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A Criterion for Linear Independence of Special 
Series * 

Jaroslav Hancl 

Abstract 
The main result of this paper is a criterion for linear indepen

dence of special infinite series which consist of rational numbers and 
converge very fast. 

1 Introduct ion 
Mahler's method is a very powerful tool used in proving irrationality, linear 
independence or algebraic independence of infinite series. A nice survey of 
this type of result we can find in the book of Nishioka [5]. 

Algebraic independence is a special case of linear independence. There 
are several results in this field. Among them we mention Töpfer [7], Loxton 
and Poorten [4] or Kubota [3], 

Another type of proof is the linear independence of logarithms qf special 
rational numbers which can be found in Sorokin [6] or Bezivin in [1] which 
proves linear independence of roots of special functional equations. 

If the series tends to infinity very fast then we can defined what we call 
linearly unrelated sequences. 

D e f i n i t i o n 1.1 Let { a ^ n } ^ (i = be sequences of positive real 
numbers. If for every sequence {cn}^+i of positive integers the numbers 
E n L i ~c~^, En=i •••> £ £ U T,^> a n d 1 a r e linearly independent, 
then the sequences { f t^n}^- . (i — 1 , K ) are said to be linearly unrelated. 

This definition is taken from [2], where one also finds the following 
theorem. 
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Theorem 1.1 Let e be a positive real number and let {ai{n}^Li and { 6 i , n }^L i 
(i = 1 , K — 1) be sequences of positive integers such that 

a ] ' n + 1 > 2 A " 1 , o i ,n /« i ,n+i (ai.n d'iwdes a i > n + i ) , 
a l , n 

6i, n < 2 ^ - ( v 5 + , , V S i = 1 . K T - l , 

fc^=0 forall j t i € { 1 , K - l } , t > j 

and 

r > - / < n _ ( ^ + £ ) ' / r " , . 0 ^ n - ( v ^ + e ) \ / n • _ 1 ZV"" 1 

for every sufficiently large natural number n. Then the sequences {^f^}^Li 
(i ~ 1 , K — 1) are linearly unrelated. 

2 M a i n result 
The main result of this paper is the following criterion for the linear inde
pendence of special series of rational numbers and the number 1. 

T h e o r e m 2.1 Let K be a positive integer and A. be a real number with 
A > 1. Assume that { d n , } £ l ; 1 be a sequence of positive real numbers greater 
than 1. Let {a>itn}%Li and {i»i,n}^=i ft — l,----,K) be sequences of positive 
integers such that 

hm affi* = A, ' (1) 
n—>oo i ' n v ' 

~ - - - f l di> (2) 

h;a < rff+1) ¿ = 1 , (3) 
lim 5r^ L-0, /or a/I j , f € { 1 , . . . . AT},i >' j , (4) 

« i , n d n ( J f + 1 ) n " 2 < * l , n < i = 2, JRT (5) 

and 
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for every large positive integer n. Then the series Y^n=l ^fZ'"'! ^ n = i ^ft 
and the number 1 are linearly independent over the rational numbers. 

Proof. We wil l prove that for every i f - tuple of integers a\, « 2 , . . . ,O .K ( N O T 

all equal to zero) the sum 
K-l ca . 

a = y a j y 
j=l n = l a3>nCn 

is an irrational number. Suppose that there exist a\, G ^ v ^ K such that a 
is a rational number. Thus there are integers p and q w i th q > 0 such that 
en = |. Let i? be a maximal index such that OIR ^ 0, Then we have 

K—l co 7 oo .R 7 

o: = V t t l \ .—ML- = Y y a-~^--- = 
I m/ J »¿••51*' J-J , /-I ih unit/ W a t / /-[ . 

j = l n = l a ^ n C n n=l i = l a J > n C " 

n _ i _ " ,it.,nt-n u>j,nuRtn 

From this and (4) we obtain that there is a natural number N such that 
for every n> N the number 

R-l , 
a j ^ ~ b ^ + a R 

and the number an have the same sign. This implies that without loss of 
generality we may assume that OR > 0 and ( l ) - (5) hold for every » > N. 
This and (7) imply that for every M > N 

KM KM 7 KM K oo . 

! w - ( i i i i * ) ( p - » E E ^ ) - i < n n « i « ) ( E E 
K M oo , R-l i 

«<IHI<w>< E ^ f ( E % ' ^ i f + • M 
is a positive integer. To complete the proof of Theorem 2.1 it suffices to 
find positive integer k > N such that Tk < 1. From (3), (5) and (8) we 
obtain for every sufficiently large M 

K M K oo 7 

r«<9(nn>«)(E E 
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K M co K , 

«<nn<w>< E E H ^ j i 
j = l ¿=,1 i = M + l j = l " J - 1 

flini^-'^ l K l M K E ^ )< 

where Q and P are constants which d.o not depend on M. Inequalities (2) 
and (1) imply that for infinitely many n 

a$Sf* >d^x.m*x a ^ 1 . (10) 

Otherwise ther e would exist Aq > N such that for every n > Aq 

]=N,..,,n ,J 

i n + l l 
d n + i d n max a f t + 1 ) i < . . . < ( FT d,-) max a ^ + 1 ) J . (11) 

Let N2 be a positive integer such that N < N2 < Aq and 

(K + l)-' vi _ „(K+lJi a l No — m a x a i 
M V 2 j=N,...,N! 3 

This and (11) imply that 

1 n + l • n + l 1 

aisr1 < ( n * < n ^isf* 
which contradicts (1) and (2) for a sufficiently large n. Thus (10) holds. 
From (10) we obtain for infinitely .many n 

L 
\n+l ai.n+1 > (4+1 ^ . . a i f ' 3 ) ^ 1 ^ > 

j~N,...,n 

l 
<&K+Vn+1( max a p<+ 1 )^/<((/<+i)"+(/<+i)"- 1 +...-KK + i)A') > 

n 3=N n l<* 
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N~l 

« r i r + 1 ( n ^ , i ) ^ n ^ ) ~ K w 
3=1 3 = 1 

Inequalities (9) and (12) imply 

1 
< 

¿=1 "n - f l H j = l a l , i 

^ ( n » > , i ) j f ( n 4 ' f - , ) ( , i ' + i r 2 ) « + 1 ) " " ' - < K + i r w -
;',=1 ¿=1 

From this and (6) we obtain that Tn < 1 for infinitely many n and the 
proof of Theorem 2.1 is complete. Q 

3 Comments and Examples 
Corollary 3.1 Let K be a positive integer and A be a real number with 
A > 1. Assume that {aj,nJ°i=i and {bjin}^Li (j ~- !>•••>-̂ 7 a r e sequences 
of positive integers such that 

1 

l im aP!. + 1 ) n = A . 
n—»oo 1 > f " 

/1 

bj>n < 2 ^ K ^ 2 , ( ¿ ^ 1 , 2 , . . . , i f ) , 

l im ^,nbj'n = 0, /or a« j , % € 1 , i f , % > j 

and 

a J i n 2 - ^ ( K + 1 ) " ~ 2 < a 1 ) n < ajtn2^K+1)n"2 (j = 2,.... i f ) , 

/or every sufficiently large positive integer n. Then the series J2^L\ %jf^ 
(j = 1 , . . . , i f ^ and the number 1 are linearly independent over the rational 
numbers. 
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This is the immediate consequence of Theorem 2.1 if we put dn = 1 -|—\. 

Corollary 3.2 Let K be a positive integer and A be a real number with 
A > 1. Assume that {aj,n}j*Li and {bjin}JL1 (j = 1, ...,K) are sequences of 
positive integers such that 

lira a\KJ^ = A, 

1 
n—>oo 

i 
< 1 ) 7 ' (1 + ^ = 5 ) ^ > 

forall j , i 6 { 1 , . . . . K}, i > j 
n-»oo 6 i i T l a j i n 

and 
_ L i i J J- \n—2 1 M i 1 \n—2 

aj<n2i<* < a i , n < a i i n 2 ^ ( 1 + ^ - ) j = 2 , i f , 

/or every sufficiently large positive integer n. Then the series Y^L\ 
1, ...,K) and the number 1 are linearly independent over the rational 

numbers. 

This is the immediate consequence of Theorem 2.1 if we put dn = 1 + j£n. 
Let [x] be the greatest integer greater or equal x, 

Open Problem 1 Let i f be a positive integer. Are the series 

co 3 ( i C + l ) n + 2 i n 

( j = 1 , i f , ) and i/i.e number 1 linearly independent? 

Example 1 Lei 7T(IE) 6e the number of primes less than or equal x and K 
be a positive integer greater than 1. Then the series 

(j — 1 , i f ) are linearly independent over the rational numbers. 
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This is the immediate consequence of Corollary 3.1. 

E x a m p l e 2 Let K be a positive integer greater than 1 and q(x) be the 
number of divisors of the number n. Then the series 

^ 4 ( ^ + l ) ^ ( j ! ) n + ( j + 1 ) 3 n j 

^ [(3 _ .^^(K+ir+jln* + 2(K+l)i<»>] 

(j •— 1 , K ) are linearly independent over the rational numbers. 

This is the immediate consequence of Corollary 3.2. 
I would like thank Professor Radhakrishnan Nair of the Department of 

Mathematical Sciences, Liverpool University for his help with this article, 
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