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On the generalized type and approximation of an entire 

harmonic function in R 3 having index pair (p,q) 

Musiitaq Shakier Abdul-Hussein and G.S. Srivastava 

ABSTRACT. Let H / ? , 0 < R <oo,bethe class of all harmonic functions H 

R 3 that are regular in the open ball DR of radius R centered at the origin 

and continuous on the closure DR of DR. For He / / K , set 

En (H,R) = inf < max \H(xi>x2>x-i) - g(xi,x2>x3) \ >, 
g e I 7 » {(xux2,x,)eDR ' J 

where ITK consists of all harmonic polynomials of degree at most n. In the 

present paper, we have introduced the concept of (p,q)~ type of an entire 

harmoni'C function H with respect to the proximate order with index pair 

(p,q) and obtained its coefficient characterization in term of the 

approximation errors En (H, R). 

1. INTRODUCTION. 
00 

Let f(z)=2_janz " be a non-constant entire function whereX„ = 0, 
n=0 

and {Xn is a strictly increasing sequence of positive integers such that no 
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element of the sequence {an}™ is zero. We denote by 

<p{r) - fi{r,f) - max|/(z)|, the maximum modulus of f(z) for jzj = r. It is 
|z|=/-

well known that log^(r) is indefinitely increasing convex functions of log r, 

To estimate the growth of a non-constant entire function / ( z ) , 

concepts of order and type are used. Thus f(z) is said to be of order 

p (0 < p < oo) i f 

n i \ v tog log </>(r) 
(1.1) p = hm sup — 5 — 

,._>00 log r 

Further, i f the order p of / ( z ) satisfies 0 < p < oo , then the type T of / ( z ) 

is defined as 
(1.2) T = l i m s u p ^ ^ . 

r->oo rp 

To further classify the entire functions of slow growth (p -- 0) or fast growth 

(p •-- oo) the concepts of (p,q) -order and (/?, </) -type were introduced by 

Juneja et al. ([1], [2]). Thus for integers p>q>0, we set 

logW Mr) 
(1.3) limsup • , = p(p,q) = p. 

r->oo l o g ^ r 

Here l o g ^ x = log (log,..., log.x), where logarithm is taken p times. An 

entire function / ( z ) is said to be of index pair (/?,#), p>q>\ i f 

b < p{p,q) < oo and p(p -l,q -1) is not a non- zero finite number, where 
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0 = 1 i f p = q and b = 0 i f p > q. I f f(z) has index pair (p, q), then 

p = p(p,q) is called the (p,q) order of f(z). I f f(z) is of (/?,#)-order 

the {p,q) -type of / ( z ) is defined by 

l o g ^ (¿0) 
(1.4) r = r ( p , 9 ) = l i m s u p - L ^ V ' 

/•->«, ( l o g l i H j ry 

For further definitions and notations, we shall refer to [1] and [2]. 

The concept of proximate order for entire functions of index pair 

(p,q) was introduced by Nandan et al. [4]. A real valued function p defined 

on (0, oo) is said to be a proximate order of an entire function with index pair 

(p, q) i f it satisfies the properties 

(i) \imp(r) - p, b < p < oo , 
r-*<x> 

(ii) lim A [ ? ] (r) p'(r) = 0, where A[ ( / ] ( r ) = f j l o g ^ r. 

The formula for the generalized (p, q) type and generalized lower (p, q) type 

of an entire function with respect to the proximate order with index pair 

(p,q) in terms of the coefficients {an\ in Taylor series expansion of 

/ ( z ) has been obtained by Nandan et al. [5], 

The harmonic functions in R 3 are the solutions of Laplace equation 

n cx 92H d2H 82H A (L5) + + = 0 . 

dxf dxi 84 

A harmonic function H regular about the origin can be expanded as 
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(1.6) H^H(r>0>0) = YJ X K 2 c o s m ^ + « S s m m ^ j r" p\\l (cos0), 

«=0 m-0 

where xl=rcos0, x2 - r^mO cos^, x3 -rs'mû sin^ and P™(0 are 

associated Legendre functions of first kind, of degree m and order n . A 

harmonic polynomial of degree k is a polynomial of degree k in ^ i , x 2 and 

x3 which satisfies (1.5). A harmonic function H is said to be regular in 

DR =^xlix2,x3):x2

l +x2 +x\ < R 2 , 0 < / i < o o | , i f the series (1.6) 

converges uniformly on every compact subset of DR. The harmonic function 

/-/ is called entire i f it is regular in D„. 

We denote by 

M (/•, / / ) = max IN (XJ , x2, x3 ) | , 
Xi+X2

+X^r 

'then M (r, H) is called the maximum modulus of H. It is well known that 

logM(/ ' , / / ) is an indefinitely increasing convex functions of log/•. 

To study the growth of a non-constant entire harmonic function H, 

concepts of order and type are used following the classical definitions of these 

parameters for entire functions. Thus f(z) is said to be of 

order p (0 < p < co) i f 

(1.7) p s p { H ) = \ m i s u p ^ ^ l . 
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Further , i f order p of H satisfies 0 < p < co, then the of type of H is 

defined as 

(1.8) T,.T{H) = ^ W ^ ^ ^ . 

As in case of entire functions, the concepts of index pair, (/>, q) -order 

md (p,q) -type of H(z) can be given. The entire harmonic function H is said 

to be of (/?, q) -order p, where 

(1.9) p = l i m s u p - s '-. 
r^co l o g m r 

For b < p < oo, the (p, (7) -type T of H \s defined as 

(1.10) • ^ I t o s u p i S f 1 ^ ^ 

/•->» (log [ 9~ 1 J r / 

where 6 - -1 i f p = q and 6 = 0 i f p>q and (0 < t < T < 0 0 ) . 

Let / / e H#, (0 < R < 00) and let En(H,R) denote the error in 

approxi mating the function H by harmonic polynomials of degree at most n 

in uniform norm, where 
E„(H,.R) = inf \\H-g\\ 

and El n consists of all harmonic polynomials of degree at most n and 

\H - g|| n = sup _ ( j q , x 2 > x 3 ) - g ( x } , x 2 , x 3 ) | . 
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G,P. Kapoor and A. Nautiyal [3] obtained necessary and sufficient conditions 

on the rate of decrease of En (H, R) as n ~» oo so that / / e H R has analytic 

continuation as an entire function of order p (0 < p < oo) and type T. In this 

paper, using the concept of proximate order, we have defined the generalized 

type of I I and obtained the coefficient characterization of generalized type. 

Our results generalize the results mentioned above. 

2. AUXILIARY RESULTS. 

In this section we give some results that have been used in proving our 

main result. 

Since (log'-'7""1'' r ) ^ ^ is a monotonically increasing function of r for 

0 < ra < r < co, [6, Theorem 3] we denote by Q (x) the single valued function 

which satisfies the condition 

A - 1 i f (P)q) = (2,2) and A = 0 i f (p,q) * (2,2) 

We have [5,Theorem 1] 

Lemma 1. The function Q (x) defined above has following properties : 

(2.1) 

(2.2) (a) d logi?(x) 
.v->oo d logx p-A 

(2.3) (b) For every f], 0 < r] < <x> 
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The f ollowing result is due to Kapoor and Nautiyal [3, Theorem 3]. 

Lem ma 2. Let H e HR. Then H has analytic continuation as an entire 

harmonic function of finite order (0 < p < co) and type T(0 < T < oo) i f 

and only i f 

lim sup (n B„(H,R))p/" = epTRp, 

The following result was given by Kapoor and Nautiyal [3, Lemma 1]. 

Leiruna 3. Associated Legendre functions p"t' (t) satisfy 

max p™(t) < X [{n + m)!/(«~m)\)1/2, 
- l < / k l 

where K is a constant independent of n and m. 

The following result was given by Kapoor and Nautiyal [3, Lemma 2]. 

Lemma 4. Let HeHR be entire and r' > 1. Then, for all r>2r'R and all 

sufficiently large values of n, we have 

En (H, R) < k M(r, H) (r'R/r)"+i, where k is a constant. ' 

3. M A I N RESULT. 

Let p{r) be proximate order satisfying the conditions (i) and (ii) as 

defined above. Let H be an entire harmonic function of (p,q) order p. The 

generalized type 7'* of H is defined as 
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(3.1) i i m S u p ^ ^ ^ r \ 

Now we prove 

Theorem. Let 77 be an entire harmonic function of (p,q) -order p and p(r) 

be a proximate order of index pair ( / j , q). Then the generalized type 7'* of 77 

is given by 

1P-A 

(3.2) 

where 

T = M lim sup 
n(\og[p-2]n) 

log^ (En(H,R))A/n 

M = 

\p~\)P-xlpP i f = (2,2) 

HepRp i f (/>,<y) = (2,l) 
1 for other index pairs (p,q) 

Proof. From (3.1), for all £ > Oand all /• > /; (0 < /; = r0(s) < r < co), we 

have 

log1'""1} Af(r,//) < (r* + * ) ( l o g t , H ] r ) p ( r ) 

or lo g JV7(r,/7) <exp [ ^ 2 ] { ( r* +f ) ( log [ < ? - 1 ] r ) ^ w } . 

By using Lemma 4, we have 

\ogEn(H,R) -]ogk -(f} + \) l 0g^j< e x p [ ^ 2 ] | ( r * +s) ( l o g [ < ? - ' ] r ^ ' 0 j 
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(3.3) log; E„ (H, R) < exp [ /^ 2 ] | (T * + s) (log [ ?~1] rf^ j + log k + (n +1) log 

For (p, q) = (2,1) we have 

\ r ) 

log E„(H,R) < \(T* +s) rplr)h\ogk+()i + \) log 
V r ) 

As the above inequality holds for all r > ra (e), we choose r such that 

,P(r) _ * + 1 

i.e. r = Q « + 1 ^ 

lj0 (?"+*), 
Substituting, this value of r, we get on using Lemma 1 

log En ( / / , A') < — + log/c - (n +1) log 

< — - + log k - - (« +1) log 
P 

n{n+l/p(T* +s)) 
r'R 

f2(n + l) 

pVp(T*+s)l/p r'R 

Hence [£„( / / , /?) ]"" < el/p n(n + l) 
-1 

(1 + 0(1)) 

or 
/2(») 

^ e p ( r +e)(r'R)p + o(l) 
(En{H,R))-{'n 

As r ' > 1 is arbitrary, we get on proceeding to limits, 
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(3.4) limsup 
Q(n) epT*Rp 

(En(H,R)y/» 

Now we prove the result for (p,q) = (2,2). The inequality (3.3) takes the 

form 
fr>R\ 

logEn (H,R) < (T* + e)(logr)"00 + logk + (n +1) log 
V r J 

Again we choose r, such that 

(\ogr)p^=-^-^~ 

Hence (3.3) can be written as 

logr = Q 
n + l 

logEn(H,R) < (T* +£)(\ogr)p(r) + log* +p(T* + e)(logr)p(,'hl log 'Hi) 
V r J 

or log En (H, R) < (n +1) ^—4 Q 
P 

n + l 
{p(T*+e), 

{l + o(l)} 

or 

or 

^ • \ < - ^ h g ( E n ( H , R ) ) ^ {l+o(l)} 
p(T* +e) P-

Q(n) 

\og{En(H,R)ylln_ Vp-y 

for all sufficiently large n, Hence 

p [p(T*+e)){l + o(\% < 
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(3.5) limsup n(n) 
1 P - \ 

-i/„ < P' 

Lastly let (p, q) * (2,1) and (2,2). In (3.3) we choose 

(logfe-U rY' 
r) 1 

(T*+s) 
log [/>-2] n + l 

P 

or logE*-'] r = Q — J — l o g ^ ^ 

Hence (3.3) is written as 

log .£„(//,/*) < exp [ ; ,~ 2 ] \(T* + * ) ( l o g [ < H ] r^H + log/t +(« + !) logf-
r'R 

or log £„ ( # , R) < expip~2] j l o g [ ^ 2 ] — | + log k + log 

or log En {H, R) < - ^ i + log k 
P \ f J 

or log 
( r \ 

K r ' R j 

< - + log[ / i„ ( / / } i ? ) ] - 1 / H + 0 ( l ) 
P 

As q > 2, we get 

l o g ^ (r)<]agW[EH(H,R)]-]/n 

1 
or n T +£ 

„ l o g [ p - 2 ] 

I p 
<log[^[En(H,R)]-Vn 
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using Lemma 1, we get 

n(\og[p-2] n 
< 

log ll-<\E„{H,R))-"" 

for all large values of n. Proceeding to limits, we obtain, 

(3.6) limsup 
H-»oo 

ü(log[p'2]n) 

log ü-l\Ett(H,R))-V" 

Equations (3.4), (3.5) and (3.6) combine into 

a(\og[p-2] n) 1P~A 

(3.7) limsup 
Jog ^\En(H,R))-V" 

To prove the reverse inequality, let 

<T*/M 

limsup 
n->oo 

n(l0R[p-2]n 
p-A 

= T/M , T<T\ 
log ['lA\En{H,R))~xln 

Choose e > 0 such that a - T + s < T*. Then for all n>na- na (s), 

/2 (log [ / J - 2 ] n) / \ h'p-A 

log ^-x\En{H,R)) 

or 

or 

A/p-A 

"n(\og(p~2ht)< log ^ / - ^ ^ ( / / . i ? ) ) 1 / " 
\ a J 

(M. 
Ü l o g M « k l o g [qA\En{H,R)) -\l„ 
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or En(H,R) <exp 
(M ^ 

•n exp[f' - 2 ) Q —\og[p~2]n 
\ a 

To obtain the reverse inequality, we consider the following inequality see ([3, 

p.1028] and [6, Lemma 3]): 

M ( r , / / ) < ¿ 0 
oo 

+ KK0^{2n + l)2En_,(H,R) (r/R,)n , 

where R„ < R. Since His an entire harmonic function, we have from [3, 

Lemma 2] 

En{H>R)<kM(r,H)(r'R/r)"+\ 

for all r>2r'R and all sufficiently large values of n . Hence 

limsupfis,, {H,K)fn <r'R\r, r being arbitrary, 
„—>co 

or limsup[i?, ;(//,/?)] v '" - 0 . 

Consider the function 
oo 

Ä(z) = 2] (2n + if V l (H, R) (z/R.)". 
>;=0 

Then 

lim sup 

l/n 

= 0. 

Hence the function h(z) of complex variable z is entire and 
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(3,8) M(r,H) < 0(1) + M(r,h). KK0, 

where M ( r , h) - sup|/;(z)|. By [3], the (p, q) order p{ of h(z) is given by 

Pi(p,q) = a+lim sup -
log 

™ l o g ^ ^ + l f V ^ / / ^ ) / / ? : f " 

where a = \ i f p-q-2 and a = 0 otherwise.Now 

(2n +1) 2 7?„ (77, R)/R 1 f = log {(in + if" (E„ (H, R)fn /ll. log 

Since q>\, therefore 

P\ (P> <?) - a + lim sup 
log 

n—><x> \og^{En_A{H,R)f" ' 

Combining the above result with the coefficient formula for (p, q) order of 77 

[6,Theorem 1], it follows that the entire harmonic function 77 and the entire 

function h(z) have same (p,q) order, Hence the proximate order for 77 and 

h(z) are also same. 

I f 7] denotes the generalized type of h(z) with respect to the proximate order 

p(r) of index pair (p, q) then by Theorem 3, [5], we have 

1\ = M , l im sup 
n->co 

/2\log' 

W.' 

l o g ^ { - ( l / n ) l o g | 6 j } _ 

irere A is as defined before, bn = (in +l)2 (H,R)/R? and 
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{p~\y-xlpP i f (p,g) = (2,2) 

1/ep if (p,q)----(2,\) 
1 if (/?,?) ^ (2,1) and (2,2) 

For (p t q) •- (2,1), we have 

%\~*n= (2n + i)^" [En(H,R)yl/" X*> 

hence Tx = — lim sup \f2 (n) [En (H, R)}],n 

ep Rf «-->» 

As /?* < i? was arbitrary, and i2 («) = have 

1 
lim sup n {^( / f , / ? )} 1 / " 

Fo r the index pair (p, q), q > 1, we obtain 

\og\bn\ l / n s \og[En (H,R)]~{/n , and we have 

= Ai] lim sup 
n[log[p~2]n 

log^{\og(En(H,R)y1"' 

Combining the two cases, we obtain 

p-A 

(3.9) 7j = M . lim sup 
/!---» CO 

O^og^n) 

. i o . g [ ^ ] ( ^ ( ^ > ^ r ! / , ! 

where M is as defined before. From (3.8) it is evident that T* 

combining (3.7) and (3.9), we obtain 

T,. Now 
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r 
M 

- = limsup n(\ag[p-2] n) \ p-A 

This complete the proof of the Theorem. 

Corollary 1. Choosing (p,q) (2,1) and p(r) s- p, we get 

T* = (epRp)~\ limsup n[EH(H,R)]p/" 

and Theorem 2 of [3] follows. 
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