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W-THIRD ORDFR RECURRENT FINSLER SPACE

H.D. PANDEY - 5,D. TRIPATHI

In this paper some results on the third order recurrent Finsler spaces have
been obtained,

1. INTRODUCTION

Let an n-dimensional Finsler space F, ['] be equipped with a positively
homogeneous function F(x, ¥) whose metric tensor g;(x, ¥) &L > 3,0, F2(x, X) is
symmetric in its lower indices and positively homogeneous of degree zero in X',

The covariant dertvative of tensor TJ' (¥, X) in the sense of Berwald is given
by

i i : iy i i : J
Tin= 8,1} — (3, T) Gi' + Tf Giy — Tx G} (ai=%’ai = 8‘5")’ (1.1)

where G° (x, ¥) is positively homogeneous of degree two in its directional argu-
ment and given by

. 1 ., Ve .
G (x, X) &£ ‘4—3”' 2080 — Ent ¥ X QTyy=Ty,+Ty). (1Da

def. 82 Gi

The Gi (x, X) are Berwald’s connection coefficients, given by G,': T
X gx

The Berwald’s curvature tensor ij.,k (x, X), projective curvaturc tensor
W}ﬂ,k (x, X) and projective deviation tensor W,—j, (x, X), Wf (x, X) are given as
follows :

Hi (%, %) =2 {8y Gy — Ghi Gy + Gin Gig } Qs = T — Ti)» - (1.2)
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i oo .
L (Hy — Hy) + —— @3, Hy — 8; Hy) +
n l(” k.r) n I(} hi F fd)

i i
ke = 4 g +

Si .
+ ot (1 Hy - Hyg + %03, Hy,) —

8k

nw—1

(n Hy + Hy + %3, H,), (1.3)

1

W)= Hj— H 8 — - @, H" — 3, #) ¥ (14)

and

i f A‘:i F
Wi = Hy + —— (Hy—Hyy) -+
nt1

e ., 8
+ nz_ 1 (n Hh + X H}:r) e f'lz*l

(niH;+x"H,), (1.5)
where §) are Kronecker delta.

The curvature tensor I{;’},k (x, x) satisfies the following identities:

Iﬁf&k + Hf;.kj + Hlijh =0 > l (16)
Hywny + Hiugy + Hljgo = 0 (L.7)
and
1 .
H= Hi. (1.8)
n—1

The followings are the commutation formulas for tensors of second order:

T!f(h)(k) - le(k)(it) = ar' Tt‘j H-’:k - Trj Iﬁ;l-" - Tir -H:r':‘-n’c » (19)
) . . ) i
Torwer — Thwm = — 8 Ty Hik — Tom Hige + Hue Ty - (1.10)

Recurrent Finsler space of first and second order for non-zero curvature
i . .
tensor W, (x, X) are given by [2.3]

HVj:’n’c(l) = l,r Hfjf’n’c B (111)

Wiy om = @ Wik » (1.12)

where A, is non-zero recurrence vector field and a,, (x, ) is recurrence tensor
of order two.
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2. RECURRENT PROJECIIVE CURVATURE

Definition 2.1. An »-dimensional Finsler space is said to be third order
recurrent Finsler space if the projective curvature tensor field satisfies the
relation

Waikty () o == Dponn Wi » 2.1)

where by, is a non-zero recurrence tensor field of third order. We denote such
space by 3RF, .

Theorem 2.1. The Wely’s tensor fields WJ}( and W, are necessarily third
order recurrent in 3RF, .

Proof. ‘Transvecting (2.1) by x* and using W,}c = W,fjk Xt we get

; .
Wik o (i = Bpen Wik (2.2)
where we have used the fact %, = 0.
In a similar way, from the above relation, we can deduce
] i
Wi im on = By Wi - (2.3)
&

From equations (2.2) and (2.3) we have the Theorem 2.1,

Theorem 2.2. In a 3RF, the recurrence tensor field b satisfies the

following identities :

Imn

bl!m}n = i fpin + A i) )\'u » (24)
Bltmin = Mie o0 T Mitwd) Mn T M i<t Mo + Mt A (a5 (2.5)

where the indices in < > are free from symmetric and skew symmetric opera-
tions.

Proof. Differentiating (1.11) covariantly with respect to x™ and x" in the
sense of Berwald and remembering the definition (2.1), we get

bi’mn = )\'J(m) [£)) + R'i(m) )\‘n + }“f(n) )\'m + )'I )\'m R'n + )\‘I )\’m(u) ' (26)

Interchanging the indices /, m and substracting thus obtained equation from
(2.6), we get (2.5).

The commutation formula (1.10) for projective curvature tensor W,fjk is
given by
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Wiy vy — Wi oon = — 8p Wiy Hiw + Wiy Hpmn — (2.7
— Wiy Hilnn — I’V.r:;ak(l) Hn —
- WJijk(l] Hllcpmn - W}:.-’k(p) Hlpnm .
With the help of (1.11), (1.12) and (1.9), we get
(b.!nm - b.fum) = )“I (amn - anm) - éP l‘! Hﬁfm - )“p prnm ’ (2.8)

because the curvature tensor Wy is non-zero.

Adding two more expressions obtained by the cyclic interchange of the in-
dices /, m, n to (2.8) and using (1.6), we have

Bttt = M it ¥+ {0tatt — Mo @tan} + st — M G } +
1 .. . .
+ 5 {8 M Hi + 8, M Hiy + 8, My HE, } =0, (2.9)

If the recurrence vector A, is independent of directional argument the above
relation (2.9) reduces to

b[{nml - 1‘! pnl + bnr[nﬂ - )"’ A =+ bu[.fml - A'u ) = 0. (210)

Thus we have the following theorems:
Theorem 2.3. In 3RF, the recurrence tensor &, —satisfies (2.9).

Theorem 2.4, In 3RF,, if the recurrence vector is independent of X% then
(2.10) holds.

Theorem 2.5. In 3RF, the Bianchi identity satisfied by the projective
tensor field takes the form

j i Jo_
b.fmn Wik + blrmn Wi + bkrnn Wi, =

xJ
o L1 { (Hhk(!) ) (n} + Hlﬂ‘(h) {m) () + Hih{k) (m) (n)) -
o (Hkh{j) (m) {n) + Hl’k(h) () Cn) + I{M(k) (nr) (rz)) } +
5
1 o w — Hiw o) +

_|_

+ 3 Hemtmo — e} +
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81
—1“ {” (H K {m) ) — Hh(.’) {m) (u)) +

e —

+

+ X (Hymon o — Hwonen) } +
5
R — {n (Hyg a0 — Het oo ) +
+ xt (Hhr(k) m)m Hkr(h) {m) fn)) } . (2 11)
Proof. Differentiating (1.5) covariantly with respect to x', we have

. 2
Wikw = Hixo + I {Hyun—Hgo ) +

81

m—1

_l_

{nHioy + ¥ Hy}—

8/ .
-z i 1 {n Hyy + 3 Hyp} - (2.12)

Adding the expressions obtained by the cyclic interchange of the indices #, k. /
in (2.12), we obtain

Wirwy + Wiigy + Wingo = Hiyay 4 Higy + Higo +

By
+ — {Huw + Hae + Hug — Haw — Huem — Hyw } -+
8‘{’ wr i’
+ o i Hp = Hig X Higgy — ¥ Hygo}
51 .,
tom— {n Hy,y — n Hygy + 3" Hygy — X Hy} +
81 ., .,
+ 2 — 1 {f’i I{h(k) — R Hk(l‘) +x H}rr(k) — X Hkr(h)} . (213)

Using (1.7) in (2.13) and differentiating covariantly with respect to x”, x”
successively, we have
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Winity oy + Whiw ey o + Wikt wn oy =

xi

= Huty i + gyt oo + Hiios o oo — (2.14)
n+1

- H-’dt(!) ey H.'L(h) )} ™ Hfl[(k) Ond (n) } +

! 78}: H, H i (H, H

Bl nt— 1 {F’i( KD Gd Gy ™ 24 (m)(n)) +x ( Jrth) ) G T T 0 O (n)) } +
-——8'% H H, o (H, H,

+ w2 — 1 {I’I (1 100 G (ny T L0 Qi) (fz)) T ( B ) — e (n))} +

& .
+ P {” (HMU’:) nd ) — Hkn'(lr) m) (n)) + X" (Hhr(k) ) Gy Hn':r{h) () (n)) } .

Using (2.1) in (2.14) we get the required result,
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Bu caligmada, 3. mertebeden tekrarli Finsler uzaylar: hakkinda bazi sonuglar elde edil-
mektedir.




