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ON THE UPPER LOWER SUPER D-CONTINUOUS
MULTIFUNCTIONS

METIN AKDAG

ABSTRACT. In this paper, we define upper (lower) Super D- continu-
ous mu'ltifunctions and obtain some characterizations and some basic
properties of such a multifunction. Also some relationships between
the concept of Super D-continuity and known concepts of continuity
and weak continuity are giveun.

1. INTRODUCTION

In 1968, Singal and Singal [9] introduced and investigated the concept
of almiost continuous functions. In 1981, Helderman [2] introduced some
new wegularity axioms and studied the class of D-regular spaces. In 2001,
J. K. Kohli [3] introduced the concept of D-supercontinuous functions and
som.e properties of D-supercontinuous functions are given by him.The pur-
pose of this paper is to extend this concept and to give some results for
maltifunctions.

A multifunction F : X ~ Y. is a correspondence from X to Y with F'(z)
a nonempty subset of Y, for each © € X. Let A be a subset of a topological

o

space (X,7). A and A (or intA and clA) denote the interior and closure
of A respectively, A subset A of X is called regular open (regular closed)
[10] iff A = int(cl{A)) (A = cl(int(A4))). A space (X,7) is said to be
almost regular [8] if for every regular closed set F' and each point = not
belonging to F, there exist disjoint open sets U and V containing F' and z
respectively. For a given topological space (X, 7), the collection all sets of
the fom Ut = {TCX:TCUY U ={TCX:TnNU #0}) withU
in 7, form a basis (subbasis) for a topology on 2%, where 2% is the set of
all nonempty subset of X (see [5]). This topology is called upper (lower)
Vietoris topology and denoted by 737 (/). A multifunction F of a set X
into Y is a correspondence such that F(z) is a nonempty subset of Y for
each # € X. We will denote such a multifuntion by F : X ~» Y. For
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a multifunction F, the upper and lower inverse set of a set B of ¥ will
be denoted by F*(B) and F~(B) respectively that is FT(B) = {z € X :
F(z) C B} and F~(B) = {z € X : F(2)N B # 0}. The graph G(F') of the
multitunction 7 : X — Y is strongly closed [4] if for each (z,y) ¢ G(F),
there; exist open sets U and V containing z and containing y respectively
such that (U x V) NG(F) = 0.

Definitior. A. [7] A multifunction F : X ~» Y is said to be

fa) upper semi continuous (briefly u.s.c.) at a point z € X if for each
open set V in Y with F(xz) C V, there exists an open set U containing x
stich that F(U) C V;

(b) lower semi continuous (briefly l.s.c.) at a point z € X if for each
open set V in Y with J7(z) NV # 0, thers exists an open set U containing
‘¢ such that F(z) NV £ Q for every z € U.

2. SUPER D-CONTiINUOUS MULTiFUNCTIONS

Deusfinition 1. Let X and Y be two topological spaces.

a)A multifunction F : X ~ Y is said to be upper D-super continuous
(12.D-sup.c.) at a point zg € X if for every oven set V with F(zg) C
V',there exists an open F,-set Uy, containing xg such that the implication
r €U, = F(z) CV is holds.

b)A multifunction F : X ~ Y is said to be lower D-super continuous(l.D-
cup.c.) at a point xg € X if for every open set V with F(zg) NV # 0,
‘there exists an open Fy-set Uy, containing xo such that the implication
x € Uzy = Flao) NV # 0 is holds. '

¢)A multifunction F 1 X ~ Y is upper D)-super continuous(resp.lower
D-super continuous) if it has this property at each point z € X.

Definition 2. A set G in a topological space X said to be d-open if for
each © € G, there exists an. open Fy-set H such that x € H and H C G.
The comple:ment of a d-open set will be referred to as a d-closed set. [Kohli,
D-supercontinuous Functions/

Theorena 1. For a multifunction F : X ~ Y, the following statements are
equivalerit.

o)F is w.D.sup.c.(1.D.sup.c.)

b)For each open set V C Y, FH (V) (F~(V)) is a d-open set in X.

c)For each closed set K CY,F~(K) (F+(K)) is a d-closed set in X.

d)For each 2 of X and for each open set V with F(z) C V(F(z) N
V # 0),there is a d-open Fy-set U containing = such that the implication
ye U= F(y) CV is holds (F(y) NV #0).
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We omit the proof.

Following example gives that u.s.c.(l.s.c.) does not imply u.D—sup.c.(l.D
—sup.c.)

Example 1. X = {0,1}) T == {@,X, {O}}) Y = {a,b,c}, T = {@,Y,{CL},
{a,b}}. F(0) = {a}, F(1) = {b}. Fisu.s.c.(ls.c.) but not u.D.sup.c.(l.D.
sup.c.). FT({a}) = {0} is open but not Fy-open F~({a}) = {0}

Definition 3 (2). A space X is called D-regular if X has a base consisting
of open F,-sets.

Theorem 2. Every u.s.c. multifunction on a D-requler space is u.D.sup.c.

Proof. Since every open set is d-open in a D-regular space, the proof is
clear. d

Definition 4. Let X be a topological space and let A C X. A point x € X
is said to be a d-adherent point of A if every open Fy-set containing x
intersects A. Let [A]q denote the set of all d-adherent points of A. Clearly
the set A is d-closed if and only if [Alq = A.[Kohli, D-supercontinuous
Functions/

Theorem 3. A multifunction I © X ~ Y s l.D.sup.c. if and only if
F([Alg) < F(A) for every A C X, '

Proof Suppose F is 1,D.sup.c.. Since F(A) is closed in ¥ by Theorem(1)
F*(F(A)) is d-closed in X, Also since A C F+(F(A)), [4]q C [F+(F(A))]q
= FtF([A]lq) Thus F([A]a) C F(FH(F(4))) C F(A).
Conversely, suppose F([Alg) C F(A) for every A C X, Let K be any
closed set in Y. Then F([Ft(K)]s) ¢ F(F+(K)) and F(F+(K)) ¢ K =
K.Hence [F*(K)]q € F(K) which shows that F is 1.D.sup.c. O

Theorem 4. /:'L multifunction F from a space X into a spaceY is .D.sup.c.
if and only if [F(B)]g C F(B) for every BC Y.

Proof. Suppose F is L.D.sup.c.. Then F*(B) is d-closed in X for every
B CY and IFT(B) = [F*(B))q. Hence [Ft(B)]y c Ft(B)

.Conversely, let K be any closed set in Y. Then [F*(K)]y ¢ FT(K) =
FH(K) C [F(K)]q. Thus F*{K) = [FT(K)]4 which in turn implies that
Fis L.D.sup.c. g

Definition 5. A filter base Fis said to d-converge to a point x (written

as 72 a) if for every open F,-set containing x contains a member of T
—.[Kohli, D-supercontinuous Functions].
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Theorem 5. A multifunction F': X ~ Y is l.D.sup.c. if and only if for
each x € X and each filter base “Fthat d-converges to x,y is an accumulation
point of F(¥F) for every y € F(z).

Proof. (=):Assume that F' is I.D.sup.c. and let £% 2. Let W be an open
set containing y, with y € F(z). Then F(z)NW # 0, z € F~(W) and
F~(W) is d-open. Let H be an open F,-set such that x € H ¢ F~(W).
Since T-5 @, thers exists U €Fsuch that U C H. Let F(A) € F(F). Then
for A,U €7, there is a set Uy of Fsuch that Uy C ANU. If x € Uy, then
since Uy C U ¢ H,F(z) "W # §. On the other hand if = € A, then since
F(z) C F(A),F(U1) C F(A) and since F(Up) N W # B, F(A)NW # 0.
Thus y is an accumulation point of F(F).

(«=):Conversely, Let W be an open subset of Y containing F(z). Now,
the filter base N, consisting of all open Fj,-set containing x d-converges to
x. If Fis mot LD.sup.c. at &, then there is a point € U for every U €F
such that F'(z') N W = (.If we define U = {z’ € U | F(z') N W = 0}, then
F = {U : U €F)} is a filter such that d-converges to z, since U C U. Thus
by hypotlesis for each y € F(z), y is an accumulation point of F'(F). But
for every U € F, F(U)NW = (. This is a centradiction to hypothesis.Hence
Fis L.D.sup.c. at z. O

Theorenm: 6. If F: X ~» Y isu.D.sup.c.(L.D.sup.c.) and F(X) is endowed
with subspace topology, then F : X ~» F(X) is w.D.sup.c.(L.D.sup.c.)

Proof. Since F : X ~» Y is u.D.sup.c.(l.D.sup.c.), for every open sub-
set Vof Y, FfT(VNF(X)) = FI(V)n FHF(X)) = FRH(V)(F (VN
F(X)) = F(V)NF(F(X)) = F~(V)) is d-open. Hence F.X ~» F(X) is
w.D.sup.c.(l.D.sup.c.) ' O
Theorem 7. If F: X ~» Y 4s uw.D.sup.c.(l.D.sup.c.) and G :Y ~ Z
w.s.c.( Ls.c.), then Go F is u.D.sup.c(l.D).sup.c.).

Proof. Let V be an open subset of Z. Then since G is us.c.{ ls.c.)
GT(V)(G~(V)) is open subset of ¥ and since F is w.D.sup.c.(l.D.sup.c.)
FHGH (V) (F~(G~(V)))isd-openin X. Thus GoF is u.D.sup.c. (1.D.sup.
c.). O
Thieorem 8. Let {Fy : X ~ Xy, € Atbe a family of multifunctions and

let F: X ~ [] Xo be defined by F(z) = (Fy(z)). Then F is v.D.sup.c.
acly
if and only if each Fy : X ~» X is w.D.sup.c.

Proof. (=):Let Gqo, be an open set of X,,. Then (P, o F)T(Gqay) =
FH(PF(Gag)) = FT(Goy x T[] Xa). Since F is wDsup.c. FH(Gqy X

a#ag
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[l Xa)isd-open in X. Thus Py, o F = F, is u.D.sup.c.. Here P, denotes
a#
the projectior. of X onto o~ coordinate space Xy.
{«=):Conversely, suppose that each F, : X ~» X, is u.D.sup.c.. To show
that multifunction F is u.D.sup.c., in view of Theorem(1) it is sufficent
to show that F+(V) is d-open for each open set V in the product space

[T X4 Simce the finite intesections and arbitary of d-open are d-open, it
o€l

suffices to prove that F+(S) is d-open for every subbasic open set S in the
product space [] X, Let Ug x [] X, be a subbasic open set in IT Xa-

agcl a#l o€l
Then F*(Ug x [] Xa) = F'F(Pg(Uﬁ)) = Fg(([g) is d-open. Hence F is
a#EB
u.D.sup.c.. O

Theorem 8, Let F 1 X ~» Y be a multifuntion and G : X ~» X XY
defined by G(z) = (z, F(x)) for each x € X be the graph function. Then G
is w.D.sup.c. if and only if F' is uw.D.sup.c. and X is D-reqular.

Proof. (=):To prove necessity, suppose that G is u.D.sup.c.. By Theorem
(6) F = Pyo(Gisu.D.sup.c. where Py is the projection from X x Yonto Y.
Let U be any open set in X and let U x Y be an open set containing G(z).
Since & is u.D.sup.c., there exists an open F,-set W containing x such that
the implication 2 € W = G(z) C U x Y holds. Thus z € W ¢ U, which
shows that U is d-open and so X is D-regular.

(¢=):"Vo prove sufficiency, let z € X and let W be an open set containing
G(z). There exists open sets U ¢ X and V C Y such that (z, F(z)) C
UxV c W. Since X is D-regular, there exists an open Fy-set G1in X
containing « such that * € G; ¢ V. Since F is u.D.sup.c., there exists
an open Fy-set ¥p in X containing z such that the imlication T € Gy =
F{\x') C V. Let G1NGy = H. Then H is an open [,-set containing z and
G(H) Cc U x V < W which implies that G is u.D.sup.c.. a

Definition 6, Let F': X — Y be a multi function.

a)F is said to be upper D-continous (briefly w.D.c.) at zo € X,if for
each open Fy-set V' with F(xo) C V,there exists an open neighborhood Ug,
of zo such that the implication x € Uy, = F(2) C V is hold.

b)F is said to be lower D-continuous (briefly 1.D.c.) at xzo € X ,if for
each open Fy-sel V with F(xg) NV # @ there exists an open neighborhood
Uz, of zo such that the implication © € Uz, = F(zo) NV + @ is hold.

¢)F is said to be D-continuous (briefly D.c.) at zo € X,if it is both
wD.c. and LD c. atzge X.
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d)F is said to be u.D.c. (1.D.c.,D.c.) on X,if it has this property at
each point x € X.

Lemma 1. For a multifunction F: X ~ Y |, the following statements are
equivalent.

(a)F is u. D c.
(b)F(A ) F(A))g forall AC X
(¢)F*(B) )c F([(B))y) for all BC X
(d)For every d-closed set K CY, F*(K) is closed
(e)For every d-open set G C Y, F+(G) is open
Proof. (a)=>(b):Let y € F(A). Choose z € A such that y € F(z). Let V
be an open F,-set containing #(z) so y. Since F is u.D.c., F*(V) is an
open set containing z. This gives? FT (V)N A # () which in turn implies
that V N F(A) # 0 and consequently y € [F(A)]g. Hence F(A) C [F(A)4.

(b)=>(c):Let. 13 be any subset of Y. Then F(F*+(B)) C [F(F*(B))la &
[Bly and consequently F+(B) C F({(B)]q).

(¢)=(d):Since a set K is d-closed if and only if K = [K]4, therefore the
imlication (c)=-(d) is obvious.

(d)=>(e):Obvious.

(e)=>(a):This is immediate since every open F,-set is d-open and since
a multifunction is u.D.c. if and only if for every open F,-set V, F*(V) is
open. O

Theorern 10. Let X,Y and Z be topological spaces and let the function
F:X~Y beuD.c and G:Y ~ Z be uD.sup.c.. Then GoF : X ~ Z
18 Uu.8.C.

Proof. [(G o FY*(V) = Ft(G7(V))] It is immediate in view of lemma and
Theorem(1). O

D-REGULAR, D-NORMAL AND G;—-REGULAR SPACES

Let (X,r) be a topological space. Since the intersection of two open
Fy-sets is an open Fy-set, the collection of all open F,-subsets of (X, 7)
is a base for a topology 7* on X It is immediate that a space (X,7) is
D-regular iff 7* = 7 [I{ohl,D-continuous Functions,1990].

Definition 7 (3). A space X is said to be a Gs-regular if for every closed
Gs-set K and a point x ¢ K, there exist disjoint open sets U and V such
that K C U andzxz € V.
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Definition 8. A space X i3 said to be a D-normal if for every disjoint
d—closed sets K and H, there exist disjoint open sets U and V' such that
KcUand HCV.

T'aeorem 11. The multifunction F . (X,r) ~ (Y,v) is upper-lower D-
super continuous if and only if F: (X, 7%) ~» (Y,7) is upper -lower semi
£20NEINUO US,

Proof. (=>):Let V be an open set in Y. Then since F'is upper lower D-super
contintious F*(V)(F~(V)) is d-open in X. So there is an open F,-set in
X such that U ¢ FH(V)(U ¢ F~(V)). Hence F*(V) € *(F~(V) € %)
and F’ is upper-lower semi continuous.

(<=):Let V be an open set in Y, Than F*(V)(F~(V)) is open in X and
since F is upper-lower semi continuous and F¥ (V) € 7*(F~(V) € 7*), there
is 2. open Fy-set U such that 7 < FHV YU ¢ F~(V)) so FH(V)(F~(V))
is d-open. Hence F' is upper-lower D-super continuous. ]

T'heorem 12. Let (X, T) be topological space. Then the following are equiv-
alent.

(a)(X,7) is D-regular.

(b)Every upper-lower semi continuous multifunction from (X,7) into a
space (Y,v) is upper-lower D-super continuous.

Proof. (a)=(b):Obvious

(b)=(a):Take (Y,v) = (X,7). Then the identity multifunction /x on
X is upper-lower semi continuous and hence upper-lower D-super contin-
uous. Thus by Theorem(11) ?1x : (X,7*) — (X,7) is upper-lower semi
continuous.Since U/ € 7 iraplies 1;(1(U) = U € 7%,7 C 7% There for 7=7"
and so (X, 1) is D-regular. ' 0

Theorem 13. Let F : (X,7) ~ (Y,v) be a function.Then F is upper
D.c.(lower D.c.) if and only if F : (X, 1) ~ (Y,~v*) is upper semi c.(l.s.c.).

Proof. Ghvious.. ‘ ]

Theorem 14, Let F: X ~» Y be a .D.sup.c., open multifunction from a
Gs-—regular space onto Y. Then'Y is a regular space.

Proof. Let A be any closed subset of Y and let y ¢ A. Then F*(A)N
B ) = (. Since F is 1.D.sup.c. by Theorem (1), F*(A) is d-closed and

so F'Y(A) = N F,, where oech F, is a closed Gg-set. Since for each
el

€ € Ft(y), v # F(A) there exists an a, € A such that = ¢ F,,. By
Gs—regularity of X, thele exnist disjoint open sets Uzand V, containing
Foand 1'es‘pectively. Since F' is open F(U,) and F(V,) are disjoint
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]

open sets containing F(z) and F(Iy,) respectively. Thus y € F(Uy) and
Ft(A) C F,,. Hence F(FT(A)) C F(F,,) C F(V;) and A C F(V,)so Y
is regular. d

Theorem 15. Let X be D—normal space and let F : X ~~ Y be a
I.D.sup.c.and open surjection. Then'Y 1is normal.

Proof. Let Kiand K3 be two disjoint closed subsets of Y. Since F is [.D.sup.c.

then FT(K;) and FT(J;) are d—closed subsets of X. Since X is D-normal
there exist two disjoint open sets U and V containing F* (K1) and FT(K2)
respectively such that F*(K;) C U and F*(K3) C V. Thus, K} C F(U)
, Ko ¢ F(V) and since F is open F(U) and F(V) are disjoint open sets
containing K1 and /<, respectively. Hence Y is normal. O

Theorem 16. Let F: X ~ Y be a L.D.sup.c.and surjection defined on a
Gs—reqular space X. ThenY is a Gs—regular space.

Proof. Let K be a closed Gs—set and let y ¢ K. Then since F is 1.D.sup.c.,
FT(K) is d—closed in X,

Since z ¢ FT(K) .for each z € F~(y),there exists an open set G con-
taining z such that G N FT(K) = §. Now X — G is a closed Gs—set in
X. Since ¢ ¢ X — G and Gs-regularity of X,there exist two disjoint open
sets U and V containing z and X — G respectively such that z € U and
X —G V. Thus F(z) C F(U), F(F*(K)) ¢ F(V) and F(U)NF(V) = 0.
Since y € F(z), y € F(U) and K C F(v). Hence Y is Gs—regular. O
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