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O N C O N T I N U I T Y O F T H E S A M P L E F U N C T I O N O F G A U S S I A N 
R A N D O M V E C T O R F I E L D O N T H E H I L B E R T S P A C E 

A L - M A D A N I M . GHALEB 

Lipschitz conditions of order a corresponding to Gaussian Random 
vector fieid on a Hilbert space are found, also some conditions for continu­
ity with probability one is determined. The necessary and sufficient condition 
for a Random vector field to be isotropic is also investigated. 

1. Introduction 

Condit ions for absolute cont inui ty corresponding to the sample funct ion 
o f a Gaussian R a n d o m vector f i e ld have no t yet been sufficiently investigated. 

I n this paper an attempt has been made to f i n d Lipschitz conditions o f order 
a corresponding to Gaussian R a n d o m vector f ie ld on a Hi lbe r t space. I n addi ­
t i o n to this some conditions for con t inu i ty w i t h one probabi l i ty has also been 
investigated. 

Le t H be perfect separable H i l b e r t space. Later under H we shall com­
prehend the space 

CO 

T is a compact subset i n H such that 

T= j i : an < i „ < « „ + ~ ,(aL an,...) e H j . 

Let also (LI, p , P) denote p robab i l i ty space (see for example { 1 } ) , X(t, ©) 
is a co lumn vector, X' is the corresponding r o w vector and G denote a ro t a t ion 
group i n H, i.e. collect ion o f a l l one to one and measurable transformations f r o m 
H in to H. 
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Definitions. 1. A funct ion X(t,(6) on - / / X l i is called a r andom vector f ie ld 
i f for any f ixed element t, X(t,&) is a measuring funct ion w i t h respect to the cr 
algebra p, for any f ixed ct> the R a n d o m vector f ie ld X(t,(£>) is called a sample func­
t i o n o f the R a n d o m vector f ie ld . 

2. The R a n d o m vector f ie ld X(t,(6) is called isotropic i f for any t and S 
f r o m H and \f gtG 

E {X(t,oi). X'(s,<!o) } = E {X(gt)m) . X'(gs, <B)} . 

3. The R a n d o m vector f ie ld X(t,ay) is continuous i n mean square i f 

l i m V K ^ f t e a ) - A i ( j , a ) ) | 2 = 0 . 
i f , 

Consider that is an isotropic random n vector f i e ld w i t h independent com­

ponents, continuous i n mean square w i t h E X ( r , t o ) = 0 and 

E [{X(t,Gs)} ( X ' ( J , Q > ) } ] = 7 ,where lis the un i t matr ix , then the n by n mat r ix 

E {X(t,n) . Jr'(j,«>)} = B(t,s) = B(\\ t ~ s \ \ ) 

w i l l be positive definite continuous kernel on HxH. Accord ing to Schoenberg [ 2 J 
we may wr i te 

to 

E {X(t,m) . X'(s,(o)} = J e - M K - ' l i *d<j>{X), (1) 
o 

where < £ i y ( ^ ) , i,j = l,n is bounded nondecreasing funct ion. 

2. Main Results 

Theorem 1. I f X(t,(a) is a Gaussian Random n vector f i e ld w i t h independ­
ent components and y t, s e H 

E\\X(t,®)~X{s,to)\\*< } } t ~ S l { 2 * • Clf (2) 

where C1 is a posit ive constant, then X(t,G>) w i l l satisfy on T w i t h one probabi l i ty 
Lipschitz conditions o f order a. 

Outlines of Proof. We observe that 

E [ { X(t,m) - X(S,(6)} . { X(t,m) - X(s,a>)} ' ] = 2 [ / - B(t,s) ] , 

where B(t,s) is a diagonal mat r ix given by the equation 



ON CONTINUITY OF THE SAMPLE FUNCTION OF GAUSSIAN RANDOM,, , 3 

CO 

B(t,s) = J e ~ - * l l ' - * M ' d<f>(X). 

o 

F r o m the assumption i n the Theorem 1, tak ing C1 = j | C j j 2

1 where C is a con­
stant vector we can assert 

E | X1 (/,<») - X, {w) | 2 = 2 (1 - Bn(t,s)) < , ' | f ~ j 1 1 2 " , , • Q a 

y / = 1»H - A n easy calculation shows that the previous inequali ty can be wr i t ten 
as fol lows: 

E \ X, (ijCo) - Xl (s,<a) | 2 < | f t - s j j 2 a . C,.2 

yz = l , n . N o w by using Theorem l , i n { 3 } we see that X ^ r a ) w i l l satisfy on T 

w i t h one probabi l i ty Lipschitz conditions o f order a, i.e., 

Ix&M-XiMl^SfWt-sU* 

or 

j | X ( i , a ) ) - X ( . i ) ( D ) | | < | [ 5 | ] , \ \ t - s ||*f 

where 5 is a constant vector. 

This proves Theorem 1. 

Theorem 2. I f X(/,co) is a Gaussian Random vector f i e ld w i t h independent 

components on H and y / , s e H 

E\\X(t,<x>)-X(s,<D)\\2 * Q(\\ t - s \ \ ) . C l t 

where Cl is a positive constant, 

g ( | | f - i | | ) = " 1 , , , 1 + f i ( 5 > 0 ) (3) I I n | j / — s 1111+B 

or 

— — — (5 > 0). (4) 
l l n | | f - J l l | . | l n | l n | | r - , y | l | | 2 + » 

Then the sample function X(t, co) is continuous on T w i t h one probabi l i ty . 
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Outlines of Proof. Since the components o f the vector X(x,G)) are independ­
ent, we may wri te 

E\ {X(t,(0) ~ X(S,G))} . {X(t,G>) - X(S,G>)} ' I = 

i j ^ t / , © ) - ^ , © ) ! 2 o 

0 E\XH(tya)-Xa(s,a>)\* 

I f (3) or (4) holds then we assert that 

EIX, (r.co) - X, ( J , © ) | 2 < C. 2 

1 1 ™ | l n | | i - i | | | 4 + 6 ' 

V* = 1,« - Us ing theorem (2) i n [ 3 ] we can f i n d a constant 8,-: i ~ l , n such that 
the inequalities 

| XI (t,a>) - Xt (sta>) | < 5, 11 i — ^ 11 

hold w i t h one probabi l i ty , i.e., 

\\X(t,a>)-X(s,n) | | < | | 5 | | . | | f - s | | 

w i t h one probabi l i ty , where 5 is a constant vector. 

Let L n be the set o f a l l possible 2 « - d i m e n s i o n a l vectors = (m1,...,mn, 
k1,..., kt) w i t h natural components (ml + m2 - f . . . - f /JIJ ( = n) and let us con­
sider that 

. i'''2 ....tk" 
yn(tXn) = e-M>t> (2X)"I2 m> m* - g * - . (5) 

s/k, \ k2 ! ...k„ ! -

Then the fo l l owing theorems ho ld : 

Theorem 3. The continuous i n mean square Random vector f ield X(t,a>) 
is isotropic i f and only i f 

CO (O 

W*®) - Z 2 f y« fcM. d z1: (x,©), (6) 

where Z"(s,(>i) is a sequence R a n d o m « vector measures on ( 0 , ° o ) , such that 

£ { Z v " 0 , c o ) } = 0 

E [ z ; ( i 1 5 Q ) ) } . { z : ' ( J 2 , ( D ) } ' ] = 5 f . 6; ' 0 ( j t A j 2 ) . (7) 

Outlines of Proof. Consider that X(tya>) is isotropic, then we wri te 

B 

o 

Using {12 .9 , 5 } i n {4} we can wri te 
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or 

Z w 
n = 0 V E / ; I 

'1 

V 

n 

V / / C ] ! 

By substi tut ion we get 

CO CO 

B (r, r ) = E j j . . £ £ W / 2 - rfZ? (X,<ù). 

or 

n = 0 ve/„ 

to 

Î * I Î * » 

0 11 = 0 ve/„ V Kl Kn • 

N o w i f X(r,co) satisfies the previous equation then i t is easy to prove that 

CO 

B(r„) = f e - x M ' ^ n * d <j> (X) . 
o 

The last equation means that X(t, co) is isotropic. 

Theorem 4. I f 
CO 

T r y rkd<t>(\)< + ~. (8) 

then the sample func t ion X(/,co) w i l l satisfy on T w i t h one probabi l i ty Lipschitz 
condit ions o f order a < 1. 
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Theorem 5. I f 

GO 

7> { f l n 1 + 5 ( l + X)d<f>(\)} (9) 

for some 5 > 0, then the sample func t ion X(t, (o) is continuous on T w i t h one 
probabi l i ty . 

The p r o o f o f theorems 4 and 5 may be easily obtained. 
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O Z E T 

Bu çalışmada, bir Hilbert uzayı üzerindeki Gauss tesadüfi vektör alanı­
na karşılık gelen a mertebeli Lipschİtz koşullan bulunmakta ve olasılığı 1 olan 
bazı süreklilik koşullan belirlenmektedir. Aynı zamanda, bir tesadüfi vektör 
alanının izotropik olabilmesi için gerek ve yeter koşul araştırılmaktadır. 


