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A N O T E O N E U C L I D E A N B A L L S 

N . E R G U N 

I n this note we prove that by using only some of the basic facts 
of general topology, the closure of any open ball of any subset in an 
Euclidean space is the corresponding closed ball. This statement is therefore 

true in any locally compact normed space. 

I t is k n o w n that i n any pseudometric space (X, d) the balls 

Bj(A,e) = {x :d(x, A) < e} , Bd[A,e] = {x :d(x,A) < e} 

o f any subset A £ X are open and closed respectively and furthermore the f o l 
l o w i n g inclusions 

Bd(A, s) £ i n t Bd [A, e ] , 

dBd {A, e) s {x : d(x, A) = e) 

h o l d . Here as usually the conventional notations A , QA and i n t A denote respec
t ively the closure, the boundary and the interior o f A i n the mentioned metric 
space. W e prove i n this note that i n Euclidean spaces the f i rs t one is an equality 
b u t the last t w o ones are n o t necessarily equalities. Terminology is consistent 
w i t h D u g u n d j i [ * ] . I n the sequel dn denotes the metric o f the n-dimensional 
Euclidean space E" ; Z" denotes the set o f a l l ra-tuples w i t h integer coordinates, 
i.e. the set o f a l l k n o t points i n E" ; x A y denotes the m i n i m u m o f the real 
numbers x and y and A w i l l always denote a non-empty subset. Balls o f empty 
set are conventionally accepted empty. 

F o r the sake o f completeness we f i rs t ly state the fo l lowing t w o wel l k n o w n 
lemmas : 

Lemma 1 . L e t {Ba\ei be any fami ly o f nonempty subsets o f a metric space. 
T h e n 

d(A, \jB^=mfd(A,Ba). 

Proof. W r i t e BQ = I I Ba f o r convenience. Then d(A, B0) < i n f d(A, Ba) 

is clear. The assumption d(A, B0) < i n f d(A, Ba) yields f i r s t l y the existence o f 
a 

a positive s 0 and consequently a po int xQ e B0 such that 
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d (A, x 0 ) < d {A, B0) + s 0 < i n f d {A, Ba) 
a 

which gives the f o l l owing contradict ion 

mfd(A,Ba) < d(A, BaJ < d(A,x0)< Md(A,Ba) 
a. a 

where x0 e Ba^ is assumed for an appropriate a 0 e J. 

Lemma 2. I f A is a singleton then a l l the inclusions at the f i r s t page are 
equalities i n E" . 

Proof. F o r any y e Bd„ [x, e] satisfying dn (x, y) = e we have y e B<tn (x, e) 
since 

ay + (1 — a) x e O , 8) n 5«/„ (x, s) 

holds for any 5 < 8 where the positive a is chosen so that e — 5 < e a < s . 

Therefore 

Bdn (x, e) = Bd„ [ x , e] 

is obtained. N o w take any y e i n t Bdn [ x , s ] . So there exists a positive by w i t h 
Bdn (y, 63,) £ Bdn [x, e] . The supposition d„ (xt y) = s yields easily the contra
dic t ion 

g 
Z = y + .. Q, _ X ) £ ( j / > g ) ^ g-J = ^ 

2e 

Hence the equalities 

i n t Bdn [x, e] - Bda (x, e) , 35 (/„ (x, e) = 3B r f„ j x , e] = {>> : (x, 7) = e} 
are easily derived. 

Theorem. F o r any subset A £ E" and 0 < 8 

Bd„ (A, s) = 5 r f„ e] , 35 r f n [A, s] £ 3-&/„ 8) . 

Proof. Le t dn (x , A) = s. I f there is a po int a e i w i t h d„ (x, a) = e then 

x e 2?rf(J [a, s] - 5 r f „ (a, e) £ ( J , e) . Bdn (A, s) 

[This is the unique case indeed. I n fact there exists a positive 5 0 so t h a t 
8 < S 0 and A ct Bd„[x, S 0] since the opposite supposition yields for each aeA 
t h a t dn (x, a) = e again]. Hence 

8 = dn (x, A) < </H (x , Z n 5«/,, [ x , 8 0 ] ) , 

e < 80 < dn (x, [ x , 8 J ) < < (x , 2-£ r f„ [ x , 8 0 ] ) 
and therefore 
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s < d„ (x, A n Bdn [x, 8 0 ] ) A da (x, A—Ba„ [x, 5 0 ] ) — J„ (x, J ) = e 

are obtained by the L e m m a 1. Hence we get 

dn (x, An B„„ [x, SJ ) = s . 

Since Bd„ [x, 8 0 ] r i A is compact i n £ " (Theorem XI .4 .3 . o f [* ] ) , there 
exists a po int y e i?,/,, [x, 8 0 ] n Z such that dn (x, y) = & (proo f o f the statement 
X L 4.4. o f I1]). Therefore 

x e [ > , e] = Bdn (y, s) £ (A, e) = ( / t , e) 

and consequently 

Ban [A, 8] £ A „ ( > i , 8 ) 

fol lows. The other inclusion is now clear. 

Remark 1. I n E" the f o l l owing inclusions 

mtBdn[A,&] c J r f H ( ^ 8 ) , 

dBdn(A,e) £ 35 r f ( I|>4,ej, 

{x e £ " : </„ (x, ¿0 - 8} £ 9 5 r f n s ) 

are not necessarily t rue . 

Proof. Take A = Bd„ [xQ , 8 + 5 ] — B d n (x0 , e) where xQe E" is any f ixed 
po int . Then 

dBd„ (x0 ,&) c: A, 

e < 4, ( x 0 , E"—Bdn (xQ, e)) < dn (x0 , A) < ( x 0 , dBan (x0 , 8» = e 

and therefore x0e Bdn[A, e] are obtained. Hence 

8] = B r f„ [ x 0 , 2s + 8] , (A, e) - 5rfB ( x 0 , 2s + 5 ) - x 0 

and consequently 

x n e int Bd„ [A, e ]—Bd n (A, s ) , 

dBdR(A,e) = {x0} u 35r f „ [^ , s ] 

are f o u n d . M o r e generally define the subset E"—Bdn (Z", e) as 4̂ and let 
0 < 3 s < 1. Then 

Bdn ( Z " , e) = [ J 5 r f„ (x, s) <= [,4, 8] 

and therefore 

• B d n [A, s] = E" , Bdn {A, 8) £ n - Z " 

are obtained. Hence i t is easy to see that 
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Z " s int Bdtl[A, e]-Bdll(A, s ) , 

Bdn (A, e) = Z " d= [A, s ] = 0 . 

Rem ar Si 2. L e m m a 2 and Theorem 1 are true i n any locally compact 
normed l inear space. 
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D E P A R T M E N T O F M A T H E M A T I C S 
F A C U L T Y O F S C I E N C E 
I S T A N B U L U N I V E R S I T Y 
VEZNECİLER-İSTANBUL/TURKEY 

Ö Z E T 

B u çalışmada, bir Öklid uzaymdaki herhangi bir alt cümlenin herhangi bir 
açık topunun kapanışının, onun kapalı topu olduğu ispat edilmektedir. 


