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ON THE GAP SERIES AND LIOUVILLE NUMBERS

GULSEN YILMAZ

ABSTRACT. In this paper it is proved that the values of some gap series
with rational coefficients are either a Liouville number or a rational
number for the arguments from the set of Liouville numbers under
certain conditions. In this work the method which is used in [4] is
extended to the gap series.

INTRODUCTION ‘

Mahler [3] divided in 1932 the complex numbers into four classes A, 5,
T, U as follows.

Let P(x) = apa™-+...+a1z+ag be a polynomial with integer coefficients.
The number H(P) = max{|anl,...,|ao|} is called the height of P(x). Let
¢ be a complex numbey and

wn(H, &) = mim{|P(¢)| : degree of P < n, H(P) < H, P(§) # 0},

where n and H are natural numbers. Let

, - - lngn(H, 5)
wn(€) = h;In SUp ,

wn(£)

w(€) = hmsup —*
n—oo n

The inequalities 0 < w,(€) < oo and 0 < w(€) < oo hold. From wp41(H,§) <

and

wy(H,€) we get wrti(€) > wy(€). If for an index wy(§) = +00, then u(€)
is defined as the smallest of them; otherwise p(§) = +co0. So p is uniquely
determined and both of p(¢) and w(§) cannot be finite. Therefore there are
the following four possibilities for £, £ is called

A - number if w(€) =0, p(§) = oo,

S —number if 0 < w(

T — number if w(é) = oo, p(é) = oo,

U — number if w(&) =00, u(€) < oo.
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The class A is composed of all algebraic numbers. The transcendental
numbers are divided into the classes S, 7', U. ¢ is called a U-number of
degree m (1 < m) if p(€) = m. Uy, denotes the set of U-numbers of degree
m. The elements of the subclass U; are called Liouville numbers. A real
number £ is called a Liouville number if and only if for every integer n > 0
there exists integers pn, ¢n (gn > 1) with

g _____
an

0<

Kolsma [1] set up in 1939 another classification of complex numbers. He
divided them into four classes A*, §*, T™, U*. Let £ be a complex number
and

wh(H,€) =min{| — a] : degreeof « <n, H(a) < H, a # &}
where «v is an algebraic number. Let \
- I(Jg(HC‘J;‘(H, ‘5))

wih{£) = limsup

H00 log H )
and
; (€
w*(‘f) = lim sup Sffl(s)
=00 71

We have 0 <l w;i(£) < oo and 0 < w*(€) < oo. If for an index w;; (€) = +o0,
then p*(€) is defined as the smallest of them; otherwise p*(§) = 400, So

@' is uniquely determined and both of p*(€) and w*(£) cannot be finite.
Thiere are the following four possibilities for £, ¢ is called

A* — number if Ww(€) =0, p*€) =

S* — number if 0 < w*(¢) < 00, p*(€) = oo,

T* — number if w*(€) =00, p*(€) = oo,

U* —number if ' w*(¢) =00, u*(¢) < 0.

£ is called a U"-number of degree m (1 < m) if p*(€) = m. The set of
U’—numbms of degree m is denoted by U,.

Wirsing [5] proved that both classmcahons are equivalent, i.e. A-, S-,
T-, U-numbers are as same as A*-, §*-, T%-, U*-numbers. Moreover every
U-number of degree m is also a U*-number of degree m and conversely.
LeVeque [2] proved that the subclass U, is not empty.

Theorem. Let
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. . . , b, .
be a gap series with non-zero rational coefficients cp, = - (@n,y bp; inte-
gers; by, # 0 and a,, > 1) satisfying the following conditions

.y
(1) lim 2 = 4o
100 T
andl
_ log A,
(2) hm sup EIm ¢ 4oo
13— 00 1z
where Ap; == [ang, ..., an,).

Furtherrnore let € be a Liouville number for which the following property
holds:

¢ has an approximation with rational numbers pp,/gn; (¢n; > 1) so that
the following inequality holds for sufliciently large ¢

(3)

o Pl

& e

On;

We assume that the radlius of convergence Ry of the gap series is positive
and the inequality 0 < |£] < Ry holds. Then f(¢) is either a Liouville
number or a rational number,

<0 (Jim w(ng) = Jim s oo),
- [ g

Proof. From (2), ‘we have the inequality which we will use later
(4) Ap, <A™
for sufficiently large ¢ where A > 0 is & suitable constant.
Now we consider the polynomials
,k
fe(z) = Lcniz"‘i (k=:1,2,3,...).
1=0
Since

L
.f(@ e (g— ) <@ - n@+

N

(e - 1o (222

ny,

we can determine an upper bound for | f(¥) - fx(€)] and ’fk () = fi (%f)
The following equality holds. '

k .
(5) ful&) - fk<p_) - Ec(—— o)

CIm,, i=0 an

=1
gy—1 ny~—2Png L 1?11_}_ "
grimtqgr—2ne 4y
qny, dny,




From (3) it follows that, for sufficiently large k

Dy,

an

(6) < léh+ 1,

According to the Cauchy inequality, we have

M
(7) lcnz\SZE ('L=0,1)2,)

([l <p<Rpp= g—l%—@ﬁ, M denotes the maximum value of |f(z)| on the
|z| = p. If Ry = +00, p is to be chosen as p > |¢].)
It follows from (7) that

(8) len,| € MB™ < (MyB)™ = M+

v

where max(1, %) = B, max(l, M) = My, My = M B. Thus, using (3), (5),
(6) and (8) we get for sufficiently large k

) k i~
an —ngw(ng) N ny—1 ;m~—2pmc (pnk>
() = fi [ PR < g N e, + ALY
ro-n (2] < o > el |77 e o
< g (k4 )M ([€] + 1mE

g

< gu AR ME (1] 4+ 1)

We have from (1) limy_.. ng = +00 and so it follows that for sufficiently
large k 5
ni < ™,
where ¢ > 1 is a suitable constant. Therefore, we get

7(6) - fi (1-’—>

Tk

S
log g ng
any, C1y

~
“~

where ¢1 = cMa(|¢]| + 1). Using (3) and (4) we deduce that -

()~ fi (2)

Nk

A

|
'

5 (agp Aney ()

(©)

VAN

1, -
§(q3,’§Ank) w(nk)

for sufficiently large k.
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Now we can determine an upper bound for |f(£) — fx(£)|. From (7) and
I€] < p < Ry, it follows that

& = 1@l < 37 leniliel™

j=k+1

M (0 16 €
—¢] (1+p—ip2+ )

pnk-{-l
<i€l>"’““ M__ o
p 1B gt
R/ | . ~
where ¢ = :[’%—l >0, c3 = g > 1.
Thus, using (3) and (4) we have for sufficiently large &
1 —w(ng)h
FO) = fr@)] < S(Am™gp) ™

(10] S 2 (A g

wlrare A\ is to be chosen as 0 < A < min(log c3,1) and so it follows from (9)
and (10)

(171)

forr sufficiently large k. For w(ng) — +oo we have w(ng)A — +o0o. Moreover

k T
Pry, Dy, P, l
o | R ) = E Ll = B b =1,2,3,,..
i ( ) e (q ) A‘n.thgﬁ ( e )

. 3=0

f(&) = fr (gﬁ’i)l < (g Ag, )"

T

are rational numbers with h,, integers. It follows from (11) that

lim fi (7—”—) = £(®).

k-—co Qny,
If the sequence {f;c (%)} is constant then f(§) is a rational number.
g

Otherwise f(£) is a Liouville number.
Example. We consider the number
&
=2

1=0

with n; = (iD", @ > 10 an integer. Because of Theorem 1 in [6] we know
that £ is a Liouville number.
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The conditions of Theorem are satisfied for the following coeflicients:
bp, = 1, ap, = a™ with n; = (i)* (4=10,1,2,...), a > 10 an integer. For
these coefficients we obtain

ng log An,

lim ik +00, hm 2Bl 400

o0 Ty o0 Ty
where Ap, = [ang,any. .., an,] and so we: have the conditions (1) and (2).
Furthermore it follows for sufficiently large 4

. , , , ng
]5 = Pl < g (lim wing) = lim —E < o)
qn.; ¢ 1—00 i—oo Ny log dn;

where gn; = a'™, pp, = gp, ijzo a~"™. This is the condition (3). For this
§ the inequality 0 < |€| < Ry is satisfied, Thus the conditions of Theorem

are satisfied for the & and
oo

&1, \
fla) =0 ™
1=0

Therefore: f(£) is either a Liouville nwnber or a rational number.
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