| +55, 0 )R| n(l,)
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c_rz(x. p)z E.z(x. p)+;32 (I, p)
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Inverse Laplace transforms of &2 (x, p) and ou_(x, p) functions are
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2«/_J "t —1)dr (105)

25,8:p0, f{f _ X } .
éézpl érpl _ézlpz _‘glézpz I - \/553

oy (xr)=- - (106)

6.SOLUTIONS FOR VERY LARGE VALUES OF LAPLACE PARAMETER

Atoap D T p 8RR 2Tm, o 28 RTp 20me R p’
e xS G'x & E'Gxi G’
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Again by (25)
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2‘; ) . 2%1 26;1; z‘g,k x: G

£, (& R} ”
e : ==,
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Replacing this values in the solutions (38).(39).(40).(41).(43).(44)
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Making necessary simplifications in coctficient matrix (a” ).i._," = 1.2.3.4.5.6. for large values of p.
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In that case let us calculate solutions ol (51).4521.(53).(54)(55).(56).
HWweexpend AL Ay Ax L Az, Ay As | Ag determinants with respect 1o first two rows
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arc obtained. Since exponents are the same in cach column of the matrix 4x6 which consists of last
lour rows ol the matrix (aH ) i,j=1.2.3.4.5.6, using propertics of determinant
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alter same simplifications. we obtain
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After calculating M\, , j=2.3.4,5,6, and making some simplifications we have

. 7

p
M, =— — (¢p-¢,)
& 52232(’|P|R270 XX, I ’
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XX X\ X

LA
4

e . R P f, " !,
H: :_L"C'7‘;-37H*('f”]r‘p'Rl[“\ﬁ'lmiXi J“:f“_EJ-“:(’:X!}C:PJR?[m'in_l} +&,7°8, 0,GL . P R (Jﬁi
. A . Ao

L

x‘u;,_l =L Ay +A,\/ﬁ)

/)
S8 e G p R, l,,\f.v M.y, X k I

where

- , / . , [
Ai__gi"ﬂ(’i)ﬁl*f}lREJml 7g.fé:l(’:)fx)f:l’:!“;‘/_{lﬂ+
Ay X
1.m, /'l‘ .
S0 5 p R\/ ! +&.8,GL p R, o
x> x>

. ]m. T
Ay~ ;l‘;: w Gy, p R ‘/7” + &, « K mop RT, Fom,
X1 V X\

: Tm, \- m )"
;léBW‘;:I(jZXEPIRi( Gm-J & G P R( o ]

1

A}



_ P+ ‘El ’Uln‘{:)
X {

' . 3 3
A= YAy p Ay
Ay L i, U’u’ ¥l v J

S el p RTG
Ao
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3 , oy -3 . - NI - ! J'” Hh
v, =& e Gup R, =5 60 x,p R T, 258 e G p R, /“\/
1A XX
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¥ :QE,'}_EE'E'(r'_\:.'.rzp*RJ;, EL 28 e Gy R, ( ) -*g,'g,a,(;ij,alkl(—‘—]
. . A

Xy X X
and
. . 1.m
] 2){1(_‘-;\#71 +;3p3) o T Y N
Mie = i — 24 (— I +ﬂﬂ—‘—’} {p ——“L-Jp}
gmp YO X y
Morcover,
E, = Gt +§I‘-';:Ipllf|(p l+ .‘,f,’ml]‘f}, (127)
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7.CALCULATIONS OF IN INVERSE TRANSFORM

By using above formulas, let us obtain inverse Laplace transforms ofi solutions.

_ - J'n-’_"

wn(x, p)=e ""} £,

- ) n‘w'r'?}\'
unl(v.p)=e' ° £,

v ”':"J:” | r
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— 1 I
wile.p)=e Ve B,

arc defined accordingly then
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vy = Z;n{.\'.:‘)

t

(13

By using inverse Laplace transform theory and Convolution theory, inverse Laplace transforms of

i (x,p) as follows.
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which is called convolution of F(t) and ¢ (1)
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Inverse Laplace transforms ol (v, p) and o (x. p) has been caleulated as lollows.
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Inverse Laplace transforms of 0, (x.p) /=1.2.3.4. has been calculated as follows.
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[f we deline

Inverse Laplace transforms of 01> (x.p) and 01 (x. p) has been caleulated as follows.
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Inverse Laplace transforms of o ,i(x. p) has been calculated as follows.
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&.SOLUTIONS FOR VISCOELASTIC MATLERIALS FOR LARGE VALUES OF
TIME

We mentioned before how difficult it was ﬁndmg: solutions of problems for viscoelastic
bodies. One of difficulties stem Irom functions m, . y, . R, . G, which are included in solutions of

Laplace integral transforms, [n order to reduce difficulties partially it is assumed that ratios of these
functions mutually do not depend Laplace transforms parameter. In that case for very small values of
p. and taking m,n constants,

1—1;.p=mi(l+pm)
a,p:(},(l+pn)

formulas are used. So using solutions in part 5 solutions in large values of time for viscoelastic
materials are found as follows. Again symbols in part 5 will be used.
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9.SOLUTIONS FOR VISCOELASTIC MATERIALS FOR SMALL VALUES OF
TIME

In this case lor very large values ol poand taking MN constants
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lormulas arc used. So using solutions in part 7 solutions in small values olitime lor viscoclastic
malertals are lound as lollows. Again symbols in part 7 will be used.

u,(x.l)iu;,(x.l)

N A
w[h—t J 1-
! lt-i

uil(x'l):_c V

£°m,T, VIR
— It‘(ﬂdr+" Ml jh(‘l’{l——j——-‘[}df+
Sy ] X

(169

T i
. - _ e - ' s
2 T = X = —TV 7 .
él ’n[ i I(p(‘r{’%“r}(/r+ﬂ;ﬁ_ I(p(f{f"—;r} C{T
X 0 el 2X v =i

by, oot )]
1:3](.\‘.i)=—;éLt' A

ool hex
St Sl '_f(_r{i— —rJdr+
PiXis ! JI.

=
i




f @(r)wll* V2 rdr (170}
n Sy .

add [p(rxt e+ ‘ p( ot r)dr}

u, {x.)s -2l
X!
el ’
m,l“

-
M .-
[T I LT

L - F| [ “; ul e 1
—_—e N = (p(r)dr+ (p )(l r)dr * (171)
lnmI

uy,{x.)= ——it)i":'—m[k, ljf(r Xt-t)Mdt +¢l)~(/1] . +%J]I'(r)(l —rydr

, X
P19, |
m, T,

Ly (20-x)’

5
e 2
4l 51 SR

¢ T
N [
G ¢,
l(,mI

o

u,(x.)=u, {x. )+ u,{x.1)

#

—

lm,(’h \]

)j@ eXt- r}ir}‘j.—c nd (172)

)| A h/
“ez(-"-’)= jgﬁ,] ¢ " [ “2] _[ f(f{l _x=h —rJdr + l}%
o1y, q g
J/ f(r{l Cx-h _,TJ 2 +l(7,, AL ]
' &2 2077 4y




7

s i 2 i ,(“\.,/,)N/
.[ /.(T{/*-\_IT—TJ dr -—wﬁz_e /(252)
) 52 Gy
(\ l'r]/

(\ l"}/

e (p(r dr+ﬁ W‘!T+
“ 2

.\'E h B r}ir
52

u (‘( {) m""b(' (‘nlp('lwb#p n‘s f R‘m
DRRELY

pEd | {I‘ (e Ye-ehde +

%(%—————u"';:‘:'_}]’f(r)(t-r)zdr} Lo W

+
0 m

AN

2¢,R (& p, +';::pz)rn‘:3283R3 mm,y,x

£ KA e,

0

e Bl
N

L U

| SRV J';‘“t m\/ x" :
[%“——“T“];'.{j' )J-fp(r-)(l-r)zdr}* ] L -

(174)

-h\—-
0, (\ l) F;R]E” c

. I* )dr+(———5’:‘l'T“ ~bc:;1 Tf‘(r{t-%—r}dr +

St

x
i

J‘P )“'”[ xl "—bé.]feo(r{r—g—?r]d;

! 1

(175)



(-5} ==
2bx £ Rl?n -\-,i;..__z_:__.. M . { hex ] I
e o S -———-r1 dr+~—(——]

vf)= -2
P Xy ¢l h
(o)
______ .
j- f(r{ _k erJ dt+——(,u L —bé,,u} /
0 | |
L)
< b e R T \,,,,tn-‘-_fl.\;
j f(f{f“ .:- - ] dr +x ‘ I7 0%l R
0 Sl (Jlxl—qﬁl
("? x)/ (h \)/
S| -
M I olr )dr+ - J ‘f————fr dr +
il '
0
{i-x)
S
[;13+H¢’~—b§“u|] I (p(r{;w _ —r]dr (176)
¢ G
0
B (x.t) = - 2bGy ||, & Tomy
PER g X
T,m
£ dr +

(177)

dr +

2bG
0, (x.t)=———
&R\ & 9,




(')h ) ) ll,m,
As +}L'('i)2 oy Ay J.i'(T)dr*lirE' —X__ dr |-
¢ X o 2\[’
T.m
. (2h-x) | " , 2
—'J-(,tf(tmr)!irf A dr ———(){ }”‘ﬁ' -~ Lymyg, 4,
1 2\/‘? ¢)| - (f)l be

(178)

oh- )\[ fm
' o, X
J"cp([ —7)lirl T dr

0. x.)=0,(x.1)+0,(x.t)

(\ h}

{ N
2¢ R b onfu N S2 <-h
9':(“*‘):“*“““&—@ IR PR F1 (3 RS T
’()'5'(!)' 0 b
benly
.- BE, SRR
: %__Yl J'f(r{t—‘( h—r dr+
By
2 . 2
(_(.\-h)"
1 (5 2 RoT
—[}’3 +MJ J.!‘(r){l—xr'h_f] dr |+ &2 210?281RI.
2 ¢ &2 HG,
4]
{\h]
{x- h)[lh §J /

€ j(p (the+

{\ h}

e




‘_(\—h‘l/;"
[y‘+bf~f)—z—} j(p(r{l-x.mhr}lr ' (179

4bG,GLy. 4 T,m, y,

0, (x.t)=~ - f(t -7 )Erf dr +
" P& j 2t
L
rl‘ ]
9y Tomg~  Tomagy” j‘f(r)dr*ﬁrl' X2 x|l
¢ X X ) 21
2R 1Gaxal&pr + Sapa WTomixy
¢
| (x-h) \/ Lym, \f I,m,
' . 2 X
¢ (U-7)* Lt - dr +
”J 2t
¢ Tym&m Tomyds I‘P(’—T)Ef?/' X2 x|, (180)
¢ X X2 ) 2T
1
o (0= Yo (.
=1
|_.'\.
N K
O'”(x,l)zch\ 2 [l[t- :‘ J+S| m, T, -bg, ¥, J‘i( ) S m, T,b
Sy X o X



j(p(r)(t--z-‘-—r}dr (181)

f-y
2h N Ai-x ¥ b T < ) R
o, (x.1)=- £, _ ){ "*'J i, j f(r)dr+—(—jy‘ .
XI¢I . 0 [_‘ ,%
, [T Y > .
< e Ve
j j'(r{lgh i _r) dr+{,u‘ +fﬁf'5—3—h§]p[ ]
4 ¢
0 =1 I
(h-x) ) i {(h—x)
{-" e
7 h-x EyeipRyx2 '(h')‘)(bﬂr\vj ] - Ha ¢ h—x dt
f{ { -— —rJdr 42 122 el el — )+ —= j O = ——— = T)—=
6[ <l Gy L W &y Nes
Aok
-(,u‘#"‘bf —hé“u]J Iqa(r}ir (182)
$ /o0 ' .
Tom,
1 ‘ EE rr 1 i
o, {x.1)=2b¢, J‘I'(tﬁr)Erf d dr+2! i J‘f(r)dr*
. t ' 2t X it
] Fom,
" ‘ L}
W Ll Ll JA(p'(t—r)Lrl Al dr +
G| 2T
0




T,m,
[P e o Tt
<, myT, . X
— qo(l—r)Erl —dr
XI 4-)" 27 _ (183)
' Tom
She t (2h-x) 2ot , ,
()'4E(XJ):_ ol Al J-f‘(t—r)Er[' Xl dr+ A, + 192 J‘f(r)dr*
¢| 5 , 2r < ¢I
_ . ;
SRR (2h-x) [ OM
Erf LI LARE Y J' (=1 )Eet X1
G]¢’| | kP ( T) 27 d'f+

(184)

| [

(/13 + %?LJ ljtp(t ~ 7 )Erf

oy (x.)=0,(x0)+0,(x.1)

x-h

Y PO B
au(x,;)=_%‘5zﬂe‘ ”{H 2][}, J' Flekdes y;

Fﬁ§|¢| ! b rt/gj
X/t '
-
<2 -
: x—-h
=T
2 |
0

h - N —xX=-A +"7V
| f(r)(r —x_hwr]dr cakepy iny)
0 ’ ("|¢’t

x=F 3 F
[w(f—\é,’?};;— Qf @(f—r)%Jr(hﬂfz —éth]

\ t



J; (p(r{t—x;h—r]dr (183)
i = ‘

4bC p, ¥, . 3
U}Z(x‘l):_#(plél +Pz$:)\fﬂ|’77|X|§3 £,R,-

; (x h)\] Loy \/ oy . T
[ite—c)ert L Nn dﬂ(ﬁ J
2‘\/; ¢ . X

| (x_h)\["l"ﬂm3 +h\/T oIm :

~ .Xl xl (gR,D‘aXI
fir v * Erf e
lj( s 24t ¢

-Ptét+Pz§z)\lF’"|X| &R, {I (t-7)

(x—h.)‘\/ﬂ'm’ +h\/nm'
Erf| — % £ dr+(¢—3 Tomé, ]

27 ¢ X
| | (x-h)\/T“m? +h\jT”m'-
jgo(t~r)Erf Xzz[ 4 dr} (186)
0 . . T
) }
REFERENCES

[1] ACHEN BACH ,J.D.,SUN ,C.T. and HERRMAN , G.: On rthe vibration
of the a laminaied body , 1.Appl. Mech., 35 (1968). 467-475.

[2] BARKER,L.M: :4 model for stress wave propagation in composite maler rals
J.of Comp. Mater, §(1971), 140-162.



[31 BRILLOUIN, L.: Wave propagation in periodic structures .Dover publishing,
182(1952)

[4] CARSLAW ,H.S. and JAEGER,J.C.: Operational Methods in Applied
Mechanics, Oxlord University Press. 1941.

|5] CHEEN, C.C. and CLIFTON, R.J: Asymptotic bilaminates ,Proc.

14th Midwestern Mechanics Conl. University ol Oklahoma ,‘1975,399-417

{6] CHEN,P.J. and GURTIN,M.E.: On the propagation od one-dimensional
deceleration waves in laminated composites. J. Appl.Mech. N40 (1973),1055-
1060,

171 (fHRlSTlNSEN, KM.:Wave. prupuga/irm' in lavercd clastic media, J.Appl.
Mech.42 (1975). 153-158. |
18] CHRISTENSEN,R.M.:Theory of Viscoelasticiiy,Academic press, 1971.
9] CRISTESCU, N.:Dynamik plasticity, North-Holland Publishers. 1967.

J10] GRACH, S. Wave propagation in a viscoelastic material with femperatire- dependent
propertics and thermomechanical coupfing . Transactions ol ASME ]

OF Appl. Mech .. 86 (1964) .423-429.

[11] GUTERMANM.M and NITECKI ,:Z.H.: Differential Equations . The
Saunders Series .1984. '

[12] HEGEMIER ,G.A. and NAYFEH, A.H.: A4 Continuim theory for wave
propagation in laminated composites . J. Appl. Mech..40 (1973), 503-510..8

[13]- HETNARSKI, R.B.: Sofution of Coupled Thermoclastic Problem in the form
of series of function. Arch. Mech. Stos..6, Nd (1964), 32-39.

[14].HETNARSKI, R.B.: Coupled Thermoelastic Problem for the halfspace, Bull.
Acad. Polan. Sci..Ser. Sci. Techn. , 12, N1 (1964),120-128.

[15] TGNACZAGJ.:Thermal displacement in a non-homogencous elastic semifinite space, caused
by sudden heating of the boundary, Arch.Meech. Stos..10 N2 (1958), 152-159,

[16] KARMAN,Th.:On the propagation of elastic deformation in solid, -NDRC report No,A-29,
OSRD No.365 (1942).



[17] LEE,E.H.:Dynamics of Composite Materials, ASME Appl.Mech.Divisions Series, Book
No.H0078 (1972).

[18] LEE,E.H.and KANTER,J.: Wave propagation in finite roads of Viscoelastic Materials, Journal
of Appl. Physics, 24, N9 (1953} 1115.

[19] LEE,E.H. and ROGERST.G.:Sofution of viscoelustic siress analysis problems using
measured creep or relaxation functions. Brown University Technical Report DA-G-54/1. J. Appl.
Mech, 30 Trans. ASME.85 (1963), 127-133,Series E.

[20] MORLAND,L.W.and LEE.E.H.:Stress anafysis for linear viscoelustic materials with
temperafure variafion, Transactions of'the Society of Rheology, 4 (1960), 223.

[21] MUKI, R. and STERNBERG,E SOn fransient thermal siresses in viscoelustic materials with
temperature dependent properfies. Journal of Applied Mechanics,28,Trans. ASME ,83.(1961). Scries
E.

[22] PECK, J.C and GURTMAN,G.A. :Disperiive pulse propagation parailel (o the interfuces of a
laminated Composite, 1.Appl. Mech,, 36 (1969),479-484.

[23] SNEDDON,LN.: The propagation of thermal stresses in thin Metallic rods. Proc. Roy. Soc.
Sec. A, 9, 65 (1959),115-121.

[24] SOOS,E.:The Green functions (for short time) in the linear theory of Coupled thermoclasticity.,
Arch. Mech. Stos., 18, N1, 12-18.

[25] SVE,C :Stress wave attenuation in Composite Materials, J.Appl. Mech., 39 (1972).1151-1153.

[26] TAYLOR,G.L.: Propagation of earth waves from an explosion, British ofticial Report .R.C%70.
(1940) 21,

[27] TING, T.C.T.: Simple waves in an extensible Siring  J. Appl.Mech..36 (1969).893-89¢.
[28] TING, T.C.T.:Dynamical response of Composites, Applied. Mech. reviews, 33 N12 (1980).

[29] TING, T.C.T and MUKUNOKI, 1 :4 theory of viscoelastic analogy for wave propagation
normal to the layering of a layered medium, J. Appl. Mech. reviews, 46, N3 (1979),329-336.

{30] TING, T.C.T and MUKUNOKI, 1 :Transient wave propagation normal fo the layering of
finite fayered medium, Int. J. Solids Structures, 16 (1980}, 239-251.

{311 VALANIS, K.C and LIANIS, G.4.: Method of analvsis of transient .thermal stresses in
thermorheologically simple viscoelastic solids, Transactions of the ASME. | of Appl. Mech..86
(1964),47-53.

[32] VALAN[S,- K.C.: Method of analysis of transient thermal stresses in thermorheoiogically
simple viscoelastic solids,Mechanical Engineering, 86 (1964), 64.

[33] VALANIS, K.C and LlANlS, G.:Error analysis of approximate solutions of thermal
viscoelustic stresses, Purdue University Report A and ES 62-13, (1962).

1241 VALANIS. K.+ Studies in Stress Analvsis of Viscoelastic Solids Under Non-Steadv


file:///Dispertive

Temperature Gravitational and Inertial Loads, PhD thesis, Purdue University,1963.

Mustala Kul

Department ol Mathematics,
[Faculty ol Science.

Istanbul University

34459 Vezneciler-istanbul
TURKEY



