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ON CONTINUITY OF THE SAMPLE FUNCTION OF GAUSSIAN
RANDOM VECTOR FIELD ON THE HILBERT SPACE

AL-MADANI M. GHALER

Lipschitz conditions of order & corresponding to Gaussian Random
vector field on a Hilbert space are found, also some conditions for continu-
ity with probability one is determined. The necessary and sufficient condition
for a Random vector field to be isotropic is also investigated.

i. Intreduction

Conditions for absolute continuity corresponding to the sample function
of a Gaussian Random vector field have not yet been sufficiently investigated.

In this paper an attempt has been made to find Lipschitz conditions of order
o, corresponding to Gaussian Random vector field on a Hilbert space. In addi-
tion to this some conditions for continuity with one probability has also been
investigated.

Let H be perfect separable Hilbert space. Later under H- we shall com-
prehend the space

Hz{t sty P12 < oc'»_};

w=1

T is a compact subset in A such that

i
T= %t:an <= t,=a, 1 e a0, ,...)eHi.

Let also (2, B, P) denote probability space (see for example {1}), X(¢, @)
is a column vector, X is the corresponding row vector and G denote a rotation
group in H, i.e. collection of all one to one and measurable transformations from
H into H. '
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Pefinitions. 1. A function X(#,0) on H x{} is called a random vector field
it for any fixed element ¢, X(f,®) is a measuring function with respect to the ¢
algebra P, for any fixed ® the Random vector field X(#,®) is called a sample func-
tion of the Random vector field. -

2. The Random vector field X(¢,0) is called 1sotrop1c if for any ¢ and §
from H and y ge G

E{X(t0). X'(s0) } = E {X(gt,0) . X'(gs, @)}.
3. The Random vector field X(r,) is continuous in mean square if

nguxa@ X, (s,0) |2 =0.

i+s i

Consider that X(f,00) is an isotropic random # vector field with independent com-
ponents, continuous in mean square with £ X(¢,0) = 0 and

E [{X(t®)} {X'(s,0)} ] == 7 ,where 7 is the unit mairix, then the » by # matrix
E{X(tw), X'(5,0)} = B(t,8) = B(|| t — 5 |])

will be positive definite continuous kernel on H x H. According to Schoenberg [2]
we may write

@

E{X(t0). X' (s} = [ emrlit=s112dp (), )

[

where ¢,;(A), #,j = 1,7 is bounded nondecreasing function.

2. Main Results

Theorem 1. If X(f,®) is a Gaussian Random # vector field with independ-
ent components and y £, s € H

|1 — sl
[1n]r—s|[}

where C| is a positive constant, then X(f,») will satisfy on 7 with one probability
Lipschitz conditions of order a.

E[| X(to) - Xs0) ||* = - Gy, @)

QGutlines of Proof. We observe that
E [ {X(t,ﬂ)) - X(.S',CD)} - { X([,(U) — X(S!(D)} ,] =2 [{ - B(t,S)] >

where B(z,s) is a diagonal matrix given by the eguation
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L]

B(ts) = f e—rlt=sli® d g (h).

]

From the assumption in the Theorem 1, taking C| == || C||?, where C is a con~
stant vector we can assert
He—sl]>
1] —s1]

2
i

E|lX (o) —X;(s0) |>*=2(1 — Byt,s)) <
vi = Ly . An easy calculation shows that the previous inequality can be written
as follows: '
E|X, (@ — X (s0) |2 < |ft—s||>.CP

vi = 1,n. Now by using Theorem 1, in {3} we see that X,(r,0) will satisfy on T
with one probability Lipschitz conditions of order a, le.,

| X(tw) — X(s0) | < 8, .|| £ —s{]"
or
[ X(0) — X o) || < [[3]]. ]| —s|]",
where & is a constant vector.

This proves Theorem 1.

Theorem 2. If X(7,0) is a Gaussian Random vector field with independent
components on H and yt, s € H

E||X@to) — X(s,0) |[|> = O(|| ¢ -5 |]D. G,

where C| is a positive constant,

ot —s|])= 1 ©>0 @3

|n|[2—s][jtre

or

1

6 > 0). 4
In[|t—s|[{.|In|ln][—s|]]]2*® @ >0 @)

Then the sample function X{(z @) is continsous on T with one probability.

i

i
=
v
&

£
E
[
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Outlines of Proef. Since the components of the vector X(x,m) are independ-
ent, we may write
El{X(t0) — X(50) } . {X(t,0) — X(s,0)} | =

E| X, (t,0) — X (s0) |2 0
[ 0 E| X, (t,m) — X, (s,0) | ] '

If (3) or (4) holds then we assert that

1
E|X; (tw) — X, (5,0)|% < Cc?
[ 60 G [Inf|z — s][|**°

vi = L. Using theorem (2) in [*] we can find a constant 8,:7 = 1,7 such that
the inequalitics
| X; (10) — X; (5.0) | = 8 || £~ 5]]
hold with one probability, i.e.,
X@w) — X(s,0) [ < [|8]]. |1 —s]]

with one probability, where 8 is a constant vector,

Let L, be the set of all possible 2z-dimensional vectors = (m,,...,m,,,
ky,..., k,) with natural components (m, + m, + ... + m, = n) and let us con-

sider that

ke ey k
Fulthom) = o0 @iz —mo Iz o Q)
RTAPYRE

Then the following theorems hold:

Theorem 3, The continyous in mean square Random vector field X{7,0)
is isotropic if and only if

Yeo)= 3 Y f«,,, (EAn) . d Z! (,0), )

n=0 veiyp O
where Z} (s,0) is a sequence Random # vector measures on (0,0), such that
E{Z}(s,0)} =0
E[Z](5,0) } . {Z) (5,0} 1=87 .8 ¢ (s, A5,). 0

Outlines of Proof. Consider that X(7,6) is isotropic, then we write

w

B = [ emrlit=slltd g,

1]

Using {12.9, 5} in {4} we can write
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ky kg
- (l‘]— S,) ...... (tfn Sf")
2t = Y i LW
¢ Z @) R N k1
a=5
or
[ E 2 th ... thn
s} — @) ;____
n=0 vely \/kl s "
[ = Sk Sk |
(2;)\')n,'2 I In”
g:, Z:. Vi tid, !

By substitution we get

B(r)=E j j e oo P T @20y — dZ! ().
0 n=0 vely

S D@ —dZi (o)

n'=0 vely'

or

-]

tkir

Now if X(r,m) satisfies the previous equation then it is easy to prove that

o

B(r) = [ et dg ().

0

The last equation means that X(z, @) is isotropic.

Theorem 4. If

Trf hd (V)< + oo (8)
]

then the sample function X(f,0) will satisfy on T with one probability Lipschitz
conditions of order o < 1.
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Theorem 5. If
[t Aoy ) < e ©
1]

for some & > 0, then the sample function X{#, @) is continuous on 7" with one
probability.

The proof of theorems 4 and 5 may be easily obtained.
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OZET

Bu ¢ahsmada, bir Hilbert uzay: iizerindeki Gauss tesadiifi vektér alant-
na karsilik gelen & mertebeli Lipschitz kosullar: bulunmakta ve olasilifi 1 olan
baz: siireklilik kosullan belirlenmektedir. Aynt zamanda, bir tesadlfi vektdr
alanmin izotropik olabilmesi igin gerek ve yeter kogul aragtirimaktadir,




