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ON COMPLEX CHARACTERS OF SL(4,9)

NESE YELKENKAYA

Abstract

In this paper we restricted the complex characters of GL(4.q) down
to SL(4.q) by using the character values on classes of GL(4.q). Using a
version of Clifford’s Theorem making use of properties of roots of
unity, we determine which restricted characters arc irreducible, which
of them arc split and how many parts they split up into irreducible
components. Thus, wec delermine some of irreducible complex
characters of SL(4.q) and dcgrees of conjugate irreducible components
of all reducible restricted characters.

INTRODUCTION

Let q be a fixed prime power and GF(q) be Galois field with g
elements. We regard each GF(qd) as an extension of GF(q) and we can think
of GF(q"). for 1<d<n, as subliclds of GF(q").

Let GL(n.q) denote the group of all non-singular nxn matrices over
GF(q) and SL(n,q) denote the group of nxn matrices over GF(q) with

determinant unity. Let AeGL(n,q) have characteristic polynomial
FrIEN2 LFEN

where f,.f5,...fy are distinct irreducible polynomials over GF(q), k;=0

(=1, ... N) and d,, d,, ... dy are the respective degrees of f}, fi, ..., y.
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Z k;d; =n. We will denote conjugacy class ¢ of A by the symbol
i=l i

c= (112 0N)

where vy, v,, ..., vy arc certain partitions of k|, ks, ..., ky respectively. Let F

be the set of irreducible polynomials f=1(t) over GGF(q), of degrees < n,

excepting the polynomial t. The classes ¢ of GL(4,q) are as follows:
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Two elements T and U of GL(n.q) have the same canonical form, if
and only if. there exist a WeGL(n.q) such that U=sW'TW ([ 1], p.228). Then

two conjugate elements of GL(n,q) have the same canonical form.

Let denote by A, p marks of the GF(q') not in the GF(q"). =<t. For
simplicity the subscript unity is omitted from the marks o, B, y. & of the
GF(q). The types of canonical form of the elements of GL(4.q) are given in
Table 1. ’

Two eiemenls of GL(4.q) which have the same canonical form are
conjugate in GL(4.q). But it is not true for SL(4.q). By using the method in
[1] we can sec that the elements having the canonical forms of types L 11, I11,
1V, V. VI, VI, VIL, VI, VI, 1X. 12X, 1XG, X, Xy, Xs, X, and X5 are
conjugate in SL(4.,q), but for the canonical forms of types 1V, X,. X; and
X1, the conjugacy classes of GL(4.q) split in SL(4.q). Let d=(4.q-1). The
conjugacy classes of the types 1V, X;. X1, split up two classes in SL(4.q)
for d=2 or d=4. The conjugacy classes of the type X; split up two and four

classes in SL{4.q) respectively for d=2 and d=4,
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I. THE COMPLEX CHARACTERS OF THE GROUP GL(4,q).

AN e M . ALY LI P
Let GE(q™)y = GF(q)-10} = <e, > and g, = ¢, (1<s<n). Then

Bl N SN s . A Bl 5 . l\ .
GF(q')" = <e;>. Bach non-zero element of GF(q®) has an expression g, . and in

this. k is uniquely determined mod(q™1). The condition for gi‘ to have the
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degree s is that all its conjugates €£,&." ..., should be distinet, which
means that
s
k. kq. ... kq"

(1

are distinet residues mod (q-1). We shall say that cach of the integer (1) is an s-

primitive. and that the set (1) i1s an s-simplex g with k. kq. ..., kg™ as its roots.

Ifp= {]"2'3...} is a partition of n. there is a principal type of class of

GL(n.q), represented by

C:([‘ll ...[‘]l.[ [‘21 ...t‘zl.z ...)

I'd;,...['drdeF being distinct polynomials of degree d (d=1.2...0). We

introduce a set X" of variables xgi =X called p- variables. For cach

positive integer d there are ry variables x ), and cach xg; said to have

degree dixg)=d (1=1.2..... ry}. For cach partition p = {1“2':.,. } of n, deline the

e Xy

set Y™ of "dual p-variables™ yf =y (i=1.2...rad=1.2...) and say that y,,

has degree d(ygi)=d.

For the other definitions and concepts scee [3]. By the Theorem 14, in
[3]. il we know Q;‘(q) polynomials (which are given for n=1. ... 5. in [3]).
for p. & partitions of n, by evaluating all modes m of substitution of Y" into ¢
and all modes m’ of substitution of X" into ¢ we obtain all irreducible
characters of GL(n.q) and the values of this characters on ¢. More explicitly
(for GL(4.q)):

1
Type L: They are ol type (g“' ). where g is a 4-simplex. d(g)=4. Let

us denote them by X}k where k is a root of g.

In the following. 6 is a gencrating character of the multiplicative

group GE(q™)" and vy is a root of .
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Type 11: They are of type (g ’g:z”), d(g,) =1, d(g,)=3. Let us

. Kk .
denote them “by the symbol Xzi 2 where ky, ky arc a roots of g, g
respectively.
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For the other types of classes x;'kz (¢)=0 and,
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Type HI: They arc of type {g;'gy'), d(gi)=2 (i=12). Let us
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denote them by the symbol —x3' < where k,. k; are a roots of g;. g,

respectively.
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symbol Xi.l -where K is a root of g.
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For the other types of classes Xi,t (¢)=0 and.
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is the degree of these characters.

Type 1V They are of type (g!¥'1), d(g)=2. Let us denote them

by the symbol X!b where k i1s a root ol g.

The ( r .
. peo The values of Xj.?. on ¢

class e T A T

! BNy ) oMy )

Il { Ok(“} y o ) " nk(y,-z y+ o9 (y) !
IV, o 0™ )

IV, ok 0™ o2) b oot o 0% o)
VI, Uk(yr 1 Uk(yr )4—0qk(yr y

| 2 2

Vi, (-0t ol ﬂkwfzuoq"'wfz) )

X3 qzﬂk(hz*)

X4 qz(l—qu(y?)

Xs (-2 nq” ot
X1, 0% ey, 0" gy )
Xl; (l-qu(yﬂ)OkIYQ]
Xz U-qfokwﬁ)okwﬁ)

For the other types of classes xiz(c)=0 and

k 2 2 2
Xa2h=q (1-q (g +q+1h

Type V:(gil}gg—}g?}), d(g,)=d(g,)=1.d(g;)=2. Let us denolc

1kok3

k ) . .
them by x5 where K. ki, ki arc a roots of g4, gi. g3 respectively.
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2. ON THE COMPLEX CHARACTERS OF SL(4,q)

In this chapter we’ll restrict the complex characters of G=GL(4.q)
down to S=SL(4.q) and determine which restricted characters are irreducible.
which of them split and how many parts they split up into irreducible

components.

Theorem 2.1. Let 114 G with G/l cyclic, yelre(G). Oelrr(ll).
(xy.8)# 0. Then

Y = 2.0, (6, =0)
1=

where l:|G ; IG(Q)|. Let T=1,(0)= {ge(}l 0" =H} then

xn=2"

i=1

where W,,....'W, are the distinct irreducible characters ol T and
(W), =60, ¥ = x (i=l...1).

Proof. Since G/H is cyclic then T< G. By Clifford Theorem and
[4.Th.6.11] we obtain

xr=2 W,

=l
where W;elrr(T), W7 =y, (W)= e (i=1....1). Since FKI T, T/H is cyclic.
Oclrr{H) i1s invariant on T, then by [4.Cor.11.22] there exist an nelrr(T)
such that np=0. Since HA T and nelrr(T), ny=0. by [4.Cor.6.17] we have

o~ S B

where Bielrr{T/H), (Bmn)n™>in=0. Since y, = i‘iﬂ (¥, =¥). then

e=("¥,.0=.,0")y=0.By[4,Cor,6.17], ¥ =0;n lor scl);;w i, then we obtain
e=(¥,.0)=(0.0-1.

Let G=GL(4.q), S=SL(4.q). Since Sd G and G/S is cyclic then by
Theorem 2.1 '

X = lzgl(g =8,)
i-1 :



tor y elrr(G), Oclrr(S). (x,,. 0)20. where l:|G:lG(0)|, 0¥0,. o Oy are

distinct conjugates of 0in G. So
i
L= ZLP

where T = 1(0) .Y, .... W, arc distinct irrcdu.cihlc characters of T and  (W)q
=0. WP =y (=10,

Lemma 2.1. With t detined above for G=Gl1.(4.q) and S=S1.(4.q). then ~
t/d. where d = (4.g-1} (Sce [6]. Th.4.7).

Definition. Lct

M(d)= { XeGldetX=e . k=1. ... (q-1)/d}

Where d = (4.g-1}and <g> = GF(q)" = GF(q)-10}.

It d>1 then S <M(d)<M(2)<G.
1 d=1 then y, ts irreducible,

Lemma 2.2, Let xelrr(G) and d>1. Then xg is irreducible if and only
if there exists an XeG - M(2) such that y(X)#0.

Proof. 1. Let y¢ be irreducible; since  S<M(2)  then ymp, is
irreducible. Suppose that x(X) = 0 for cach XeG-M(2). then it follows that

Gl= 3 x(X)x(X)= 3 x(X)x(X)=M(2),
Xe( ) XeM(2)

and this contradicts M(2)<G. So there exits an X e G-M(2) such that (X)=0.

2. Assumec that there exists an XeG-M(2) such that y(X)#0. Supposc
that s 1s not irreducible, then | = |G:T] = 2 or 4. Thus T<M(2). By
Theorem 2.1 there exists a Welrr(T) such that o = ¥. Then x(Y)=0 cach
Y € G-T. which contradicts our assumption.

Corollary 2.1. Let xelrr(G). If x(X)=0 for cach € G-M(2) then g is
reducible.

Lemma 2.3. Let xelrr{(G) and d = 4. Then g4 ts sum of four distinct

irreducible characters of S, i.c.



il and only if, ¥(X)= 0 for each xyeG-M(d).
Proof.

4
It xs :ZOi lhen T = M(d) and by Thecorem 2.1 there exists
i=I

aWelrr(T) such that W© = y. If follows that %(X)=0 for each XeG-M(d). If
¥ (X) = 0 for each XeG-M(d) then

Gl= 3 2(0x(X)= 2 x(0x(X) = uM(d)
XeG XeM(d)

then u=

G:M(d)| = 4, i.e. Yme split up into four irreducible components.
Since S<M(d) thent = 4.

Corollary 2.2. Let xelrr(G), then:

(i) In the case d=2: If' y(X) = 0 for each XcG-M(2). then yy is sum of

two irreducible conjugate characters of §.

(it)  In the case d=4: a} If x(X) = 0 for all XeG-M(4), then ¥y is sum of

four irreducible conjugate characters of §.

b) If x(X) = 0 for each XeG-M(2) and if there exists a Y eM(2)-M(4)

such that x(Y )0 then x5 is sum of two irreducible conjugate characters of §.

Now consider the subgroup H: = M(2) of G. Since I consists of
clements of G whose determinants are square, then the elements of G having
the canonical forms of types IV; (i=1.2), X; (i=1.2,3.4.5) and XI; (i=1.2.3)
belong to H. The following table denotes the canonical forms of c¢lements

belonging to G-H.
- 1. The case d = (4, g-1) =2

Type L The ‘ty.pes of ¢classes on which the character xik takes non-

zero values are I, I'V; (i=1.2) and X; (i=1, ..., 5). Within these types only the
classes ol the type-I don’t contain elements belonging to Il. From the type |

we consider a special class ¢ whose elements have the canonical form



mType“ Canonical Forms I Properties Type Canonical Forms Properties
5.‘1 E:
£ t=28-1.fe IN o res+lu=24+ 1,
i o2 t<q'-1. Vil b LelIN
&y £
2 t i 20 | - <q-
S| ey eGFq )‘< u rs.tusq-1
£ 8]
£} N
e tu=2f:1. fIN gl uelINuio}
3
. e t<q’-L usg-1 | VIl el 1| s+=201, LeIN
- £ z:; Z (}F(q)x . &l s.tu<q-—|
K tru=2{:1. £cIN £
5.2 l 5 |
u a<q-
o u<q-I g
1l Fg qu{:;f ¢ GI‘(q)X ) V“ll g:l
o
o £}
'g? s+t+u=2f:1, &
\% ‘! fcIN X 5 | utt=28-1, LeIN
o s.t<q-1. g 1 t,u < q-1
»1 2 u
~qu u=q -1, “
Lo .
) a:g ¢ GFq)* .
el te IN L {0} P
vl o u=2¢-1, fcIN 1% "
u 2 E‘I l *
£, t<q-1, u<q -1 et
. I
e3 ) ¥ ¢ GRg)®
Vlg ﬁ: IX; E‘,;‘ )
€3 £)
e

Where £y # €

for x # y with d=1.2.3 4.

Tabhle 2




L]-g
&y

According 1o Tablc 2 the clements of this class don’t belong to H. On the

other hand. we have

. . 2L 35
x?(c)—(]){si\ + s:qk + z:q k +uq i\}
where € is a primitive {qL'-E )-th root of unity.
K k 2K I
Assertion. q&" +&% +g9 " +gf is dilferent from zero except

the case k = {q2+ 1 )/2{mod{q2+ 1)).
Proof. Since k is a root of a simplex of fourth order, the values

k gk _q%k

3,
gh e 9% 9% are all different. The points of the plane corresponding 1o

these numbers, say Ay, Ay, Az and Ay lic on the unit circle (see Figure 1). Let

OAl—I— dA: ﬁdhh O:A,H— 07‘\1 =C;Bg H SL ~I-t‘,qk +8lﬁ‘ ~I—{‘.q;k =0 then dB] =-0B-,

since OA|+O_A2+O_;X_:+(5;X4=O. On the other hand. the quadrangles
[OAB1A;] and [OA;3B,A,] arc two rhombuses such that the length of

sides arc cqual and the points By. O, B, arc on the same line. Conscquently

4 B,

B, v

Figure 1



[ATAIAA,] 1s a rectangle, so the sum of the numbers corresponding to A,
and Aj; is zero.
If
e +e® 4 quk + aq}k =0
then the following three cases can arise:

! ! . 2. ) 3,
1y g +e% =0, 2%y b +e9 N =0 3 ef +e9N =0

It can be easily seen that the cases 17} and 3%) arc impossible and the case 2°

is possible only for

k=(q” + 1)/2(mod(q” +1)).

P

So. &% 4+ 48978 1% Z 0 ifand only if k=(q” +1)/2(mod(q* +1)).
By using simple operations it can be easily seen that: If
k=(q? +1)2(mod(gq” +1))
then x,k (X)=0 for all XeG-H.
Corollary. In the case d =2

hyifl k £ (q2 + I)/Z(mod(q2 + 1)) then restriction of X[R va down to S

is an irreducible character of S,
- 2 2 . . .
2)if k=(q~ + [Y2(mod(q~ + 1)) then restriction of xl'" down to S is
the sum of two irreducible conjugate characters of S of degree

1 ,
;{(q-1)3(q+1)(q2 +q+l}}

" ke
Type 11. The character le 2 take the value

Kk NN Ky
x5 3¢c)---(:-q>u-q){9 ‘wfl 0 =0y )}



for the type of class 1X5. If we choose ¢ in the special form

£

then X¢H and
kik 2, K
x5 2 E)=(l-g)(1-g)e™! #0
where € is a (g-1)-th primitive root of unity. By Lemma 2.2 the restriction of

Kiks . . . .
the character ¥,% down to S gives an irreducible character of S.

Type IIl. The types of classes on which the character x;’kz takes
non zero values arc the types T 1V VI (1=1.2)0 X; (i=1, ..., 5) and XI,
(1=1.2.3). Among them the types of classes including clements not belonging
o [T are 111 and VI, (i=1.2). If we choose from the classes of the type VI a

special class ¢ with the canonical form

then, according to Table 2, the elements of ¢ can not belong to H and

kika

X3 (e)= ehl 4 gdh g gh2

k
+ g2
where € is a primilive (qz-i )-th root of unity. By using simple operation we

have-

1. Itholds
_ eM +e® 4 ef2 pe®2 50
excepl the cases

1) kKi=(g+1)/2 (mod(g+1)). i=1.2



1) ki-k;= (Lf-l }/2(mod(qg- 1))

1) ki =(qt1) /2 (mod(gqtl)) i=1.2
or
i)y k= k= (g -1)/2(mod(g™-1))

kik2

then x4~ (X) = 0 lor cach XeG-Il.

Corollary. In the case d = 21l

i) k= (gD 2(mod(gt1)). i=1.2

or
i) k- ko= (q-1)/2(mod(q*-1))

then the restriction ol the character yi* down o § is the sum ol two

. . - v o . 1,02 3
irrcducible conjugate characters ol § ol degrees — -1y (g + g +qt1).

1 | —

. . . ki1k > . . . .
Out ol these cases the restriction ol )53' - down to § is an irreducible

character ol S.

Type 1V,. . The types of classes on which the character y), takes
nonzcro values are 1. LIV, VI (=120 X, (i1, ... 5) and X, (i'f'f!'.'2A3}.

The ¢lements ol class ¢ from the type T with the canonical form

£,

can not belong to 1. On the other hand

xh(c) = {z‘.L + gt }

- . .. } N .
where € is a primitive (- 1)-th root ol unity.



It can be seen that:
I. It holds " + g 2 0 except k = (q+1) /2(mod(gq+1))

2. 1 k= (gt1) /2{mod(q+1)) then )C:I(_X) =0 for cach XeG-I1.

Corollary. In the case d = 2:

1. Ifk #(qﬂ ) /2(mod(q+ 1)) then the restriction of the character )(:5

down to 8§ is an irreducible character of S.
2. Ik = (g+1) 2(mod(q+1)) then the restriction of X};l down to S is

the sum’of two irreducible conjugate characters of' S of degrees
172 0(q-D (g +q+ D))

. . . k .
Type IV,. I we consider the values of the character x5 on the lypes

ol classes. then we can see that all results which we have obtained above for
K . N k .

the character y,  are valid exactly for the character y 45 but the degrees of
Ly !

two irreducible constituents of )54«, arc _N (q=1)(q +q+1)

Type V. The types of classes on which the character )(_if'kgk'B takes
nonzero values are V. VI VI G=1.2) 1X, 0=1.2.3). X, (i=1. .... 3) and XI,
(1=1.2.3). The clements not belonging to H oare in the classes V. VI, VI,
(1=1.2) and I1X; (i=1.2.3). It we choose from the type 1X, a special class ¢

with the canonical form

then the elements of this class can not belong to H and

)(f'k"k‘ (¢)= (-1 ){mk’ + " }



where o is a primitive (g-1)-th root of unity.
One can sce that:
. {m“ +wk‘}¢ 0 except ky-ks = (g-1) /2(mod(g-1)).

On the other hand. if we choose [rom the type of classes V1 a special

class ¢ with the canonical form

we can say that the clements of this class not belonging to 11 and it holds
et ey = (-1 ){8"" +f:""'}
where € is a primitive (ql—l )-th root of unity.
2. {6k3 + 13 }¢ 0 except k; = (g+1) /2{mod(gq+1)).

3.1k - ky =(g-1) /2{mod(g-1)) and k; = (q+1) /2{mod(g+1)) then it
holds x 223 (X) = 0 for cach Xe G-11.

Corollary. 1. Except the cases Ky -k, = (g-1) 72(mod(g-1)) and ks = (q+1)/2
(mod(g+1)) the restriction of the character ¥ L\ K253 down to S is an irreducible
character of S.

2.1k — ks =(g-1) /2{mod(g-1)) and k; = (q+1) /2(mod(qﬂ ) then the
restriction of the character x§1k2k3 down to S is the sum of two irreducible

. N . ] i 3
cojugate characters of S of degree Py g +gq+1)X g+ )(qz-l ).



Type VIi. On aclass ¢ from the type EX; having the canonical form

kik~ k ! .
the character 2 takes the value (<) e™ # 0. where € is a primitive {q-
0,1 I ]

1}-th root of unity. On the other hand, since the elements ot the class ¢ don’t
. . kik- s .
belong o 11 the restriction ol the character );(;EI - down to S remains

irreducible by Lemma 2.2,

. ) . Kika ' .
Type VI, Similarly. the restrliction of the character X(,‘lz down Lo ¢
remains irreducible.
Type VII. Under the condition g3 the types of classes on which the
kikoks . .
character )(7‘ 23 takes nonzero values are VI VI (i=1.2), 1X; (1=1.2.3).
Xi (i=1. ..., 5) and XI; (i=1.2.3). Among them the types including clements

not belonging to 1T are VI, VI (i=1.2) and IX; (i=1.2.3). It we consider a

special class ¢ from the type of classes X having the canonical form

‘{’.l
11
[ 1
]
then we obtlain
Kk k3 k k k3 -
S (O T EREP LR

where € 1s a primitive (g-1)-th root of unity,
[t can be seen that

I. Except the cases

I

.

1} Ki —~ Ky =(g-1)2(mod(g-1)) and k; - ky = (g-1) /2(mod(g-1)

1) ki - k; =(g-1) 2(mod(g-1)) and k; — ky = (g-1) /2(mod(g-1))



iy k- ky=(g-1)/2(mod(g-1})) and k> — k; = (q-1} /2(moed(q-1))
it holds
{Sk' 4+t g +8H}¢0
. . . kKikokshg .
2. In cach of the cascs i). ii}. iii) above it helds x4 (X)=0 for
cach XeG-11.
Corollary. ITin the cas¢d =2
1} ki - ki=(q-1)/2(mod(qg-1) and ks - ky; = (q-1) /2(mod{(q-1))

i) k) — ky =(q-1)/2(mod{(q-1) and k; - ky = (g-1) /2(mod(q-1))

ity ky—ky=(q-1) 22(mod(q-1) and k; — k; = {q-1) /2(mod(q-1))

oo . kpkak 34 .. .
- then the restriction of the character ){7‘ 34 down to S is the sum of two
: : . C e . 1 30
irreducible  conjugate  characters of S of degrees = fq'+q tqtrl)

.
(Q rqtIHqt ).
. - . kokokok,
Lxeept these three casces the restriction of the character ¥ 5

down to S remains irreducible.

kikaky
Type VIII1,. Under the condition 3 the character )Cx_ll 7 takeson a

class ¢ from the type VI, with the canonical form

the value

kikak '
X&EE 3= g



where € s a primitive (g-1)-th root of unity. But this value is alwayvs
different [rom zero. On the other hand. since the elements of class ¢ don't

k2 . .
* down o S remains

. . Kk
belong to T the restriction of the character Xg‘l| 2
irreducible by Lemma 2.2,

kikaks
8'| 3 down

Type VI, Similarly. the restriction of the character y
to § remains irreducible.

Type IX(. On a class ¢ [rom the type 11 having the canonical form

£
=
1‘,%}
oy Rk
the character 4= takes the value
x{‘;“kl (¢) =R 20

where € is a primitive (g-1)-th root of unity, On the other hand. since the
clements of the class ¢ don™t belong to 1. the restriction of the character

kik~> . . . )
X9 l] “down to § remains irreducible by Eemma 2.2,

- Types 1X; and IX; Similarly. the restrictions of the characters of

these types down to S remain irreducible.

Type X,. On a class ¢ [rom the type 1X5 having the canonical form

&

the character xgi‘o ( takes the value

K k
Kiogle) =g



where € 1s a primitive ((-1)-th root of unity. This value 1s always nonzero.
On the other hand. since the elements of class ¢ don’t belong to T the

restriction of character ;(Ikn‘] down (o S is an irreducible character of S by
Lemma 2.2,

Similarly. the characters of the types X; (i=2. ... 5) take nonzero
values for the elements of class ¢ mentioned above. So the restrictions of
these characters down to 8 are irreducible characters of S,

Type Xk, The value of the character ;(lkl]_k,z omn a c¢lass ¢ from the type

EX) having the canonical form

. k4 : k . C . .
18 ¥, JJZ {¢c) = PRLNEPLL .where € 1s a primitive (g-1)-th root of unity.

I can be seen that:

l. ekl + Skz # (0 except ky - Ky = (g-1) 22(mod(g-1)).

2.0 1P ky = Ky = (g-1) 72(mod(g- 1)) then it holds Xlklf‘klz (X) = 0 for cach

XeG-H.
Corollary. It k{ — ky, = (g-1) /2(mod(g-1)) then the restriction of the
kik . . . . .
character XHI |2 down to S is the sum of two irreducible conjugate

characters of § of degrees 7‘)— :(L]2+l )((.]2+L]+| ).

. S Y .
H k- kgé (g-1) 2(mod(g-1)) then lhyc restriction ol y, il. |2 down to §
is an irreducible character of S.
- . kik .
Type Xl;. The value of the character z',zz on a class ¢ from the type

EX| having the canonical form



s Xll S {e)= 8 > # 0. where £ is a primitive (g-1)-th root of unity. On the
other hand. since the elements of this class don™t belong to T1L the restriction
NN .. : . -
ol x, ;' 7 down to S is an irreducible character of S by Lemma 2.2,
- - . Kk~ .
Type Xl;. The value of the character -~ on a class ¢ from the type
ype Al 1.3

X, having the canonical form

k" . 3 3 . ; ~ *
15 ;5”' W E CIIS £ } where € 15 a primitive (-1)-th root 01 unity.

One can see that:

l. Ckl +€k3 # 0 except k- ky = (g-1) /2(mod(g-1)).

2. 1Tk = ks =(g-1) /2(mod(g-1)) then it holds xn = (X) =0 for cach

Xe(G-11.

Corollary. In the case d Lo H ke = ko = (g-1) 72(mod(g-1)) then

the restriction of the character x5 down to S is the sum of two irreducible

[—'LJ

- conjugate characters ol S degrees lq (q 24 1)(q +q+l)‘

2.0k - ks g«/(q- ) /2(mod(q-1)) then the restriction of this Chill.‘ilClICl‘ is

an irreducible character of S.



2. The case d = (4,q-1)=4
In this case g is of the from 4 m+1. and
Mtd) = (XeGidetX = &', t=1, ... (q-1)/4}.
Type L. As we have shown above (in the case d=2).1f
k= (ql"i‘l)/2(mod(q1+l))

then it holds x,k(X) =0 for cach XeG-H.

Now if we choose from the type of classes 1 a special class ¢ having

the canonical Form

then we oblain

k 2k

T N
¥i(e) = (-1 te” +etdh g g2aTh Tk

where g is a primitive (q4-l)-th root of unity. It k = (q2+l) /2(mod(q2+1))
P . Tk g2t Iqk 2q31
then it follows from S“I\ =247k and ¢ 9 =¢9 N that
. ). Iql
X =(n21e™ r ety
For this type it can be seen that:
2k

ety except 2k = (q+1)(q2+l } /2(mod(gqt+1 )(q2+1 )).

2. ks of the form k = (2z+1) (g+] )(q2+l } /4 where ze Z {the set of
intg.} then it holds x,k(X) =0 for cach XeH-M(d).



‘Corollary. In the case d = 4 if k = (¢’ +1)/2(mod(q™1 1)) then the
restriction of the character x,k down to S splits up and the following results

can be obtained by Corollary 2.2:

I If k = (Qz+I)Xqt1)q'+1)/4, zeZ. then the restriction of the

character x,k down to S is the sum of two irrcducible conjugate

cl.laraclcrs of § of degree %{(q- 1 )"(q+l)(q2+q+l .

2. If k = (2z+1)(qt1)(q*+1)/4, zeZ, then the restriction of y down
to S is the sum of four irreducible conjugate characters orf S of

degrees %{(q-l)%qﬂ NqPtgtl)).
3. Il‘k;é (q2+l )/2(mod(q2+l )) then the restriction of ;{lk down to S is

an irreducible character of S by Lemma 2.2.

Type E. As we have proved above (in the case d=2), the restriction of

the character xzk'k2 down to S is an irreducible character of' S,
Type HI. As we have'shown above (in the case d=2). if
i) ki = (gqt+1)2(mod(gtl1)),i=1,2 or
i) Kk —Kky=(q>-1)/2(mod(q>-1))

then it holds x;('kz (X)=0 for each XeG-H.

The case i) We .consider an element X of G from the type of classes

VI, having the canonical form

ag'q

Since detX = 837' , then XeH-M(d). On the other hand, it holds



k ]‘\ " { k R (]l\' P k I ql\ i 2 }

A3 ~0 e HTHE )T )T e )
o C R . . - gk . k. .
where € is a primitive (¢ -1)-th root of unity. Since ¢ ' =-¢ ' (i 1.2). il
ko {2k, 2k
follows X; (X) =2y e s .

In this casc it can be sceen that:

N, 2k | ) o
I.oe7 2 +e 1 20 except k) — ks ={q -1) /4(mod(q~-1)/2).

2. 10Ky - Ky = (q7-1)/4(mod(g1) /2) then it holds x5™2(X) = 0 for
cach Xell-M(d).

The case 1) We consider an clement X of G from the type of classes
Xl having the canonical form

Since detX = Sf. then Xell-M(d). On the other hand, it holds

L k| ks
X3 (X)) =¢ +8 .

. C . - k k ..
where is a primitive ((-1)-th root of unity. Since ¢ ' = £, we obtain

k(k
YRREREPS 2{ s“'};t 0.

Corollary 1. In the case d = 4: I’ k, = (L]H)/’(mod(qﬂ)) i=1.2 then

the restriction of the character x4 MR down o SS lell% up and by Corollary
2.2 wce obtain the following:

1"y If ky — kg/é (q°~1) /4(mod(qz—l ) /2) then the restriction of character
kk . . . . ; N
)(3' 2down to S is the sum of two irreducible conjugate characters of §

degrees ]~ CO-gy g -



- _ ' .. . kyk
2 Ik ~ ks = (qz-l)/4(m0d(q3—l)/2) then the restriction of xS‘ =
down to S is the sum of four reducible conjugate characters of S degrees

% ((1-q)(1+¢) (-1

Corollary 2. In the case d = 4: Ik, - ky = (q>-1)/2(mod(q’-1)) then by
Corollary 2.2 the restriction of character x_l:‘kg down to S is the sum ol two

irreducible conjugate characters of S.

Corollary 3. In the case d=4: Except the cases k;=(q+1)/2(mod(qt1))
(1=1.2) and k; — ky = (qz-l)/2(m0d(q3—l)) the restriction of the character

kyk : . . .
x3" % down to S remains irreducible.

Type IV,. As we have shown above (in the case d=2), if k = (q+1)/2
(mod(q+1)) then it holds x:l(X) = (} for each XeG-I1. On the other hand,

for an element X of G from the type of classes X[ having the canonical form

we have xtlf (X)) = £ £ 0, where € is a primitive (g-1)-th root of unity. Since

detX = 8[" , then XeH-M(d).

Corollary. Il k = (gq+1) /2(mod(q+1)) then the restriction of the

character xffl down to S is the sum of two irreducible conjugate characters
Ce l : : -
ot S of degrees E{(q—l)z(q2+q+l)} and with the exception of this case the

. ~ k . . . .
restriction of x4 [ down to 8 remains irreducible.

Type IVZ‘. Similarly, il k = (q+1)/2(mod(q+1)) then the restriction of
the character xffz down to S is the sum of two irreducible conjugate

characters of S ol degrees %{(qz(l~q)(q2+q+])}. Except this case the

.. - k . . . .
restriction of” ¥4, down to S remains irreducible.



Type V. As we have shown above (in the case d=2), k| — k, = (g-1)/2
(mod{(gt1}) and k; = (q+1)/2(mod(q+1)} then it holds }{ﬁ'bk X) =0 for

cach XeG-Il. On the other hand. for an clement X of G from the type of
classes 1X5 having the canonical form

kaks S0 " Lo
we have ){;\] X)) = (-I1-g ){s“*' +s"‘}q where g is a primitive (g-1)-th

rool of unity. Since in this case.e' = —¢*' then we obtain

2525 ) = (-2 g™y 2 0,

Since delX = 8|2. then XeH-M(d).

Corollary. In the case d = 4: 1. Except the cases ky - k> = (g-1)2(mod(g-1))
and ks = (q+1¥2(mod(gt1)) the restriction of the character Xg'kZRB down to §
remains irreducible.

2.1k ~ ky=(g-1}/2(mod(g-1)) and ky = (g+1) /2(mod(q+1)) than the

.o . kikok= - . . . .
restriction ol xi' =72 down to 8 is the sum of two irreducible conjugale

characters of $ of degrees 172 1(q*+q+1)(g*+1)(gq’- 1)1
Types VI; (i=1.2). In the casc d = 4 the restriction of the character

Kiko \ . . . . .
x()'i = down to S remains irreducible just as in the case d = 2.

Type VIL. As we have shown above (in the case d=2), in the cases
1) k) — ks=(g-1)2(mod(g-1)} and k, - kqy = (g-1Y2(mod{q-1))
1) ky ~ ka=(g-1)2(mod(g-1}) and k; - ky = (g-1)/2(mod(g-1))

i)  ky-ky=(g-1yY2{mod(g-1)) and k, - ks = (g-1)/2{mod(g-~1))

kikoaksky

it holds X7 (X)=0 for cach XeG-H. On the other hand, for an element

X of G from the type of classes X having the canonical form



kikokk 2k 2k 2ky L2k
we have x," 2 N () =¢ Ly gtka g2k goka
where € is a primitive (q-1)-th root of unity.
Tl ey @ ki _ k3 kay . ka e .
1c case 1) Since €' =—¢ "7 and ¢°° =—¢ 7 it follows that

7y MM (X0 = 2™+ e,
Here it can be scen that:
g™ 4 g 20 except k; — ky= (q-1Y/4(mod(qg-1) /2}.
2. Ik; — kg =(qg-1)/4(mod(g-1)/2} under the conditions

ki — k;=(g-1)Y2(mod(g-1)) and k, — ky= (q-1)/2(mod(q-1)}.

then it holds x$]k3k3k4 (X)=0 ftor cach Xell-M(d)

Since k. ky. k3. kg play symmetric roles in the values of the characters
(- K2 4
kikaksk . . .
7571 28354 on the classes, the result obtained for the case i) can be
symmetrically obtained for the cases 11) and iii1).
So we can summarize our results as follows:
1) Under the conditions

ki — ki=(g-1)/2(mod(g-1}) and k, — ky = (g-1}2 (mod(g-1}).

1. il ks — ky = #9-1Y4(mod(g-1)/2) then the restriction of the character
xl;‘kzk3k4 down to S 1Is the sum of two irreducible conjugate characters of S

of degrees 172{(q’+q*+q+1)(q +q+ 1) qt+1)).

2. it k; — ky=(g-1)Y4(mod(q-1)/2) then the restriction of the character

kikaksk - . . . . ‘o
X—,' 2834 down to 8 is the sum of two irreducible conjugate characters ol S

of degrees 21{ {q+q tqtI)g tqt1)qt1)).



i) Under the conditions 4
ki - ks =(q-1)2(mod(q-1)} and kz - ky = (g-1)/2(mod(g-1)).

I. ik, - k“é (g-1)Y4(mod(q-1)/2) then the restriction of the character

k 1k ok 3k o ? . . . .
)571 234 down to S is the sum of two irreducible conjugate

characters ol S ol degrees % (T HQ Q) (@ g+ g+

o

il ks - ky = (g-1) /4(mod(q-1)/2) then the restriction of the
character ;(l;lkzkﬁ(“ down to S is the sum ol four irreducible

conjugate characters ol S of degrees
i 4 q3+qz+q+i )(qurqwl l)(q+'i )}

iii)  Under the conditions
ki - ky=(q-1)/2(mod(qg-1}) and ks - k3 = (g-1)2{mod(qg-1})

. i ky - k;,,é (g-1)/4(mod(q-1)/2) then the restriction of the character
x;'kzk?’u down to S Is the sum of two irreducible conjugalte
characters ol S of degrces -_];((]3+(]2+(]+1 Y (7 HqH1)(g+]).

~

2. il ky~ k3 =(q-1Y4(mod(q-1)/2) then the restriction ol the character

kikok sk \ . . . .
x-,l =% down to S Is the sum ol four irreducible conjugate

characters ol S ol degrees %(q:”rququrl Wq g+ 1)(gH])

IExcept lor the cases listed above the restriction of the character

K1k ok <k . . . .
)57‘ 23 down to S is an irreducible character of S,

Types VIII; (i=1.2), IX; (j=1.2.3), X, (=1, .... 5). All results obtained
in the case d = 2 are also valid lor the case d = 4. So the restrictions ol the
kikohs o kik;

2 k L .
characters Xy ; . X9 and X0, remain irreducible.

Type XI,.As we have said in the case d=2, il k; —~ k; = (g-1)/2

(mod(g-1)) then it holds ;g[kl‘k!z (X) =0 tor each XeG-H. On the other hand,

for an element X of G {rom the type ol classes V| having the canonical form



kK ks
we have X111 (X) = e £ 0
where € is a primitive (g-1)-th root of unity. Since detX = 8;2 . then Xell-
M(d).

Corollary. In the case d = 4 if k; — k> = (g-1)Y2(mod(g-1)) then the

- . kik , . . .
restriction of the character x”' 2 down to § is the sum of two irreducible
. e e ] o
conjugate characters of S of degrees 5-{(q3+q+l)(q3+l)} and with the

. N L o kika . . .
exception of this case the restriction of y, tl ,3 is an irreducible character of

Type X1,. All result obtained in the case d = 2 are also valid for the
. . . . k k- .
case d=4. So the restriction of the character Y,'s’ down to S is an

irreducible character for this case.
Type X1;. As we have proved in the case d =2, if

k) -k, =(g-1)/2(mod(q-1))

then it holds x:"ﬂgz (X) = 0 for each XeG-H. On the other hand, an element

X from the type of classes I'V having the canonical form

belong to H-M(d), since det X = gf and xlkil,i;z (X) = chtha g



Corollary. In the case d = 4, i1f k; - k; = (yg-1) /2{mod(g-1)) then the

restriction of the character X]‘i' . down 1o S 15 the sum of two irreducible

. v . ! a3 2 .
conjugate characters of S of degrees 3 g (g I g tgt1)) and with the

. . . : .o . kikn . . .
exception of this cases the restriction ol ZH’ .- down to S is an irreducible

character of S.
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