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ON ENTIRE FUNCTIONS OF IRREGULAR GROWTH DEFINED BY
DIRICHLET SERIES '

I.S. GUPTA - D K. BHOLA

Lef f(s) = %, oy a, ™ be an entire function defined by an every-
where convergent Dirichlet series whose exponerits are subjected to the con-

o . log » , .
dition that lim sup -~~~ =D e R4+ U {0} (R4 is the set of positive

L+ oo "
reals), and E be the set of all such entire functions. An entire function f e E
is said to be of irregular growth if its lower order is not equal to its Ritt
order, In this paper we have studied certain properties of such functions

1. Let E be the set of mappings f: C — C (C is the complex field)

such that the image of an element s € C under f is f(s) — Z a, ™ With
’ neN
logn

lim sup
A+ oo

o6f = -+ e (of is the abscissa of convergence of the Dirichlet series defining f);

N is the set of natural numbers 0,1,2,..., <a,|re N> is a sequence
in C, s=oc+it,a, teR (R is the field of reals), and <A, |neN>isa
strictly increasing unbounded sequence of nonnegative reals. Since the Dirichlet
series defining f converges for each se C, fis an entire function. Also, since
De R, U {0}, we have ([1], p.168) o] — + oo (of is the abscissa of absolute
convergence of the Dirichlet series defining f) and that f is bounded on each
vertical line Re(s) == o .

Let

= De R, u {0} (R, is the set of positive reals), and

n

Mo, f) = sup {|fc-+iN|},vo<al (1.1)

be the maximum modulus of an entire function f € E on any vertical line
Re(s) =0,

u(o,f) = max {|a,|e™}, v o< ol (1.2)
neN .

be the maximum term, for Re(s) = o, in the Dirichlet series defining 7. and
N(o-,f):max{n:p(c,f):la"|e'“"},vcr<0'{ (13)
neN .

be the rank of the maximum term.
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An entire function /' € E is said to be of irregular growth if its lower order
is not equal to its Ritt order. In this paper we study a few results pertaining to
such functions.

2. Kamthan has shown ([%}, Thm. 4) that :

Theorem A. If f e E is an entire function of Ritt order p e R, and
type T € R, , then

tim sup —* /)
avtoe N(G,f) Tp e’

where p’ is the derivative of p with respect to .

Remark. - Theorem A has been proved under condition that D =0, but it is
true for any De R, U{0}; that is why we have mentioned it in this improved form.

We first show that :
Theorem 1. For every entire function f e E of Ritt order p € R, and
type T e R, ’
tim inf @
i W(O./)pTE
Proof. We know ([*], Lemma 1) that, for almost all values of o,
' (0.f)
(o, f)

(2.1

== AN, f}-
Let

. A
lim sup —-——-—N::'f) = .

G400 £
Then, for an infinite sequence of values of 6, and any given € € R TN
e = (v —8) € = (pT — &)™, since v = p T([*], p. 141). Hence
lim inf LW f)
ertoo P(0,f) pT €™
Next we show that :
Theorem 2. For every entire function /' e F of irregular growth of Ritt
order pe R, and type T € R, ,
' lim “_,% —1. 2.2)
<'.r—'+l:>c'!-l (U=.f) P T(f
Proof. It is known ([*}, p.250) that, for entire functions /' e E of irregular
growth, ‘ ‘
im  SUP logp(o,f) T
owtoo  Inf e 0

Hence, for any &€ € R, and sufficiently large o,
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— ee” <logp (o, /) < (T +e)e”. (2.3)

Also, since {[*], p.67) log p (o, f) is an increasing convex function of o » WE may
write, for arbitrary o, o, (o >a,),

og (0,7) = logu (. /) + [ 25T 4 24
ogp(o ogp (o, jnuCnf) x 24)
Now, for any k € R, U {0}, we have
o+k , a-+k T ,
f p’ (xhzil dx — f l‘l’ (xSf) dx . f ]J' (x!f) dx
1) B (x, ) )
=logp{c + £, f) —logn(o,f), in view of (2.4)
< AT +e)ertt + g™, in view of (2.3)
= & (Tevk | g (et + 1)). 2.5
But
atk , ,
-fﬂ@ﬁlm->“m41k. 2.6)
pixf) - u(ef) '

L

Hence, from (2.5) and (2.6),
: i k
LY CERC R @
w'e,f) e k

Since k is arbitrary but belongs to R, W {0} and the left side of (2.7) is indepen-
dent of k, it follows that

Wi f)

lim sup - -=<pT ' 2.8)
a-r oo K (O-!f) ep

Similarly, we can show that ’
fim inf 2@ g 2.9)

arteo  pi{a, f) ™
Combining (2.8) and (2.9), we get {2.2). -
Remarks. () With the same argument, it can be shown that Theorem 2
is true for entire functions f e E of perfectly regular growth.

(ii) We conjecture, although we have not been able to prove, that Theorem 2
is true for entire functions f € E of regular growth but not of perfectly regular
growth. '

3. In the end we give a result regarding ordinary proximate linear order
of entire functions / € E of irregular growth. We first recall its definition.
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Definition ([’], p.64). A nonnegative extended real valued function ¢ of
reals o is called an ordinary proximate linear order of an entire function f € E of
Ritt order p e R, , if '

a) ¢ is eventually a continuous function,

b) ¢ is differentiable almost everywhere except at isolated points at which
the left and right derivatives exist,

¢) lim o¢(c)=0,

o oo

d) lim sup gb (c)=p, and

o+hoo
. log M

¢) lim sup &M: 1.
a-+ oo eﬂ"f)(ﬂ')

Theorem 3. For every entire function f e EF of irregular growth of Ritt
order pe R, and ordinary proximate linear order ¢, and any me Z_ (Z, is the
set of positive integers),

A (m)
im inf NOLTY g G.1)

e+ 4oo A
Proof. Let f be of lower order A . Then A <X p . Since, by definition,

(m}
A — lim inf — 08108 M@,/ ™)

o400 (0]

and ([*], Theorem 2.7)

() log A ' (m)
lim inf 288 MOS D) iy o OEINGSD
5+ o0 G o= oa [4)
we have
log A (m}
A = lim inf £ MV.f ")
g+ 400 g

Therefore, for any & ¢ R, and sufficiently large o, we get-
Ao, fim) > ebsle | 6
and, for an infinite sequence of values of ¢ ,

A’N(cr,f""") < et | o (3.3)

Dividing (3.2) and (3.3) by &9 and proceedmg to limit we get (3.1) in view
of condition (d) of Definition.
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Remark. This theorem generalizes and improves upon a result of Srivastava
and Singh ([’], Lemma 2).
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Bu ¢alismada, eksponentleri

. log n . ] .
lmsup ———— = D€ Ry \J {0} (Ry pozitif reel saydar ciimlesi)
oo 7\.,,

kosuluna uyan ve her yerde yakinsak bir Dirichlet serisi ile belirtilen

fi) = Z @y ey

neN

tam fonksiyonlarinin bazi zellikleri incelenmektedir.




