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TRANSFORMATION OPERATORS FOR
STURM-LIOUVILLE EQUATION WITH THE
POTENTIAL INVOLVING NEGATIVE DEGREES OF
THE SPECTRAL PARAMETER

A.Agamaliyev and A.Nabiyev

Abstract: The existence of transformation operators with the condition
at infinity which tarnsform the solution of the equation y”--A?"y=0 to the

golution of the ecuation
1 1
—y' + a0 (@) + 50 @)+ o+ -1 @y = A2y

is proved. Some properties of kernels of transformation operators are investi-
gated.

Keywords: Sturm-Liouville operators, Transformation operators, Inte-
gral representations, Fractional integrals and derivatives, Direct and inverse

problems.

Let us consider the differential equation on the right halfline (0 < 2 < c0)

n—1
—y" Y A (2)y = APy, (1)
k=0

where A is a complex parameter, y = y (2, A) is the required function. Suppose
thal, the following conditions are satisfied:

(a) @1 (z),q2 (), ..., @1 () are differentiable functions on (0;00);

(b) The integrals

/(1+3)1+% lax (8)]ds, k=1,2,.,n—1
] .

02000 Mathematics Subject Classification. Primary 47A12; Secondary 15A45, 42A05.

81




are convergent, and ¢ (0) < co where
400 -1 +o0 .
o@= [+ mElds+Y e [ 1+ (o) s,
k=1 %

&

k
cp =2

1 AV _
-1:‘_(7.—;%} +7 (1 - E>jl k=1,2,..,n—1

I'(.) gamma function.

The paper proves that if the conditions (a) and (b) are satisfied then there
exists the franfromtation operator (see [1],[2] for general definition of trans-
formation operators) which transforms the solution exp (i\"z) of the simple
equation " = X\*y to the solution of the equation (1) with condition at in-
finity. Note that in case n = 1, the transformation operators are completely
investigated in (3], [4]. So, later it will be assumed n > 1.

For Sturm-Liouville equation with the potential involving positive degrees
of the spectral parameter, exactly for the equation

n~-1
="+ 3 Mo (2)y = A%y,
k=0

the transformation operators were considered in [5], [6]. First, I.M. Guseinov
([5]) applied the notations Riernann-Liouville fractional integrals and deriva-
tives to investigate the properties of the kernel of the transformation operator
with condition at infinity. In [6] this idea was developed to transformation
operators with initial conditions. In this paper, the transformation opera-
tors for the equation (1) with condition at infinity are constructed and the
properties of the kernels of transformation operators (which strictly distinet
from results in [5] as expected) are investigated by using Riemann-Liogville

fractional integro-differentiation..
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To formulate the main result of this paper, introduce the following nota~

tions:
+00 n—1 +00 .
T(2) = / lgo ()| ds + e [ (L+ s)1+F i (s)] ds,
z k=1 T
+oo n—1 22‘__&3 +oo .
0(z) = / lgo (s)]ds + Y ——s / (1+8)"% |gus (5)] ds
z f=1 T (2 - _) T

T 9 9
IMWF!wmmﬁw%—%ﬂha.

Let J& and D¢ (0 < a < 1) denote the operators of fractional integration

and differentiation with respect to t, respectively (see [7]):

3

: 1 _ @ 0 -

@) =gy [ -9 ol ds, D) = 50 @),
0

Theorem : If the conditions (a) and (b) are satisfied, then for all

<argA < E+T m=0,1,..,n-1)

AEA,, = {)\: 2maw T 2m7r}(

the solution y (z, A) of the equation (1) satisfying the condition
: —iA"® _
wll)rilm y(z, e =1 (2)

can be represented in the form of

o0
y(z, ) = €X"® (1 + / Am (2,1) e‘w-“tdt) . AEAn. (3)
0

Where the kernels A, (,t) have the following properties :
1) the inequality

| Am| (z) < exp {o (2)} -1 (4)

is satisfied;
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2) there are summable with respect to ¢ derivatives on (0; +00)

1 1\ n-1 ]
Dadm (,8), D A (2,8) oy (D{‘) A (1),
n
(Dﬁ ) A (@,8) = DiAm (1)

and

1Dz Am]| (%) < 7 (2) (L + 0 () exp{o (z)} (5)

IDeAm|l (2) < o (@) (1 +6 () (5)
3) The functions Hp, (:I; t) = DiAp (z,1) — DpAm (z,1),

Dt Hy, (z,t),. ( ) H,, (z,t) are summable on (0; +-00) with respect to
t and

1\t $ 3
0. (D) Hn (o) + 320 (@) 0ok o) (DF ) Am(@)=0 ()

k=0
4)
1—L1 L
Ia ( ) Ao () om0 = 0,5 = 0,1,2, oy — 2, )
+00
1-1 /a7l A ‘
P (Dg‘) A (2,1) |t=0 = Am (2,0) = / go (8)ds (8)

1k a\J-1
I (Dtn> (DtAm (z,t) ~ Dy A (2,1)) Jt=0 = A/J ) / gj(s)ds,j = I,n—1.
(9)
Proof of the theorem. Let us prove the theorem step by step.

1. First, we prove the existence of the solution of equation (1) satisfying
the condition (2) with the properties (3) and (4).
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Consider the integral equation

" (t—:
y (e, A)-9M+/S‘“*;\W—” Z)\ B (8)y (5N dty A€ Am,  (10)

which is equivalent to the problem (1),(2).
Search the solution of (10) in the form (3). In order the function of type
(3) (A € Ap,) be the solution of (10), the equality

T 2iA"t ol e2iA"(1-2) T 2"
/Am(ac,t)ez dt = /Y% T 1—+~/Am(:v,s)ez *ds| dt
0 T 0

' (11)

must be satisfied and conversely, if the function A, (z,t) satisfies the equality
(11) for all X € Ap, then (3) is the solution of the integral equation (10), as
well as of the problem (1),(2). Using the formulae (see [8])

PN ,),(m) i
S = “r(1k+ y [ (5= % ¥™ds, A € Amk=1,2,00m =1 (12
' n

where fy,(m ) = 2156“'%7%(4""_1), we transform the right side of (11) similar to the

left side. Since

A (t—w) _ 1 (m) { 7 2iA" 7 2N
1] 8 AT S
—le /(s ke ds_—/(8~t+"c) ds
21\ 2
we have
+20n—1 p2IN(t—3) _ 1 n-

/ (tlﬁ; :‘r/mq;c (s)ds (13)
0

T

- / (x -+t~ s)% an (8) ds) e%\ntdt] .

g (8) ————e——dt =
,;,)q () 27:)\"’4'}9 I‘ 1+

xr

In the same way it can be shown that

Tn—1 AN () _
/ an (t) T e dt/A (t,5) ¥ 2ds
k=0 b




x

- / i (S)ds‘/ (w+t-—s—§)ﬁAm(s,g)dg> QA" gy
0

It follows from (13) and (14) that equality (11) holds for all A € A, if the
function Ay, (x,t) satisfies the integral equation

n—1 (m) +00 o+t

Anot) = 3 =i I [ (@ ds— [ @t 97 gu(s)agrs)
k:oI‘(l-i—:,-,) o s

4

400
+ [ ds [ - 0% dn5,)de

0
T+1 o4-t—8

~ [a@ds [ @rt-s-0Fan, >d¢}
z 0

Hence, to prove the first part of the theorem, it is sufficient to show that
the integral equation (15) has the solution satisfying inequality (4). Apply to

integral equation (15) the method of successive approximation by putting

n—1 A/( ) . +00 w4t .
AD (m,8) = Y —h— [¢h /qk(s)ds—i-/ [~ (t+ e —9)%] i (s)ds |,
= RN

o1 T

n—1 ")’(m)
AP () = 3 e /t— g / @ (5) 4GV (s,6)ds (1)
"'=0P(1+5 4
t zHi—¢
) o)k e p\E (p-1)
Flde [ - O% —@4t-s- &7 g (s) AT (5,6) ds
Q /]
p = 12 ..
Since [t5 — lforz<s < ax+tand max

0<n<1
T lgi (x +mt)| = |ak (a:+t)| for qx (z) € L1 (0jo00) (z > 0,t > 0,k =
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1,2,..,n — 1), from (16) by using some simple transformations, we obtain

-1 +00

ol ) R s |qe (8)| ds < o (),
[4R]@ =<3 e [ 5% o (s)lds < 0 (2)

T

142 (=) < ng—f ck T.;H-% lge ()] [[AZ || (s) ds, p=1,2,..
k=0 %

where ¢, = 27 [-P-(z—}r—h; +T(1- g)] k=0,1,2,....
From this, by induction we conclude that

+1
ol <T@
”Am H (2) < pro? 0,1,2, ... (17)
Therefore, the series
oo
A (@) =3 A (2,.) (18)
p=0

converges uniformly by z € [0,00) on the space L; (0,00) and the sum of this
series, which is the solution of the integral equation (15), satisfies inequality
(4).

2. Now we prove the properties 2) of the function Ay, (z,t). From (16) we
conclude that the functions AZ) (z,t),p=0,1,2,... have derivatives DwA%) (z,t)

with respect to x :

n—1 (m) f i
(0) =N Yk ) R (e E _u_rlg
Dy Ay (2,1) QF(H%) { t qk(w+t)+0/[t (t-3) ]qk(w+3)d8},
DAD (@) =T 40(s) Am (5,3 +1 — ) ds |
' n—‘\l 'Y(-m) i _ % +-00 g (p-l)
+ iy ([ ¢ 0n e [ Dafan () ARV (5,9)] do
£ ott-¢ % ¢ : & (p—1)
~+Ofd€ { [(t—f) —km+t—§~s)n]Dé[qk(8)Am (s,g)]ds

In analogy with estimations for . 7(5) (z,t), we obtain

+o0

+0o n—1
@< [lo@lds+Y a [ % (o) ds <7 (o),
z k=0

€T

oot
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D:AD| @) < Tiqo ()] A%

’ (s)ds
mn-~1 +oo (1)
-y ¢ % (14l (s Pl (g
*IE"! (1g: )1 4% (=)

+ lax (s)]

DAY “ (s)) ds
By virtue of (17), inductively we get

|1 DeAml] (z) < 7 () M, (p+1), p=0,1,2,....

p!
Where
a1
Dodn(@)1) = ~to(+t) = [ a0(s) An (5,242~ 5)ds
n—1 71({m) ’ . +o00 o+t 5
k%:l -1:—(1-;1« {tn ﬂc/ q (8)ds — m/ (+t—s8)m g (s)ds
+00 t
+ [ ds [ =0 Dyla(5) Am (5,60 e - (15"
m-}j :v-l?t—s .
/ ds / (:T} +t—8-— 5); Dy [Qk (’5) Am, (Sag)] dé}
z 0

Hence, the series (18) can be differentiated with respect to z and inequality
(5) is satisfied.
Now we show that the function DiAp, (z,t) is summable on [0, 00) with

respect to t. After differentiating the both sides of (15) by t, we get

+oo
Dl (@,8) = ~go(e+)+ [ 0(s)An(st)

o+t
- / a0 (8) Am (8, 2+t — 8)ds




o+t
k
[ @4t=9)7% s (s)ds

i

+00 t
+ / G (8) ds / (t=&)" A (5,8) de — (19)
:v—:: a:—:—)t—s

_k
/ Gn—k () ds / (z+t—s—=¢& ™™ Am(s,g)dﬁ}
z 0
Rewriting equality (19) in the form

DA (z,t) = "QO (z+1)
o+t
+/f10 m (5,t) — /qo(s)Am(s,w-{-t—s)ds

T

n—1 ,.),(m)lv A +oo
ket T o i
k=1 r (1 - %) @
x4

[t =t t= 9] gur () s

x . -
+0/ t—-¢ T+}/£‘1’n—k () Am (5, €) ds
t k-t
«fo [ oot
0 T

—(w+t =& =) %] gk (5) Am (5,€) ds},

we have

+00

DA (2) < / lao (3)|ds
n~1 22_% -+co 4
+Z__(7“__’§ [ (6= % lguos (s)] ds

+2 / 90 (5)1 1] (5) s +
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n—1 -k

——— s —2)l7w
gr(z_ )/< ) ne ()] [ An] () ds
+o0

< o(z) (1 + / lgo (s)| ds

n—1 & o 5
+, __(?i_'l_* / (s =)' gnk (5)] dS)

k=1 [ {2~ %)
Therefore, the function DA, (z,t) is summable on the interval [0; +-c0) with
respect to ¢ and inequality (5') is valid.
In order to prove the summability of the functions (Dt% ’ Am (2,t) on the
intlerval [0; +00) with respect to t, apply the operator of fractional derivative

D} to both sides of equality (15) v times successively and use the formula

1 a R
b (I‘(l:l:;’”;)) :1“(1:1:&3—1)’

41

D;’l; <I‘ <1l:i———j / (:):+t~s)i% qr (s) ds)
1 z41

= "I_‘_(—l_:t—’:i;r)« g{/ (z+1— )% gy (s)ds

(see [7],p.47). Then we get for v == T,n — {

+00
1N\V ) 1 ,Y(m) X
k=1 r (1 - 5) x
41

- [ @Ht-9)F g o) ds

T

400 2
+ / ok (s)ds/(t ~ €)% A (s,6) de
T 0

o+t z+i—s8
- [wsds [ @+ (20)
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oo i
k -V
+ [ a(s)ds [ (E—€)F Am(s,£)dE
/ !
o+ z-ft-s -
=~ | a(s w+t—3~€)7Am(s,£)d£}-
© 0

Analogous to estimation for DiAy, (z,t), from (20), we conclude that the
functions (Dt%{)u Am (2,t),v = 1,2,..,n — 1 are summable on [0; 40c0) with
respect to £.

3. Let Hy, (z,t) = DiAp (2,t) — DgAm (2, 1) . Taking into account formulae
(15) and (19), we obtain

n—1

’)’(m) +00 z4-t .
Hp (%) = z n / Gn-k (8) ds - / (@+t—8)"" qnr (s) ds
o= L' ( )

T

" / et (5)ds / ()% A (5,8 dt
x 0

T+t T+Ht—8 .
- / Gn—k (8) ds / (x+t—-8—&) " An(s,§) d!j} (21)

+00 z o fy}(bm) . +oo/
+/qo(3)Am(8,f)dS—;w{th m/(lk(s)ds
+/ds/(t~ % Dy gk (3) Am (5,6)] d€

:L}_-f !
- [ s / <w+t_s-—of“rDs[qus)Am(s,s)}dg}.
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v

1
Applying the operators (Dt") v =1,2,...,n — 1, to both sides of (21) we
obtain:
1\ Y n—-p—1 ,),(
» , _ -k
(Dt> Hpy (z,t) = Z{ (1—’“—“3—’{ /qn k(s)d
ot
.= 1
— [ @+t—8)"" guoi(s)ds
- / i () ds / (=% A (s,6) ¢
m+t—
- / i (5) ds / (@+1 (22)

&

_8 —

n~—1

o4

woi I‘_(l + k=)

T

&)~ Am (5, ) di }

7,(:,,,) +o0

{t":" [ diGs)as

k—v

[t ) () ds +

@
+00
ds

x
a1

-—/ds

@&

--5)'&%20

i
[ =9 Dalgu(5) An (5,6)
0

m+t_~s
/ (x+t—s
0

lgi (5) A (5,€)) e }

e oo

:iH

—k
) Am (s,t) ds,

1\ -1 n—k—1
(Di") Hp, (x 1) = Z\’Y(m) / ( ) Am (S,t)ds,l/: Lin—-2

@
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From (22) 'md (23) by using estimations (4),(5),(5") we have that the
derivatives Dt Hm (z,t),v = 1,2,...,n—1 are summable on [0; +00) with
respect to ¢. Now, formula (6) is immediately obtained from (23).

4. Finally, let us prove the properties 4) of the functions An, (z,t). Ap-
plying the operator Itl ~n to both sides of (20) and taking into account the

formulae . -
-1 t¥a PET
—’3"( k>=‘ BEL) (24)
r(1:t5) T (2:&; ;)
Il_% ! 7t(w+ t — 8) g, (s) ds
[ — n k
Co\r(1#E)
z+1

1 / 14 BEL
= e (:I: +t—8 nogg S ds

T

we have for v = 0,1,2,..,n—1

400

IR A P s
Lo (-Dtn> Ap (z,t) = Z_, (2 _jl) £ /'QV—k(S)dS

[ .
3 N
h / (@+t—9)""" qr(s)ds

+00
+ / oon (8)ds [ (t— €)' Am (s,6) dt
-+t

;-3 O"\“

+t—8

/q,, k (8)ds / (z+t
2 0

g — )5 A (s,€) dE
n—1 (m) 00
Vi )kt /
+y - t n q (s) ds
ky;; T (2 + k_—l'_:l) { k (5)
2+




+o0 i
[ an@ds [ (¢ - 4 (5,6 de
z 0

x+t ' 413

- [a@ds [ @+
T 0

14 k—v-1

—s—=&)"" T Ap (s,€) d¢

From (25) it is easy to see that

1\ Vv
I: (D“> Am (:U,i‘) Et:O =0, I/=0,1,2,...,n-—2 and

y— 1\ 71 e
fr (Dz) A (2,8) = A (2,0) = [ ao(s) s

Le., equalities (7),(8) are obtained. Further, from (21), after some simple

transformations we have

Hm(wf /QO( d'SAm d3+Z _{tw% /Qn k

=11 1 )
¢
+ / i (5)ds [ (t—zf)"fAmcs,&)ds}. (26)
z 0

i/ 1\?
Similarly, applying the operstor l't1 n (D{‘) w=0,1,2,...,n—1 to (26), we
have
+00

1-4 v &L ! ’)’(mzc Etytl
(o) e = " s [ T e
k=1

+c0 t
+/Qn k( ds/ 1 B
0
A (5,8) dg} (27)
1\ Kk
+2_17,, k/qu k( “a (Df) Ap, (s,t) ds,
v = 0,1,2
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Now, equality (9) follows immediately from (27).
The proof of the theorem is completed.
Remark : It is clear from (15) and (19) that if the functions

q () ,q1 (%), ..., ¢ () are differentiable and the conditions

400 +oo
/ (1 +8) g0 (s)| ds < oo, / (1+s)+s g ()] ds < o0
0 0

n

L
are valid, then the functions D? Ay, (1) , D%, An, (2, 1), <Dt"‘> (DA (z,1))
-are summable with respect to ¢ on the interval (0; +00) , and Ay, (z,t) satisfies

the equation

D:ﬁwAm (z,t) — DgtAm (z,t) = qo(z) An(z,t)

n—2 (m) 1“_1. 1 k
£ 39 Guet (@) L (th) Am (1)
k=0

Perspectives

The results of this paper, particularly the properties of the kernels Am'(m, t),
can be applied to investigate the direct and inverse scattering problems for
equation (1) with boundary condition y (0) = 0, what needs independent in-

vestigation.
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