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A Criterion for Linear Independence of Special
Series *

Jaroslav Hancl

Abstract

The main result of this paper is a criterion for linear indepen-
dence of special infinite series which consist of rational numbels and
converge very fast.

1 Introduction

Mahler’s method is a very powerful tool used in proving irrationality, linear
independence or algebraic independence of infinite series. A nice survey of
this type of result we can find in the book of Nishioka [5].

Algebraic independence is a special case of linear independence. There
are several results in this field. Among them we mention Tépfer {7], Loxton
and Poorten [4] or Kubota [3].

Another type of proof is the linear independence of logarithms of special
rational numbers which can be found in Sorokin [6] or Bezivin in [1] which
proves linear independence of roots of special functional equations.

If the series tends to infinity very fast then we can defined what we call
linearly unrelated sequences.

Definition 1.1 Let {a;n}22, (¢ = 1,..., K) be sequences of positive real
mzmbe?s If for every sequene {Cn}nﬂ of positive integers the numbers
0 o0 1
el Ulnc”, Yoo @ ncn s 2=l aaen? and 1 are linearly independent,

then the sequences {aw}nzl (i = 1,..., K) are said to be linearly unrelated.

This definition is taken from [2], where one also finds the following
theorem.
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Theorem 1.1 Let € be a positive real number and let {a;n}52q and {b;n}ozq
(t=1,.., K — 1) be sequences of positive integers such that

a1, n+1 Kn—1 .
= 2 2 3 a.1,n/a1,n+1 (al,n divides a1)n+1),

Ain
ki3 \/- 4 ,
bq,” 2K, ~(VEr VR 'I::].,.-.,K—].,
ngﬁﬁ"——zo forall j,ie{l,..K—-1},i>j
P00 bz n/(l.J’ & ] 3y )
and
_ NGENSW.D n—(V2+e) /7 ,
Wi 2 Ko (Ve <ain <ai,n2K EraS i=1,.,K -1,

for every sufficiently large natural number n. Then the sequences {a’ "‘}n~
(i =1,..,K — 1) are linearly unrelated. '

2  Main result

The main result of this paper is the following criterion for the linear inde-
pendence of special series of rational numbers and the number 1.

Theorem 2.1 Let K be a positive integer and A be a real number with
A > 1. Assume that {d,;}32., be a sequence of positive real numbers greater
than 1. Let {a;n}o2 and {bjn}o2 (i = 1,...,K) be sequences of positive
integers such that

1 E
: K3n®
J:ngoaﬂ =4 )

f H dj, (2)

ZK+1) _
a1 g =n

biun S d’g'l.-l<+1)n—2 7; = ]-) ey K’ \ (3)

:nbin :
Jim Z%:aj»n =0, forall jie{l,.,K},i>3, (4)
pdTEFDE ) < amd(KH)"“? i=2,...,K (5

and .
Jim a7 T DU g ()

J=1
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e . b b
for every large positive integer n. Then the series 3op7 1 2%, 3op2y ai—?—%
LS )

and the number 1 are linearly independent over the rational numbers.

Proof. We will prove that for every K-tuple of integers oy, ag,...,a¢ (not
all equal to zero) the sum

b ,
o= Oy —
=1 n= 1a],ncn

is an irrational number. Suppose that there exist o, Qg,..,ax such that o
is a rational number. Thus there are integers p and ¢ with g > 0 such that
o= Ié Let R be a maximal index such that «p # 0. Then we have

K-1 co foce}
.7)7"
o o= (64
Z Jn 1 ajncn ZZ:Z: CLJnCn ,
o3 R—1
bB’ n_ bj,nalR n

= Pt il at1] ) 7

7221 QR.nCn ; “ a’jmbR,n * O!R) ( )

From this and (4) we obtain that there is a natural number N such that
for every n > N the number

R-1

bjnag,
3" SRR
j=1 aj,an,n
and the number ap have the same sign. This implies that without loss of

generality we may agssume that g > 0 and (1)-(5) hold for every » > N,
This and (7) imply that for every M > N

K M K M K M K [o%]
=TTl adp-ad"> e ”: =q(]1 H ) (>, D o
j=14=1 j=11=1 7,1 g=11d=1 J=li=M+1 Jl
Q<ﬁ IMIa S Za binthn 4 o)) (8)
, ‘R '
j=1i=1 " L~M+1 aRn je=1 JQJ' bRn

is a positive integer. To complete the proof of Theorem 2.1 it suﬁices to
find positive integer k > N such that T;C < 1. From (3), (5) and (8) we
obtain for every Sufﬁ(nently large M ’

K M

<o a3 35 e

j=1i=1 J=1 =M 41 “»
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K M

Q(H H@J,z }N\ zl y] by

J=14=:1 t=M+15=1

Q(H Kd(K 1)K +1)i- e)) égl%l i i AN

j=1 i=M+1
H(“ d(K 1)(K +1) ))M_l__d2(1(+1)M~1 (9)

where ¢} and P are constants which do not depend on M. Inequalities (2)
and (1) imply that for infinitely many n

K1yl K+1 J
ufnﬂ) >dn41 H]bax a{ 7 (10)

Otherwise there would exist N; > N such that for every n > Ny

(K“)” - (K+l).7
a < dpe1 max a <
1n+1 n+- JaN e 1,j
1 n+1 1
dpy1d, max a(K“)’ < dy) max G EFT 11
A I o R ( ];(H jgax, A (11)
=4V

Let N3 be a positive integer such that N < Ny < Ny and

1 s 1
af' M = max a7
o j=N,...Ny 7 ’
This and (11) imply that

n+1 n+1 1
(K+1)ﬂ+ , (K+1)J ; (r+1)V2

a1 nti H d;) _m,ax aL7 < | H dj)ay N,

j=Ni+1 ‘ j=Na

which contradicts (1) and (2) for a sufficiently large n. Thus (10) holds.
From (10) we obtain for 1nf1nlte1y many n

, '1<+1_J' 1)+l
A4 2 (dppr max a{fSFD7 EFDT
J=N,..,n >

el
d%K+1)n+1( max alu;u)f)K((K+1)"+(K+1)“*1+...+(K+1)N) >
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N-1
g 1) "+1 ~K 1¢
e H a1)" (I 1) (12)
el
Inequalities (9) and (12) 1mp1y

n
< K-1)(K 4172 (k411
7, < P afid G o <

-1 V¢
HC U= U " RUCH) ! (1521 a,)

At n+1 (K+1)n+t K
o1 Tlj=101y

N T (K1) (K412 2L (K 1)mH
P( ]J a1,5) (H d; ) :
=1

=1

from this and (6) we obtain that 7, < 1 for infinitely many n and the
proof of Theorem 2.1 is complete. d

3 Cominents and Examyples

Corollary 3.1 Let K be a positive integer and A be a real number with
A > 1. Assume that {a;n}52, and {bjn}2, (j = 1,..,K) are sequences
of positive integers such that

1

: (S i
lim ay, = A,
N—0c0 '

TS 1
?nm—(l + 5) < A’

by < 27 KD , (G =1,2,..K),
Q4 nbj,n . , .
lim ——2= = (j, for all ji€l1,. ,K,i>}]
n—00 bi,na'j,n
and
1 n-—2 n-2
L L e (JC+1) G =2 K,

for every sufficiently large positive integer n. Then the series Yoo g-?-;

(j =1,..,K) and the number 1 are linearly independent over the rational
numbers.
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This is the immediate consequence of Theorera 2.1 if we put d, =1+ L%
n

Corollary 3.2 Let K be a positive integer and A be a real number with-
A > 1. Assume that {a;n}52y and {bjn}52, (4 =1,..,K) are sequences of
positive integers such that

hm a(K‘Ll) =A
)

rmn 1 ,
a’l}:zﬂ) (1 + ) < A»

Kn~2
Lo(leLym ,
bj;"1S21<5(1+K) J :1)-"aI<>
i a’i:nbjyn v . .
lim ——2= =0, forall jiie{l,. ,K},i>j
730 by nj,n \
and
A1l -2 1 1yn-2 ,
a/g,n2 K? (14 K) < ain < a/j,n2}?§(l+ K) J =2y, Ka
for every sufficiently large positive integer n. Then the series Y poq %-";

(7 =1,..,K) and the number 1 are linearly independent over the mtwnal
mxmbers

T his is the immediate consequence of Theorem 2.1 if we put d, = 1+ 7%7;
Let [x] be the greatest integer greater or equal z

Open Problem 1 Let K be a positive integer. Are the series

o ;(K-l—l)n + ojn
Z 2 1 (_[{+1)n ] + 23n

(j =1,..., K) and the number 1 linearly independent?

Example 1 Let w(z) be the number of primes less than or equal © and K
be a positive integer greater than 1. Then the series

oo 3(K+1)"(n)+1 noyon -
; (2 — 2 (K+1)n 4 5K+ 1)ﬂ(n)]

(4 =1,..,K) are linearly independent over the rational numbers.
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This is the immediate consequence of Corollary 3.1.

Example 2 Let K be a positive integer greater than 1 and q(z) be the
number of divisors of the number n. Then the series
S G 4 (5 4 1)3

;,f':l (3~ k—ﬁl3_~7>(K+1)”+j!n2 + 2([{+1)q(n)]

(5 ==1,..., K) are linearly independent over the rational numbers.

T'his is the immediate consequence of Corollary 3.2.
I would like thank Professor Radhakrishnan Nair of the Department of
'Mathematical Sciences, Liverpool University for his help with this article.

References

(1] Bezivin J.P.: Linear Independence of the Values of Transcendental
Solutions of Some Functional Equations, Manuscripta. Math. 61(1988)
no.l, 103-129.

[2] Hanél J.: Linearly unrelated sequences, Pacific J. Math., vol.190, no.2,
(1999), 299-310.

(3] Kubota K.K.: On the algebraic independence of holomorphic solu-
tions of certain functional equations and their values, Math. Ann. 227,
(1977), 9-50.

(4] Loxton J.H., van der Poorten A.J.: Algebraic independence properties
of the Fredholm series, J. Austral. Math. Soc., ser A, 26, (1978), 31-45,

[5] Nishioka K.: Mahler functions and transcendence, Lecture notes in
mathematics 1631, Springer, (1996).

(6] Sorokin V.N.. Linear Independence of Logarithm of Some Rational
Numbers, Mat, Zametki 46 (1989) no.3, 74-79, 127, translated in Math.
Notes 46 (1989), no.3-4, 727-730. y

[7) Topfer T.: Algebraic independence of the values of generalized Mahler
functions, Acta Arith. LXX, (1995), 161-181.

MS Class.: 11J72 :
Key words: Linear independence, infinite series.
Diepartment of Mathematics, University of Ostrava, Dvoiédkova 7, 701
03 Cistrava 1, Czech Republic, e-mail: hancl@osu.cz.

39




