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O n the decomposition of curvature tensor in recurrent conformal 
Finsler space 

S.P. Singh and J .K . Gatoto 

M.S. Knebelman [1]1) has developed conformal geometry of generalised 
metric spaces. The projective tensor and curvature tensors in conformal 
Finsler spaces were discussed by R.B.Misra [3,4]. M.Gama [6] has 
decomposed recurrent curvature tensor in an areal space of submetric class. 
The decomposition of recurrent curvature tensor in Finsler space was studied 
by B.B.Sinha and S.P.Singh [5]. The purpose of the present paper is to 
decompose the recurrent conformal curvature tensor and study the properties 
of conformal decomposition tensors. 

I . introduction 
Let us consider an n-dimensional Finsler space FN in which two distinct 

metric functions are represented by F(x,x) and F(X,X). Then the 

corresponding metric tensors gt^x,x ) and gu{x,x) are called conformal i f 

they are proportional to each other. These quantities are related as under: 

( l . l ) ( a ) F(x,x)^eAF(x,x) ( b ) g, 7M) = e2a gv{x,x) 

( c ) g»{x,X) = e-*°g«{X)x)t 

where a = cr{x) is atmost a point function as shown by Knebelman [1]. The 

space equiped with quantities F(x,x),g(x,x) etc is called a conformal Finsler 

space usually denoted by FN 

1) The numbers in brackets refer to the references given at the end of the 
paper 

2) a ^ . a n d a ^ a / , 
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In a Finsler space i ^ w i t h entities F(x,x),gij(x,x) etc, the covariant 

derivatives of a vector T'(x,x) with respect to xJ in the sense of Cartan and 
Bervvald are given by [ 2 ] , 

( ] 2 ) 2j; - dj T> - (dmf )G ; + r r ; ; 2 ) 

and 

(1.3) ru)=dJr-(dmr)Gj+TmG^i 

where 
(1.4) Gi

i(x,x)=G:,(xj)x'»=r;<(x!x)x'"_ 

The connection coefficients are homogeneous functions of degree zero in x'. 
Considering quantities 

ilef def 1 

(1>5) crm(x) = dmo: B«(x,x) = ~F2g»~x!xJ , 

U>k(x>X) = 2a(jô'k) - crm { g!"'gjk - 2C;.{jdk)B"'' + g" C,sd,.Bsm ^ 

where C'mJ(x, x) ~ g'hCmhj(x,x), one; can have conformai connection 

coefficients : 

M ) f ; ( x , i ) = r ; t ( , - , i ) + c / ; ( x ; i ) , 

(1.7) G ^ ^ G ^ x ^ a J ^ B 1 ' " 

where the functions B""(x,x) are homogeneous of degree two in x1. 

The variation in G'jkll{x,x) under the conformai change ( l . l ) is given by 

(1.8) G ^ M = G'jHhd-ajjd&B* , 

where G]kh{x,x) = dhG'jk . 

The curvature tensors K'ljl; .,H'ljk and H[h transform under the conformai 

change ( l . l ) as 

(1.9) - 4 * + 2 i / ; [ / | * j + 2 k Ml+Vkjjfa^+U'frU'jyl 
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(i.io)
 H* = H'« + 2 ^ ( . A ] M ' ' H - ̂ M^i)] - ( V h w ) 

+ 2 f f M ^ ' " ) 9 t ] 9 / ) 

and 
( l ' 1 ^ HL = H[h - 2om {dikB>"> \ h ) ] + 2am[(kph]Bi" 

+ 2 ^ 3 ^ , ^ 
respectively. 

The Bianchi identities satisfied by H'jk,Hl

:.jk and K'rjk are [4] 

and 

+ {(^.5™ j ^ ô ^ ' - ( â A 2 T fe*" + aH {kph]B"m - % 1 ^ k ] B p m ( ] = 0 

respectively . The notations [k ) and /; represent covariant differentiation in 

th'5 sense o f Berwakl and Car'tan respectively in conformai Finsler space Fn. 
2, Decomposition of conformai curvature tensor H'rjk 

The recurrent conformai curvature tensor H\.jk is characterised by the 

condition 
(2.1) H>r=VHK ÏÏ**° 

11ijk{m) rmurjk > > 

where the barred index enclosed within the round bracket denotes the 
covariant derivative with respect to x's for the connection parameters 
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Gjk(x,x). The covariant vector Vm(x,x) is called the conformai recurrence 

vector. The conformai space equipped with such curvature tensor is called 

recurrent conformai Finsler space and we denote it by F*. 
We consider the decomposition of the recurrent conformai curvature 

tensor in the form 
(2.2) Kik = X%,k 

where <&rjk is a homogeneous conformai decomposition tensor and X' is a 

non-zero conformai vector such that 

(2.3) X% = 1 

Sinha and Singh [5] have decomposed the recurrent curvature tensor H\.jk in 

similar manner 

( 2 - 4 ) M H' = X' O 
1 2 rjk ^ ^ ijk > 

where the decomposition vector X' also satisfies the condition 

(2-5) x% = 1 . 

Transvecting (2.,4)(a) by xr and noting H'rjk xr - H'jk [2] , 

We obtain 

(2.4) (ô) H<, = X'®Jk 

where 0 / / ( = <&,jkx''. 
The decomposition tensor $>ljk satisfies the identities 
(2.6) = 
and 
(2.7) « S , ; * + < * V + ^ = 0 , 

We notice that the decomposition vector X' and the recurrence vector Vt are 
transformed confonnally as under : 
(2.8) x< = e-°x[ 

and 
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(2.9) vl = <rv{ 

respectively. 

Applying equations (2.2) and (2.4)(a) inequation ( l . 1 o) , we obtain 

(2-1()) X%k = X%k +2crm[(l)dkprBim-teJpXW^-^fän) 
j2amasdr{d{]B^)dk]dpB's}. 

Transvecting (2.10) by Vi and using the relations (2.3), (2.5), and (2.9) , it 
yields 

(2-11) o = ei®,k + 2am[{j)dk]dr Bi!" Vt - 2crm^{jB% ~ ( V ^ ' V ^ 

+ o-maX{(dvB^]dpB<°}vi ] , 

which represents the conformal transformation of the decomposition tensor 
<$>rJk under the change ( l . l ) 

Thus we state 
Theorem 2.1 : Under the decomposition (2.2), the conformal decomposition 
tensor <t>rJk is expressed in the form (2.11). 

Interchanging the indices j and k in the equation (2.11), we get 

(2.12) 

in view of (2.6). 
The cyclic permutation of the indices r ,j ,k in the equation (2.1l) yields the 
identity 

(2.13) = e'V, k d[r (dkB<"' ){J)] - amd[r (djB* \ 

by applying (2.7) and the symmetry property of G'rjk . 

Hence we state 

Theorem 2.2 : Under the decomposition (2.2) ,the conformal decomposition 

tensor <D,.//( satisfies the identities (2.12) and (2.13) . 

Transvecting the equation ( 2 . 2 ) by xr, we have 
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(2.14) 

where 

(2.15) ®jk = % k X r 

and //^satisfies the relation ( l . l l ) . 

Applying the equation (2.5),(2.9) and (2.14) in the equation ( l . l l ) , it assumes 
the form 
(2.16) ® « = ^ K " 2am {3[kB"» \ h ) ] + 2*m[{k)dh]B>'» 

+ 2crmo-r{d[kBs"'^hpsBi'- ]_ 

Interchanging the indices k and h in the equation (2.16) ,we get 

(2.17) ® k h = -O,,,, 

by virtue of the relation H'kh - -H'hk [2]. 
In view of the equations {2A)(b) and (2,5), the equation (2.16) becomes 

(2.18) = -^S^B'i/i + 2 * 4 < * r V ^ 

+ 2 a m f T , . ( 5 [ / ( i ? s " 1 ^ ] ö s 5 ^ . ] 

which gives the conformal transformation of the decomposition tensor <5Wl 

under the change ( l . l) 
Accordingly, we have 

Theorem 2JJ : Under the decomposition (2.2) and'(2.14) the conformal 

decomposition tensor d>Wl is expressed in the form (2,18) 

In view of the equations (2.2),(2.3),(2.4),(2.9) and (2.14), the identities 

(1.12) and (LI3) assume the forms 

(2.19) % ( * ) ] = 0 

and 
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( 2 - 2 0 ) ®\M = ^ K - ^ + W ^ f e 

- ( M " } + (dfrd^jB" ){(dkB'""\h)] - (d^** y ] 

+ ( ô , ^ * * ){(MS' j ^ , * ' " - (dhBsl )dk]dsB>»»} 

respectively . Hence we have 
Theorem 2.4 : Under the decomposition (2.2) and (2.14), the conformai 

decomposition tensors <3>Jk and $?rjk satisfy the Bianchi identities (2.19) and 

(2.20) respectively. 
Differentiating (2.2) covariantly with respect, to xh in the sense of 

Berwald, we get 

(2.21) H ^ X ^ + F W ^ y 

Applying (2.l) and (2.2) in the above equation, we find 

i2-2"1) X% ., V, = Xt~<& -, + X'<è m . 

Let us assume that the conformai vector X' j s covariant constant, then 
("¿.22) reduces to 

rjk{h) rh^rjk 

Conversely, i f the above equation is true, the equation (2.22) yields 

S ince Oljk is non-zero conformai decomposition tensor ,it implies 

(2.25) 4 ) = 0 t 

which shows that X' is covariant constant in the space F*. 

Transvecting (2.23) by and using (.2,15), we obtain 
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( 2 ' 2 6 ) O M = F, 0 ,, 

Thus we state 
Theorem 2.5 : In a recurrent conformai Finsler space F*, the necessary 

and sufficient condition for the conformai decomposition tensor field s3>^ 

and <3)jk to be recurrent is that the conformai vector field X' is covariant 

constant in the sense of Berwald , 

Decomposition of conformai curvature tensor K'rJk 

hi this section we consider the decomposition of the conformai curvature 
tensor K'rJk . In similar manner, the recurrent conformai curvature tensor K'rjk 

is characterised by 

(5.1) gt = ygl Kk * 0 

where the symbol h denotes the, covariant derivative, with respect to x' for 

the connection coefficients rjk'(xtx). The non-zero covariant vector Vh(x,x) is 

called the conformai recurrence vector . 
We decompose the recurrent conformai curvature tensor W~ljk in the 

following manner : 

(3.2) Kik-X%k 

where ¥ r J i k is conformai decomposition tensor and X' is conformai vector 

which satisfies the relation (2.3). 

In a recurrent. Finsler space, i f the curvature tensor K\.jk is decomposed as 

(3.3) K , - X % k 4 ^ ° 

where the decomposition vector X' satisfies the relation (2.5), then the 

decomposition vector X' and the recurrence vector V, are transformed 
conformally in the form (2.8) and (2.9) respectively . 
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In view oil the identities K\1k =-K'rkJ and Kyk] = 0 [2], the decomposition 

tensor XF,.,7( satisfies the identities 

(3.4) %1k - -M'„ ( 

( 3 ' 5 ) ^ . ] = 0. 
Using the equations (3.2) and (3.3) in the equation (l.9) , i t assumes the form 

M x%k = x'wljk+wl{Ak]+^Jp^;{J +^)9 A j5 -}+r / ; [ t c / ; J . 
Transvecting the above equation by V, and applying the equations (2.3),(2.5) 
and (2.9), i t becomes 

( 3 ' ? ) %> = e°Vtfk + 2e°U'f]Ak] + 2e°[am {ds(rj, + U'^)}dk]B^ + U'^U'J, 

which gives the conformal transformation of the decomposition tensor 4* -A 

under the change ( l . l ) . 
Accordingly, we have 

Theorem 3 .1 : Under the decomposition (3.2), the decomposition tensor x ¥ r J k 

is expressed in the form (3.7). 
Interchanging the indices j and k in the equation (3.7) and noting (3.4), 

we get 
(3.8) ^rj/c -

Also the cyclic permutation of the indices r , j ,k in the equation (3.7) yields 

(3.9) * U = 0 
in view of (3.5) , 
Thus we have 

Theorem 3.2: Under the decomposition (3.2), the conformal decomposition 

tensor VF,77( satisfies the identities (3.8) and (.3.9). 

Applying (2.3),(2.4)(&),(2.5),(2.9) and (3,2) in the Bianchi identity 
(l ,14), it assumes the form 
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( 3 ' 1 0 ) ^|S] + e" V,{b,}% ]x"0kh] + e°Vt (dpU'r]j )x»®kh] 

+ { ( a ^ K ^ - ( a A i r ^ a ^ k ^ 

+ ^ I H (*Ar 9 / W - ° ' H (*Ar 9 / , M ^ ° ' 
Hence we state 
Theorem 3,3 : Under the decomposition (3.2) the conformal decomposition 

tensor ^ r J k satisfies theBianchi identity (3.1 o). 
Taking covariant differentiation of (3.2) with respect to xh in the sense 

of Cartan ,it yields 

( 3 , U ) K ' ; IP = X \ V ^ r i k + X~'W^ [j- , ijk \h A rJK rjk \ h 

In view of the equation (3 . l ) , it becomes 

Using the decomposition (3.2) in the above equation, we get 

Let us assume that the conformal vector X' [s covariant constant, that is, 
X^- = Q. Then the equation (3.13) reduces to 

Conversely , i f the above relation is true ,then from the equation (.3.13) , we 
find 

Since T,.^ is non-zero, it implies 

(3.16) X = 0 
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which implies that the conformai vector X! is covariant constant. 
We have 

Theorem 2.4 : Under the decomposition (3.2), the necessary and sufficient 

condi tion for the conformai decomposition tensor field to be recurrent is 

that the conformai vector X' is covariant constant in the sense of Cartan. 
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