Istanbul Univ. Fen. Fak. Mat. Der. 66 (2001), 73-83

On the decomposition of curvature tensor in recurrent conformal
Finsler space

S.P. Singh and J.K. Gatoto

M.S. Knebelman [1]1) has developed conformal geometry of generalised
metric spaces. The projective tensor and curvature tensors in conformal
Finsler spaces were discussed by R.B.Misra [3,4]. M.Gama [6] has
decomposed recurrent curvature tensor in an areal space of submetric class.
The decomposition of recurrent curvature tensor in Finsler space was studied
by B.B.Sinha and S.P.Singh [5]. The purpose of the present paper is to
decompose the recurrent conformal curvature tensor and study the properties
of conformal decomposition tensors.

1. Introduction
Let us consider an n-dimensional Finsler space F, in which two distinct

metric functions are represented by F(x,%) and F (x,%). Then the
corresponding metric tensors g,j(x,fc ) and g, (x,)'c) are called conformal if
they are proportional to each other. These quantities are related as under:
(1) (y Fls)=e” Flx) b &lwi)=e g x)

@ B9z )
where o = cr(x) is atmost a point function as shown by Knebelman [1]. The
space equiped with quantities 7 (x,)'c),:g“(x, x) etc is called a conformal Finsler

space usually denoted by 7,

1) The numbers in brackets refer to the references given at the end of the
paper

2 /
2) 9, = /Bx yand 8, =9,
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In a Finsler space F,with entities F (x,)'c), g[j(x,)'c) etc, the covariant

derivatives of a vector T (x,w,) with respect to x’/ in the sense of Cartan and
Berwald are given by [ 2 ].

(l 2) ]i”] ﬁ aj T! (amTl) am g TmI-\’-;; 2)
and

def \
(13) ]’Z’]) — ajTl' (am T! )Gm +T" G,,l,j
where
(1.4) G', (x,x) G,'m( ) mo_ I“,:' (x x)x'".

. _ . .l
The connection coefficients are hormogeneous functions of degree zero in x'.
Considering quantities
def def o
e,

_ A f 1 2
(lf)) Oy ()C)— 0,0, BY (x x) ZF gj il

i . def ! - ' ir sm
Ut () = 20,5 - 0, { 8”8 ) —2C,0,,B™ + £"C 0,8 |

m Jksr

where Cm/(x )= g"’Cm,,/( %), one can have conformal connection

coefficients :
(1.6) o4 = T (0 0) + U (.5)
(17) G}k(xﬂ"‘%) = ;k( ) o-ma/a Bim

where the functions B™(x,%) are homogeneous of degree two in x'.

The variation in G, (x,)'c) unider the conformal change (1.1) is given by

(18)’ G}(/'(X .X) = G}k/z('x’x) 0111016 a Blm
— def
i ~i
where G jun (%,%)=0,G k-
The curvature tensors K, ,H, and H,, transform under the conformal

change (1.1) as
(19) Kb = Kb +2Ul+ 2o, 6,007 + UL, ) oys™ + ULU;

il
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(1.10) HYy = Hy +20,,0,0,8" - 20, 0,0, B”" ) -(0,8° )1, |
+ 20,”0'50,{( B”’")@k 8PB” }
and
(] 1 ]) H—Iélz = Hli(h - 20'»1 {6[[(31'"1 }(;,)] + 20—»1[(!()511]Bim
+ 26'"10‘, (6[kBS”’ )0,,]533”
res,pectively.
The Bianchi identities satisfied by H),,H,, and K, are[4]
{1 12) H[/l\(h)} =0 ,
(IIH ) =1y = 0 B + 0D, B G, + o, {68}, 6" ") e
H{H, + 0,08 ~ 000 B 0,0,0,B" 1-0,0\G 468" 8™ -
—(5/,3“)0/4543””’ b+(6,0,0,8 N0 oy~ 0,87 )} 1
+0,0,0,(0,0,8, 87 J6,8" ,0.B™ ~ (6,8 o0, B}
and

(197 o1+ 0,057, )ty + 0,01 ey + 6, 1, + U S oy ~{0e8™ byl
+ {((}kB v Ix]asB,7 - (athm )5/(]853," }G o, + o-[mi (k)é}h]Bpm - O~|m|(}1)5k]Bpm( ] =0

restpectively . The notations (]«) and IE represent covariant differentiation in

m

thes sense of Berwald and Cartan respectively in conformal Finsler space F,,.

Z. Decomposition of conformal curvature tensor_ H,,k

The recurrent conformal curvature tensor H, s 18 characterised by the

condition

uk
where the barred index enclosed within the round bracket denotes the
covariant derivatlve with respect to xs for the connectlon parameters

(nz =V H! }{'jk # 0

m*tjk 5
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E-?j"k(x,)'c), The covariant vector ¥, (x,%) is called the conformal recurrence

vector. The conformal space equipped with such curvature tensor is called
recurrent conformal Finsler space and we denote it by F,'.

We consider the decomposition of the recuirent conformal curvature
tensor in the form
(2:2) Hy = XDy

where @, is a homogeneous conformal decomposition tensor and X' is a

1k
non-zero conformal vector such that
(23) X7 =1

Sinha and Singh [5] have decomposed the recurrent curvature tensor My, in
similar manner

(2.4)((1) H:'/'k — X @,
where the decomposition vector X' also satisfies the condition
(2:5) X7 =1,

Transvecting (2.,4)(a) by #" and noting H,, " = H} [2],
We obtain
(24)b) Hy = X',

b

- — !
where @, =0, x".

The decomposition tensor @, satisfies the identities

ik

(2.6) Dy = =Dy
and
(27) q)rjk +(Djkr +CD/0,'/' =0 ,

We notice that the decomposition vector X " and the recurrence vector V, are
transforimed conformally as under :

(2.8) Yf — e--G'X('

and
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=eV,

i

|

(29)

respectively.

Applying equations (2.2)  and (2.4)(«) in equation (1. 10) , we obtain

(210) Yiak = X' q);yk +20'm{( k]a B _zo_ln{a Btm " (a[jBis )G;:i,s}
+20,0,0, {680,168 | .

Transvecting (2.10) by 7, and using the relations (2.3),(2.5), and (2.9) , it
yields

(2.1 1) (D [(Dr/k + 20'"’{ }8 B”" V 20-", (5[]-31‘"1 )( ol (a[ st )Gm])s }V

+0,0,0 {(6[j ”"’)5 }8FB'S}V,. |,

mT-sTF

k=

which represents the conformal transformation ofi the decomposition tensor
@, under the change (1.1)

Thus we state :
Theorem 2.1 : Under the decomposition (2.2), the conformal decomposition
tensor @, is expressed in the form .11).

Interchanging the indices j and k in the equation (2.11), we get
(2.12) Dy = =D,y
in view of: (2.6).
The cyclic permutation of the indices r ,j ,k in the equation (2.1 l) yields the
identity
(213) (D[)j/k] = eV, [O' a{’( 5 B™ )( 6" ,,,a[;( Bml )( al

+0,0,0,{0,8™ 80,8 |- 0,08, {6.8™)9,0,8°} |*)

by applying (2.7) and the symmetry property of G,:,.,{ .
Hence we state _
Theorem 2.2 : Under the decomposition (2.2) ,the conformal decomposition

tensor @, satisfies the identities (2.12) and (2.13) .

ik

Transvecting the equation (2.2 ) by ", we have
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(2,14) ﬁjlk = Yi?ﬁjk
where
(2.15) D, =0,

and H', satisfies the relation (1.11).

Applying the equation (2.5),(2.9) and (2.14) in the equation (1.11), it assumes
the form

(2.16) By, =V |HY 20, 0B |y + 20,0 0uB"
+20,0,(04B™ 0,0, B" |

Interchanging the indices k and h in the equation (2.16) ,we get

(2-1 7) 5/m = “"(Dmhl;

by virtue of the relation H,, =-H}, [2].

In view of the equations (2.4)(p) and (2.5), the equation (2.16) becomes

(2.18) ®,, = e[y, — 20, DB | Vi + 20,0 0nB"

+20,0, (08" 6,0.8"7,]

which gives the conformal transformation of the decomposition tensor @,
under the change (1.1)
Accordingly, ‘we have

Theorem 2.3 : Under the decomposition (2.2) and (2.14) the conformal
decompositicn tensor ®@,, is expressed in the form (2.18)

In view of the equations (2.2),(2.3),(2.4),(2.9) and (2.14), the identitics
(1.12) and (1.13) assume the forms

(2- 19) (D[jk()})] =0

and
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2.20 = _ { ; e
(220 D[] = € VX Oy~ o nPeB™ + 0 o0 B" (G

+ eGV K(a[.prm )(/) (a[k P"' ) );G;;][)I + {X q)[,//\' + O-(/[(,/‘)é /(BP(I
~—0’q[(k)('3j]3""}5,,]3 b B”"J e’Vo O'l m‘[v,{(ékBs’ )Bh]SSB”"’

m

6" 8up, 5™ 1 0,5,0,8 o8- 0,5

por

JreUV’G"'Gf/Or (é)p 0,0,B" ){(5 B )511]5 B™ —(3,,BS’ bklésB"”‘}

respectively . Hence we have
Theorem 2.4 : Under the decomposition (2.2) and (2.14), the conformal
decomposition tensors @, and @, .« satisfy the Bianchi identities (2 19) and
(2.20) respectively .

Differentiating (2.2) covariantly with respect to x" in the sense of
Berwald, we get
(2.21) H.60) = X( )CD +X'D i)

Apply'ng (2.1) and (2.2) in the above equation, we find
(222) X'®,7, = Xyb,, + X'®

17k rjk(h)

Let us assume that the conformal vector X is covariant constant, then
(,’2.22) reduces to
(223 T T
' ) (D,jk(};) - th)/jk
(Conversely, if the above equation is true, the equation (2.22) yields

X(E)(Dafk =0 ‘
Since fﬁ,jk is non-zero conformal decomposition tensor ,it implies

(2.25) Xf) =0

which shows that X'is covariant constant in the space F'.

Transvecting (2.23) by %" and using (2,15), we obtain
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2.26 = _T&
( ) (Df/((;l_) - V’?(D.I'k
Thus we state
Theorem 2.5 : In a recurrent conforrnal Finsler space <

n s

the necessary

and sufficient condition for the conforrnal decomposltion tensor field sﬁsdk
and @, to be recurrent is that the conformal vector field X' is covariant
constant in the sense ofi Berwald .

Decomposition of conformal curvatare tensor X,
hi this section we consider the decomposition of the conformai curvature
tensor k_,;k. In similar manner, the recurrent conformal curvature tensor Eﬁ/‘k

is characterised by

(.1

where the symbol ';7; denotes the covariant derivative with respect to x' for

i
 _pp K0
);ik' i ik ’

the connection coefficients I'; (x,4). The non-zero covariant vector Vy(x, %) is

called the conformal recurrence vector .
We decompose the recurrent conformal curvature tensor g, in the

following manner :

(3.2) Ky = X"F,,
where m\Ij,‘.‘,.k is conformal decomposition tensor and X' is conformal vector
which satisfies the relation (2.3).

’

In a recurrent Finsler space, ifithe curvature tensor X, is decomposed as
63) Ky =X, Ky #0

H

where the decompwsition vector X "satisfies the relation (2.5), then the

decomposition vector X' and the recurrence vector ¥V, are transformed
conformally in the form (2.8) and (2.9) respectively .
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In view of the identities K|, =-K,

,/ w and K[, =0 [2], the decomposition

tensor ‘¥, satisfies the identities

'J

64) By =¥,

(3.5) ¥, =0,
Using the equations (3.2) and (3.3) in the equation (1.9) , it assumes the form
(3.6) m{/“ —X'U’ " +2U)[jik]+2{ m{ ( +U'[j)6k B }+U US j
Transvecting the above equation by ¥, and applying the equations (2.3), (2.5)
and (2.9), it becomes
B7) T omew, 4 207Uy +2¢° |, 8, + ULy JouB™ + UV )
which gives the conformal transformation ofi the decomposition tensor W,
under the change (1.1) .
Accordingly, we have
Theorem 3.1: Under the decomposition (3.2), the decomposition tensor ¥,
is expressed in the form (3.7).

Interchanging the indices j and k in the equation (3.7) and noting (3.4),
we get

(3.8) tﬁ,ﬂc = _q;rl;/' '
Also thie cyclic permutation of the indices 1, j ,k in the equation (3.7) yields
(3'9) -‘?l'://t] =0

in view of (3.5) .
Thus we have
Theorem 3.2: Under the decomposition (3.2), the conformal decomposition
terisor ¥, i satisfies the identities (3.8) and (3.9).

Applying (2,3), (2.4)(b\), (2.5), (2.9) and (3.2) in the Bianchi identity
(l . 14), it assumes the form
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(3.10) i ]H_, (B, T W7D,y + e 0,07 )X

prrlJ

+e W ([ +Um)*@#”m%n‘@ﬁwm%n%m
{6, 0,8,B7 - (6,8 p10,B" o0,
0, 0iB™ = OB 1=0 .

Hence we state

Theorem 3.3 : Under the decomposition (3.2) the conformal decomposition

tensor ¥, .« satisfies the Bianchi identity (3 10).
Taking covariant differentiation of (3.2) with respect to »" in the sense

of Cartan ,it yields
(3.11) - X—]lﬁtﬁ

&
ik ,/1 + X q

rjk rik 1/1
In view of the equation (3. 71), it becomes

3.12
(3.12) VK = X5,

Using the decomposition (.‘3.2) in the above equation, we get

\.
ik + Y uk‘h

+ X'y

¥k

(3.13) XV, %y = K i

Let us assume that the conformal vector X' is covariant constant, that is,
X, ‘Ii{ =0. Then the equation (3.13) reduces to

(3.14) ”W A

Conversely , if the above relation is true ,then from the equation (3.13) , We
find

(3.15) ~0.

‘] r/k

Since ‘{1,,{ is non-zero, it implies

(.19) ¥ -0

{h kS
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which implies that the conformal vector X' is covariant constant.
We have

Theorem 2.4 : Under the decomposition (3.2), the necessary and sufficient

condition for the conformai decomposition tensor field ‘W), to be recurrent is

that the conformai vector X' is covariant constant in the sense of Cartan.
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