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O N T H E G A P S E R I E S A N D L I O U V I L L E N U M B E R S 

G Ü L Ş E N Y I L M A Z 

ABSTRACT . In this paper i t is proved that the values of some gap series 
w i t h rational coefficients are either a Liouville number or a rational 
number for the arguments from the set of Liouville numbers under 
certain conditions. I n this work the method which is used in [4] is 
extended to the gap series. 

I N T R O D U C T I O N 

Mahler [3] d iv ided i n 1932 the complex numbers i n t o four classes A, S, 
T, U as follows, 

Let P(x) — anxn-\-.. .+a\x+ao be a po lynomia l w i t h integer coefficients. 
The number H(P) = m a x { | a n | , . , . , |oo|} is called the height of P(x). Let 
£ be a complex number and 

un(H,£) = mm{ jP (C) ! : degree of P < n, H(P) < H, P ( 0 f- 0} , 

where n and H are n a t u r a l numbers. Let 
//.\ ~ log<^«.(#> £) 

Lcn{£) = h m s u p ~ w ' 
H - o o log H 

and 
u)[t) h m s u p — - — . 

n—>oo 
T h e inequalit ies 0 < u>n(£,) < oo and 0 < o>(£) < oo hold . From un+\(H, £) < 
un{H,£) we get w n + i ( £ ) > ojn(0- ^ f ° r a n index w n ( £ ) = then fj,(£) 
is defined as the smallest of t h e m ; otherwise ~ + c o . So ¡1 is uniquely 
determined and b o t h of and cannot be f inite . Therefore there are 
the fo l lowing four possibilities for £. £ is called 

A — number i f = 0 , = oo, 
S — number i f 0 < u>(£) < oo , /u(£) ~ oo, 
T — number i f = oo , = oo, 
¿7 — number i f w(£) = oc , /./.(£) < oo. 
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T h e class A. is composed of a l l algebraic numbers. T h e transcendental 
numbers are d iv ided into the classes S, T, U. £ is called a [ / -number of 
degree m ( I < m) i f /i(£) — m. Um denotes the set of [ / -numbers of degree 
m . The elements of the subclass U\ are called Lkrav i l l e numbers, A real 
number £ is called a Liouvi l le number i f and only i f for every integer n > 0 
there exists integers pn,Qn (qn > 1) w i t l i 

0 t Pn c. < ( i n " -

K o k s m a [1] set up i n 1939 another classification of complex numbers. He 
d iv ided t h e m into four classes A*, S*, T * , U*. Let £ be a complex number 
and 

a . ' * ( i i , £) = min{|£ -- a\ : degree of a < n , H(a) < H , a ^ (} , 

where a is an algebraic number. Let 

- l o g ( H c < ( g , Q ) 
w n ( f ) = h m s u p - — — , 

H~>oo l o g ^ 

and 

w* (0 = l i m s u p - ^ - . 
n—too 

W e have 0 < < oo and 0 < < oo. I f for an index = -foo, 
t h e n / / ( £ ) is defined as the smallest of them; otherwise /;,*(£) = +oo. So 

is uniquely determined and b o t h of and u>*(C) cannot be f inite. 
There are the fol lowing four possibilities for £. £ is called 

A* - number i f w*(£) = 0 , ^ ( 0 = oo, 
5* - number i f 0 < < oo , /i*(£) = oo, 
T* - number i f = oo , = oo, 
[/* - number i f ' = oo , < 

£ is called a [ / " -number of degree m (1 < in) i f = ?n. The set of 
[ /* -numbers of degree m is denoted by U*v 

W i r s i n g [5] proved t h a t b o t h classifications are equivalent, i.e. A-, S-, 
T - , [ / -numbers are as same as A*- , S1*-, T*-, [ /*-numbers. Moreover every 
[ / -number of degree m is also a [ /*-number of degree m and conversely. 

LeVeque [2] proved that the subclass Um. is not empty. 

T h e o r e m . Let 

¿=0 
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ON THIS GAP SERIES AND LIOUVILLE NUMBERS 

be a gap series w i t h non-zero rat ional coefficients c „ ( ( o ^ , bni inte¬
gers; bni ^ 0 and ani > 1) satisfying the fo l lowing conditions 

(1) 

and 

(2) 

where A 

h m — + o o 

l o g A n j 

h m s u p 1 < +oo 

rii =•- a n o t • 
Furthermore let £ be a L iouvi l l e number for which the fo l lowing property 

holds: 
£ has an a p p r o x i m a t i o n w i t h rat ional numbers pni/qnt (Vm > 1) so t h a t 

the fo l lowing inequal i ty holds for sufficieintly large i 

(3) < C n i W ( n i ) ( Hm oj(m) == l i rn ~ ^ ± ± - - - = + o o ) . 
1 i~»oo i-»oo l o g Ç n i 

We assume t h a t the radius of convergence Rf of the gap series is positive 
and the inequal i ty 0 < |£| < Rf holds. T h e n / ( £ ) is either a Liouvi l le 
number or a rat ional number , 

"Proof . From (2) , -we have the inequal i ty which we w i l l use later 

(4) An, < Am 

for sufficiently large i where A > 0 is a suita.ble constant, 
Now we consider the polynomials 

fk(z) - y ; ^ ' " (*;=.• 1 , 2 , 3 , , . . ) . 
¿=0 

Since 

<\f(0-fk(0\ + fk(0 ~ fk 

we can determine an upper bound for — fk(0\ a n ^ ~ fk 
T h e fo l lowing equal i ty holds. 

(5) fk(0 - fk 
clnk 

- I > < U -
i=0 

+ • • • + 
1nk 

rii-V 

1\ 
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F r o m (3) i t follows t h a t , for sufficiently large k 

(6) 
9nk 

< I i i + 1 . 

(7) 

Accord ing to the Cauchy inequality, we have 

M 
\cni \ < 

P 
(¿ = 0 , 1 , 2 , . . . ) 

(ICI < P < Rft P — ^ 4 r ^ , M denotes the m a x i m u m value of \f{z)\ on the 
\z\ — p. i f Rf — + 0 0 , p is t o be chosen as p > 

I t follows f r o m (7) t h a t 

(8) \cni \ < MBUk < (M1B)nh = M'£k 

where m a x ( l , l
p) = B, m a x ( l , M ) = Mu M2 - MXB. Thus , using (3), (5), 

(6) and (8) we get for sufficiently large k 

fk(0-fk < In 
¿=0 \Qnk 

< q-^{nk)(k + l)M^nk(\^\ + l) n f c - 1 

< <Znfc n^M 2
n h(|€| + l ) 

We have f r o m (1) l i r n ^ o o nfc = +oo and so i t follows t h a t for sufficiently 
large k 

nl<cnk, 

where c > 1. is a suitable constant. Therefore, we get 

/ * ( £ ) ~ / M ~ -
9n

h 

^ Qnk 

l o g 9 n f c ^rifc 
' 1 > 

where c\ = cM2(|£| 4-1) . Using (3) and (4) we deduce t h a t 

fk(C) - fk Put) 
1nk J 

(90 

-w(nk) 

for sufficiently large k. 
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ON THE GAP SERIES AND LIOUVILLB NUMBERS 

Now we can determine an upper bound for - fk(0\- F r ° m (?) and 
|£| < p < Rf, i t follows t h a t 

i/co - A i o i < E i ^ i i e r 

M 

\l\\nk+1_M__ C2 
p) x _J£l 

where o 2 = ^ > 0, c 3 - $ > 1. 

Th'ds, using (3) and (4) we have for sufficiently large k 

(10) 

l / ( 0 - / * ( O I < 2 ^ n f c « # ) ~ w ( n * ) * 

< \( A / Y n f e ' \ - a ' ( n f c ) ^ 

wbsre A is t o be chosen as 0 < A < min(logC3,1) and so i t follows f r o m (9) 
a n d (10) 

( I : L ) / ( 0 - h 
\Qnh 

\1nk
 A n k ) 

( n f c ) A 

f a r sufficiently large k. Forw(nfc) —> +oo we have w(rifc)A —>• +oo. Moreover 
k 

?n f c 

ft. 

" I T T C c ~ l i 2 t 3 , . ) 

are r a t i o n a l numbers w i t h hnk integers. I t follows f rom (11) t h a t 

Hm fk = / ( 0 . 
fc--co V qnk J 

I f the sequence ( ^ ^ j j is constant then / ( £ ) is a ra t i ona l number. 

Otherwise / ( £ ) is a L iouv i l l e number. 

E x a m p l e . We consider the number 
oo 1 

a = Y — 
i~0 

w i t h rn = ( i ! ) l ! , .o > 10 an integer. Because of Theorem 1 i n [6] we know 
t h a t £ is a L iouv i l l e number . 
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T h e condit ions of Theorem are satisfied for the fo l lowing coefficients: 
bni = 1) ani = alli w i t h m — (i = 0 , 1 , 2 , , . . ) , a > 10 an integer. For 
these coefficients we o b t a i n 

h m = +oo, h m < +oo 

where An. — [anQ,ani,..., a n J and so we have the conditions (1) and (2). 
Furthermore i t follows for sufficiently large i 

£ _ Eli4. 

where qrH = o, r t i, p H i = qni Y^V=Q A~N" • ^ m s * s the condi t ion (3). For this 
£ the i n e q u a l i t y 0 < |£| < i f y is satisfied, Thus the conditions of Theorem 
are satisfied for the £ and 

CO j 

¿=0 
Therefore; / ( £ ) is either a Liouvi l l e number or a ra t i ona l number. 
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