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H A R M O N I C FUNCTIONS O N FINSLER SPACES 

S. DRAGOMIR - B. LARATO 

Let (M"(c), E) be a Finsler space of scalar curvature c 0 and 
vanishing mixed torsion vector Pj = 3,- N'j — Fj 7 . A l l ^-harmonic functions 
f(x, y) on T(M"(e))-{0} which are positive homogeneous of degree r in the y''s 
and whose A-gradient has compact support, are given by f=a E r n \aelR. 
The image of a totally-geodesic immersion of a Finsler space in a Landsberg 
space Mn+P is not contained in any //-convex supporting set of Mn+P • 

1. I N T R O D U C T I O N 

The induced bundle TC1 T(M) —~* V(M) of a Finsler space M carries a 
naturally defined Rieinann bundle metric gfJ; its Sasaki lift GAB makes V(M) 
into a Riemann space and the horizontal distribution N (of the unique regular 
Cartan connection) appears to be precisely the (G^-orthogonal complement of 
the vertical distribution on V(M). Moreover V(M) has a natural orientation 
arising from the almost complex structure associated with N, cf. ref. [ 3 ] , The 
choice of V(M) = T(M) — {0} (rather than the whole of T(M)) is prompted by 
the lack of differentiability of the Finsler energy function (only C1 on T(M)) 
along the zero section (consequently are discontinuous at y' = 0). 

The study of the geometry of (V(M), GAB) based on the Riemannian machin­
ery has a highly complicate character, see [ n ] . I n turn, in the framework of 
Finsler geometry, the presence of the (generally non-holonomic) Pfaffian system 
TV on V(M) yields decompositions of tensor fields on V(M) in horizontal, vertical 
and mixed components (with respect to T(V{M)) = N(& Ker (diz)). For instance, 
the curvature tensors R)km, P]km and S'jkm occuring in E.CARTAN's theories 
(cf. [ 8 ] ) are nothing but the horizontal, mixed and vertical parts of a unique 
TT1 T(M) - valued curvature form R (of the Cartan connection y in n ; - 1 T ( M ) ) ; 
these are usually handled independently, by analogy with their Riemannian 
counterparts. 

I n the present note we apply E.Cartan's ideas (cf. also t 1 ]) and decompose 
the Lap.ace-Beltramİ operator (on V(MJ) associated with the Sasaki metric. 
This procedure gives rise to two differential operators Ah and A v . We prove an 
analogue of the classical E.Hopf's lemma for the operator A f t . Precisely, we 
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determine all positively homogeneous (of degree r) differentiable functions on 
V(M) which satisfy Ahf ^ 0 everywhere, and whose ^-gradient has compact 
support in V(M), provided that M is a Finsler space of non-zero scalar curvature 
(in the sense of [ ö ]) having a vanishing Vranceanu vector P3. These have the 
form f~aV, a e IR, where L is the fundamental Lagrangian function of the 
Finsler space, and Abf=0 (which agrees with £ ¡ , - = 0 , cf. ref. [ Z 1 , p.115]). 
I n particular, Finsler spaces of non-zero scalar curvature do not admit A-harmonic 
(i.e. Ahf = 0) positive homogeneous functions of degree zero and with 
supp (grad*/) compact (other than the constant functions), provided Pj=0. This 

(• f 

is based on a theorem of E23], where the meaning of the equations •-~=0i l^i^n. 
ox' 

on a Finsler space is explained. 

For a given transformation 4> of M we show that A* is invariant under d$ i f 
and only i f <J> is an isometry of the Finsler space. 

I n § 5, as an application of the notions in § 1 - § 3, we consider totally-geod­
esic submanifolds M" of a Landsberg space Mn+p. Then M" is a Landsberg 
space (with the induced Finsler structure) and has a vanishing (horizontal) 

second fundamental form Hl

ab. This is analogous to harmonicity (of the given 
immersion / : Mn—Mn+p) in Riemannian geometry, cf. [ " ] . We prove that 
f(Mn) cannot be contained in a /z-convex supporting subset of M'!+p, provided 
that M" is totally-geodesic. For the theory of submanifolds in Finsler spaces see 

2. T H E L A P L A C E - B E L T R A M I O P E R A T O R O F T H E SASAKI M E T R I C 

Let (M, E) be an «-dimensional Finsler space; here E: T(M) —> IR de­
notes the Finsler energy, cf. [ 1 8 j , ch. I I , E ~ L 2 . Let (U, x') be a local coordinate 
system and ( T I - 1 (U\ xl, y') the induced coordinates on V(M) = T(M) — { 0 } , 

where n : V(M) —> M denotes the natural projection. Let g{j ~ d2E/dyi dyJ 

be the associated Finsler metric (0, 2)-tensor field. Let N be the distribution 
on V(M) given by the Pfaffian system dy' + N]dxJ = 0, where Nj are given 
by (18.15) in [ 2 1 , p.118]. Let GAB be the Sasaki lift of gtjto V(M), cf. [ 3 I , p . l l l ] . 

We may use the non-holonomic frame [ , 1 on V(M) such as to express 
\8** 9 / 7 

the Laplace-Beltrami operator A of the Riemannian manifold (V(M), GAB) (on 
functions); one obtains : 

g §x!\ bxJJ g dy'\ dyJJ §x' 
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where G)k are the coefficients of the Berwald connection, cf. (18.14) in [ 2 1 , p . l 18] . 

Also we use the notations—- = — Ni , g=de t (g y ) .Here / eC M (F (Ai ) ) . 
dx' dxl dy1 

Our (2.1) suggests the following definitions : 

V g- 5 x' V 5 

A V = 4 = ^ i v / i ^ -

I t is easily seen that the definitions above do not depend upon the choice of lo­
cal coordinates, such that (2.2) gives two globally defined differential operators 

on V(M), We also set grad* f = gV- — Xj, where Xj{u) = (ut ~— ) , for 

any UGTC1 (£/); the definition of grad* / d o e s not depend upon the choice of 
local coordinates, and grad7* / is refered to as the h-gradient of / 

Let T T 1 T(M) —> V(M) be the pullback bundle of T(M) by ic. Note 
that grad7' is a u " 1 T(AO-valued //Minear mapping on Cm (V(M)). I f X is a 
cross-section in vTlT(M) (i.e. a Finsler vector field on M), then locally 

1 g 
X - 2" (x, 7 ) Xt. We set divA X = -=r (\/g X'). The definition of div* X 

\Jg 5x» 
is independent of the choice of local coordinates on M; note that A ' ' / = 
div7' (grad* f). A function fe Cm (V(M)) is said to be h-harmpnic i f A 7 ' / = 0 . 

Let dh be the exterior h-differentiation operator on Finsler forms, cf . [ 3 0 ] , and 

also E 5 ] . I f / e C r o (F(Af)), then rf*/= ^~ > w i l e r e ^ ' ' U = ( « » « ( » > ) » f<w 
oV 

any i /e7c - 1 ( i7)* I t * s known that J'1 satisfies the complex condition ( i f 1 ) 2 = 0 
i f f R)k = 0, where R)k is given by (17.8) in [ 2 1 , p.112]. 

Note that iC1 T{M) becomes a Riemannian bundle in a natural manner, 
cf. also E 1 0 3 - Let g denote its bundle metric This extends in a natural manner 
to 7t _ 1 T*(M) -—-+ V(M), where T*(M) denotes the cotangent bundle over M, 
and the following formulae hold : 

div7' (fX) = / d i v 7 ' X + (p X)f 3 ) 

A H / 2 ) = 2 / A * / + 2 g ( d * / , d*f) 

for any f E C° {V(M)) and any Finsler vector field X on M . Here 

J3: T C - 1 T ( M ) denotes the horizontal lift, i.e. p ^ = — r . 
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Let X = (X', X ' ) , X1 = — N} X* be a horizontal tangent vector field on 
V(M). Its divergence (with respect to the Sasaki metric) is given by : 

div X = div" X + X (log \fg) - G)j X? (3.1) 

where X^LX. Here L : T(V(M))—-+ vT1 T(M) denotes the bundle morphism 
3 3 

given by L = X,, L = 0. Let P)k be the mixed P1 -torsion of the 
3*' 3 / 

Cartan connection; consider also Pj = P'u . This is refered to as the Vranceanu 
vector associated with the Px -torsion. See [ 3 3 ] . Using the formulae (1.12) - (1.14) 
in [ 2 S , p.235], one obtains : 

Gh = Pj+-^j(io&s/g). . (3.2) 

Using (3.2) to substitute in (2.1), (3.1), we obtain : 

A / = A " / + Avf +g {dvf df log yjg) - g (ffif, P) 
- - (3-3) 

div (pX) = divA X-PX. 

Here rf"/= — dx* , P I = P, Xs . By Green's theorem, e.g. [ 2 0 , p.281], 
a y 

vol. I , one has : 

f (div X) * 1 = 0 , 
ViM) 

provided that X has compact support. Here *1 denotes the canonical Rieman 
nian measure associated with the Sasaki metric. Also V(M) is orientable in a natu­
ral manner due to the presence of the almost complex structure J ft X = y X, 
J y X = — p X, cf. [ 4 ] . Here y : T T 1 T(M) • Ker (d n) denotes the vertical lift, 

i.e. y X, = — . Let f e Cm (V(MJ) such that X = grad* / has compact 

support. Then (3.3) leads to : 

J ( d i v A X ) * l = f {PX)H. (3.4) 

Suppose from now on that (M, E) obeys P ~ 0. Let us assume that A'' / > 0. 
Then by (3.4) the function / is //-harmonic. Also 

0 = f A * ( / V 2 ) * l = f / A * / * l + | \\d»f\\2*l 
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and consequently = 0 , \^ki^k n. Let us assume now that (M, E) is a Finsler 

space of scalar curvature c, i.e. = h\ c5 — h) ck , where cj = ~ E~~-j + 
j dyJ 

+ KLIj, i /,- = y ^ , A] = g'* h t í , hTj = g i J - h Ij , cf. [ 2 1 , p.l6S]. Suppose 

also that / i s positive homogeneous of degree r in the y''s and c ^ 0. By a 
result of [ 2 3 ] , since / is /i-covariaut constant, we obtain / = a U, for some real 
constant a. We have obtained the following generalization of the theorem of 
E.Hopf (cf. e.g. ref. [ 2 0 , p. 338], vol. I I ) : 

Theorem A. Let (M, E) be a Finsler space of scalar curvature c, c # 0, 
having a vanishing Vrdnceanu vector P and f e C™ (V(M)) such that A f t / g: 0 

and X = grad'1 / has compact support in V{M). If f is positive homogeneous of 
degree r in the directional arguments then f = a Er¡2 , at IR {and A . 7 ' / ~ 0). In 
particular, a Finsler space of non-zero scalar curvature obeying P = 0 has no 
h-harmonic positive homogeneous function of degree zero, except for constant 
functions. 

Remarks, i) Our theorem A might be completed for the case c = 0 as 

follows: i f c = 0 then R)k = 0 and the Pfaffian system dyl + Nj d x* = 0 is 
integrable. Then / [ = 0 implies that / is constant on each maximal integral 
manifold of the non-linear connection N of the Cartan connection, see ref. 

p 3 , p.555]. H e r e / l f = - | ^ - . 

ii) Note that the assumption on the Vránceanu vector in theorem A may 

be relaxed to j (P X) *1 — 0 for any gradient Finsler vector field X on M. 
V(M) 

iii) A Landsberg space is a Finsler space whose Berwald connection 
(Nj , Gjk ,0) is A-metrical, cf. p 1 , p.162]. I f (M, E) is Landsberg, then P]k = 0, 
by a result in P 1 ] . Therefore the hypothesis Pj = 0 in our theorem A is verified 
(the converse is not true in general). Let M" (c), c =¿ 0, be a Landsberg space of 
scalar curvature c. We distinguish two cases; i f n > 2 then by the theorem of 
S. N U M A T A P] , M" (c) is a Riemannian manifold of constant sectional 
curvature, and i f this is the case on one hand theorem A contains the classical 
Hopf lemma (when / does not depend upon the directional arguments), and on 
the other one obtains the following : 

Corollary. Let (M"(c), g¡j(x)) be a real space-form, n>2, c=£0. Any positive 
homogeneous (in the y¡,s, of degree r) h-harmonic function f eCm (V(Mn(c))) has 



72 S. DRAGOMIR - B. LARATO 

the form f(x, y) = a (gu (x) yi y'!)rl2 , provided supp (grad7' / ) is compact, where 
a e IR. 

Finally, i f n = 2 then S.Numata's theorem does not apply, and our result 
is completely new. 

iv) I f (M, E) is a Riemannian manifold, then by (3.3) the Laplacian of the 
Sasaki lift of gu(x) to V(M) (or T(M)) is given by A / = A " / + A V / , fe C c o (F (M)) . 
Clearly A7' ( / " ) = AMf, for any fe C r o (M), where fv =f° iz is the vertical lift 
of / , while AM denotes the Laplacian of ( M , g-l} (x)). 

4. I S O M E T R I E S OF F I N S L E R SPACES 

Let (M, E) be a Finsler space and §: M—> M a transformation of M. I t 
is said to be an isometry of (M, E) i f : 

E°(d<\>) = E, (4.1) 

cf. also [ 1 3 ] . Let peM and (U,xl), (V,x'') coordinate neighborhoods at p 

and §(p), respectively. Then (4.1) might be written £ , ( x ' , y ) = - £ ( ^(x), (x)yJ\ 
\ dxJ J 

and consequently § is an isometry i f f : 

gij(x, y) - gv(x\ y'), y'1 - - ^ ( x ) y . (4.2) 

Conversely, (4.2) yields (4.1), by the classical Euler theorem on positive homo­
geneous functions. 

Let fe C<°{V{M)) and A a linear transformation of C"(V(MJ) into itself; 
for a given diffeomorphism W : V(M) > V(M) we denote by Av the mapping 

/ > (Af^f, where f — f° . Then A is invariant by i f A* = A. Let 
c|> be an isometry of M; then (A 7 1)" 7 0 = A 7 ' . The converse is also true. The 
argumentation follows the steps in [ 1 9 , p.388], such that the details might be left 
as an exercise to the reader. One obtains : 

Theorem B. Let § be a transformation of M. Then d § leaves Ah invariant 
if an isometry of the Finsler space M. 

5. SUBMANIFOLDS OF L A N D S B E R G SPACES 

Let M"+p be an (n + ^-dimensional Landsberg space and / an i mm ersi on 
of an n-dimensional manifold M" in M"+p . Let / : x' = x' (u1 u") be 

3 x' • 
the equations of M" in Mn+p . We set B'a («) = "•—^ (w), rank (#,) = n. Let 

d u 

(N'j, Fjk , Cjk) be the Cartan connection of M"+P and (N%, İ & > C&) the 
induced connection on the submanifold. We set : 
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T>< 9 2
 X ' T}iJ _ J}> T)j 

B* = J¥JJ , B a h - B a B b . 

We recall (cf. e.g. [ 1 6 ] ) the (horizontal) Gauss equation of M" m Mn+p , i.e. 
B'ab + Bab Fjic + ffio Bb Cjk = Fab B'c + H'ab • (5.1) 

Here H'ab denotes the (horizontal) second fundamental form of fs while 
H'ao = H'ab vb . Here (ua, va) are the naturally induced local coordinates on 
V(M"). 

Let U c jVf" + i ' be an open set and Fe C^iU). We call F strictly h-convex 
i f Fij (u) > 0, for all u e nT 1 (C/). Here : 

/ , (5.2) 
3*' 3x' 3x f c 

A subset A in M"+p is said to be h-convex supporting (in analogy with [ 1 7 ] ) i f 
there is an open set V in Mn+p, U containing A, and a strictly /(-convex function 

Fs C'(U) such that its /i-gradient X ' = g'j~ - has compact support in TC i ( i7) . 

The submanifold M" is said to be totally-geodesic in M"+f i f any geodesic of 
the induced connection is also a geodesic of the Cartan connection of the ambient 
space. Cf. th. 6.2. in F, p.1035], M" is totally-geodesic in M'1+p i ff i/Jo = 0, 
where H'o0 H!

ab va vb. 

Remark. Actually, th. 6.2. of [ 7 ] is formulated for the codimension one 
case, i.e. when M" is a Finslerian hypersurface. I t is a simple matter to refine this 
result in arbitrary codimension. Therefore, unlike the Riemannian case (e.g. 
[ 9 ] ) totally-geodesic submanifolds are not characterized by the vanishing of the 
entire Bab. Yet Hl0 = 0 yields = 0, cf. a result in [ 2 2 ] . 

Theorem C . Let f: M" M"+p be a totally-geodesic immersion of the 
manifold M" in the Landsberg space M"+p. Then f(M") is not contained in any 
of the h-convex supporting subsets of M"+p. We need to recall, cf. [ 2 2 ] , the 
following : 

Lemma. If MN is a submanifold of the Landsberg space M"+P then the 
following formulae hold: 

P ^ X ^ ^ W ^ X 

B(X, Y) = (L>ryN)X+ N(C(T,XJ) 

for any Finsler vector fields X, Y on M". In particular, if Mn is totally-geodesic in 
M"+p then M" is also a Landsberg space (with the induced Finsler structure) and 
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.ff = 0. 

The notations used to state the above lemma are those in ref. [ 1 6 ] . I f 

B > V(MN) is the normal bundle of / : M" > M"+P, and ÄV is the Weingarten 
operator (corresponding to the cross-section U in B) then WnX~ Auy X. I f H 
is the second fundamental form, then H (X, Y) ~ H(fi X, Y). The normal curvature 
vector N is defined by N(X) = H(X, v), where v is the Liouville vector, i.e. the 
cross-section in the pull-back bundle tClT(Mn) defined by v(u)=(u,«), we V(M"). 

The proof of our theorem C is by contradiction. Let f(M") be contained in 
a /i-convex supporting set and let F be a strictly A-convex function defined on 

duadub a b duc 

and obtain : 

some open set containing f(M"). We set G — F°f, Gab = 

Gab = Fij B'lb + • (H'ab — Hs

a0 B}

b Cjk). (5.3) 
dx' 

Let us contract with gab in (5.3). We obtain : 

AKG^g^FijB^ (5.4) 

where 6 V = G ° i t ; integrating (5.4) over V(M"), with respect to the canonical 
Riemannian measure of the Sasaki metric (associated with the induced Finsler 
structure on M") we obtain (since supp (grad f t F*) compact, F" ~ F ° iz, yields 
supp (gradA G") is compact, too) : 

j Fug* £¿1*1 = 0 
V(Mn) 

and thus B'a = 0, a contradiction. Our theorem C is thereby completely proved. 
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Ö Z E T 

( M n (e), E), skaler eğriliği c =H 0 ve karma burulma vektörü 
Pj = 9 f ivj — f j f sıfır olan bir Finsler uzayı olsun. T ( M " ( c ) ) - [ 0 ] üze­
rinde y* lere göre r. dereceden pozitif homogen ve A-gradiyenti kompakt ta­
şıyıcıya sahip olan bütün f(x ,y) /j-harmonik fonksiyonları, aelR olmak 
üzere, / = aErl2 ile verilebilir. Bİr Finsler uzayının bir Mn+P Landsberg 
uzayı içine total-jeodezik yatınlışının resmi, Mn+P nin hiçbir A-konveks taşı­

yıcı cümlesinin İçinde bulunamaz. 
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