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ON p-ADIC U_-NUMBERS
K. ALNIACIK

In this paper it is shown that integral combination with p-adic
algebraic coefficients of some certain p-adic Liouville numbers belong to
the Mahler subclass U, in the Hensel's field Q,, of p-adic numbers, where
m is the degree of the algebraic number field determined by these coeffi-
cients. Thus we have carried the results in [*] to the the p-adic case.

In the following p is a fixed prime of Q and |...|, denotes the p-adic
valuation. ' - :

Definition?. Let £ be a p-adic number in Q, and m > 1 an integer. The
number & is called p-adic U, -number if for every w >0 there are infinitely
many algebraic numbers y of degree m with

0| =y, <H™
and if there exist constants C, K> 0 depending only on £ and m such that the
relation
1§~ B, > CHE=

holds for every algebraic number § in Q, which has degree less than m.

Lemmal Let P(x)=ga,+ a, x+ ... + a, x* be a polynomial of degree
% with integral coefficients and o be a p-adic algebraic number of degree M
with P (o) + 0. Then the relation

P(M—l) !

[P ()], = (M 4+ k)t H(PYM H (o)«

()

holds, where | o |, = p.*", t = min (0, i), and H (P), H () arc the height of P (x)
and the height of the minimal polynomial of o respectively (K. Mahler [*]).

y We note that we have, in fact, defined a p-adic UZ-number in ['] instead of p-adic
Mabhler U, -number, However, it is known that they are the same {see ['}, [’D.
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Now using (1) we give a iower bound for ja — B |, where § is an arbitrary
p-adic algebraic number of degree k<< M. If [B]|,# |a|,, then we have
|a — B[, >p~!". Hence we may assume that |a — B, < 1 and |B[, = p"

Let P (x) be the minimal polynomial of B. Then

P ({3)

0#P@=PP) +@—p PP +@—p>—= +.

and so

0<|P@u:4a—pu Oy

PO+e=p P

14

Thus usmg |Pfﬂ ®l, = le"| and

< pM(1 <j<M) we see that the

J- P
second factor on.the right side of the above equality < pMUii+D, Hence using
this in (1) we get

Jo—Blp = ¢ H(@)=™*! HP)M, @
where cy = p(M“’)‘“M(”'H” (2Myt is a constant dependmg only on a.

Lemma II. Let a,,..., a, (k = 1) be algebraic numbers in Q, with
[Q TR Q] =g and let F(y,%,,%,..., x;) be a polynomial with integral
coefficients, whose degree in y is at least one. If 1 is an algebralc number such
that F(n,0,,....,a,) = 0, then the degree of n < dg and

h < 32dg+to+ilde ;FE ple. hliee
n = o wy T ey ?

where /i, is the height of n, &,, is the height of a,((=1,..., k), H is the

maximum of the absolute values of the coefficients of F, J; is the degree of Fin
% (F=1,..,k) and d is the degree of F in y (0.8. igen [*)).

Lemma M. Let ay, 0 ,..,0,(k =1, 0;#£0,i=0,1,...,%k) be algebraic
numbers in Q, with [Q (0 ,..., @) : Q] =m > 1 and let {0}, {u®},.,  {u)}
be sequences. of positive integers with _ ;

lim = o0 (i=1,..,k), © (3a)

H200

hm log 2+

RL) —W— = o (l = la-l--: k— 1) (Sb)

Then there exists a positive integer N such that if n > N, the degree of the

algebraic number vy, = @, - Z u@ a,; is m and

i=1

nrR

lim H (y,) = oo . ' @
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The proof is the same as in the Lemma III in [*]. Now applying the LeVeque’s
idea in [*] to p-adic case we have the

Theorem I. Let q,,a, s a, (@, #0,i=0,1,...,k k = 1) be algebraic
numbers in Q, with [Q (u;,...,a,): Q] =m > 1 and let &, &, ,..., £, ‘be p-adic
Liouville numbers in the cancnical forms

) ) ' (i)
B == ag)‘—i_—-ag')p“l + .o+ a? pf 4 L _ . 6]
@h>0,u) >u?, l<a<p—1, 1<sicshkv=12,.),"
Where
2t ’
lim "l = o0 (i=1,..., k).
pom Ul

Next assume that monotonic union sequence s, (consisting of all integers
s=u}“ for #,j, arranged by size) satisfies that - :

lim 2ol oo . (6)

—+00
n Srl

Then the p-adic number v — a, + a, & + ... +a, &, is a p-adic U, -number.
Proof. Let N, be a positive integer with N, = max (#{) and #, be an
b=t

integer such that if # > n, then 5, > N,. For n > n, we define integers r, (n)
and p by ' ' ' '

o = m0x (0|40 S 5} (=100 B
L3

) @ I
PO = al +a, p't +a, P2 + ..+ P ((=1,.,k) (N

and algebraic numbers

Yo =ty +.0, 80+ 0 8P o+ 0 0P (2> 1) ®)
m
Now to prowe that YG'U U; we shall approximate y by v, (n > #,). First
i=i
we have
C ok 13 N
7 =1, = max { o[} max { [& — ®1,} . )
=1 =1 .

On the other hand it follows from the definitions of &; and p® that

](";,.'wpg) |p < p—oavt (n>>mn, s i=1,.,k).
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; k . - i . .
Thus putting ¢, = max (| o, }) and using the above inequality in (9)
it .

Y —¥alp < ¢ o+t o (10)
Next ‘applying Lemma II to v, , o ;..., o, in (8) we obtain
| H(YH) =0 e

where ¢, is a constant dependmg only on p,m, k, o ,..., 0, . Since 5, = oo as
n —» oo , there is a positive integer n, sueh that if » > n, then

Hy,) = p*n. (n
Finally using this in (10) we get
LYy — 7, lp = ¢ HEy ) Wast/2ms)  (n > max (n, , #,), (12)
which gives us that y U U; by (6). Now to complete the proof we must show
j=t
that y¢ U; (j=1,..., m — 1). It can be seen from (5) and (6) that v, satisfies

all condmons in Lemma 1, Hence there is a p0s1t1ve integer n, such that if n>n,
then -degree of y, = m.

Let B be a p-adic algebraic number of degree <Cm. Then we can apply
Lemma I to B, y,{(r >n,) and so we obtain

| ¥ — Bl = ¢y Hy )yt H{P)y
or using (I11) in the above inequality
2
| ¥, — B |P =¢p 2mm—1)s, H(ﬂ)—m , 1> max {ni} s (13)
- i=0 :

where ¢, is a positive constant depending only on p,m, o,,& (1 <i=<k).
Set t{m)=2m>—m+1 and r(m)=2m{m — Di{m) 4+ m-| 1. Then there

Spt1

is an integer n, such that if # > », then > r{m). On the other hand for

Ty
3

every H (B) > max( P ?E{; l"")) there is an integer v such that
Gy

Py < H(B) = pH+L, (14)

Now we have two cases in (14) as following :

Case I. Let p < H(P) < p+1/", Then using the first and second part
of this inequality in (13),—, and in (10),_, respectively we obtain



file:///l~Jn/p
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[vs —Blp = ¢ HB)~ 4L |y — vy, 1, < ¢ H(B)—#m
that is , _
lve = Blo = 17— Yulo
and so -

|y = Blp=max(iv, —Bl,. v —v) = ¢, H(B)~tm+1,
Case II. If ph+1/m < H (B). < p»+1 then writing (10) and (13} for

#=v -+ 1 and using the above inequality we see that
[Vor1 —Blp = ey HE)7rH |y — vy [p < o H (B 43" 41
or
l7v+1 _B|p> i'Y_'Yv+l lp-
Finally this inequality gives us that |y — B, = C; H(B)"™+! and this comp-
letes the proof.

Example. Let k& > 1 be an integer. Then p-adic Liouville numbers

Eipy =1 | pth+i! _|_é(2k+i)! 4+ o peE L (G=0,1,...,.k — 1),
satisfy all conditions in Theorem I. So if «,,w,,.., w, are p-adic algebraic
numbers with [Q (o ..., @} : Q1 ==m then a; + o, &, + ... + 0, & U, .

Note that it can be easily seen from the proof of Theorem I that it is

Sn41 nH

sﬁfficient to suppose that lim inf ——-- > r(m) and lim sup -““- = oo instead

n-—w -
Sy r 5,

of stronger assumption (6)
We have a generalization of Theorem I as
Theorem II. Let o, o, ,.., 0, (k = 1) be p-adic algebraic numbers in

Q, vwith [Q(a; ,..., o) : Q] =m and £ &, ,..., £, be p-adic Liouville numbers
in the canonical forms )

Ei==al) + a) p”:”_|_ ot aff)p"s) 1o
@, > >0, l<sag<p—1Li=1,.,kj=12,.)

and suppose that the sequence {u,’)} has a subsequence {u (,J} verifying the

conditions
)
- u (i)+i .
a) lim T‘ = e (i=1,.,k),
e HG
@
u‘(,)
- i'H-E-i_I .
b} lim —q < e GE=1,.,k.

N i ('),_}, 1
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Further suppose that the monotonic union sequence s, (consisting of all integers
i v s . - . . Sy ‘
5= u(‘:(),-) for i, j, arranged by size) satisfies the condition lim 2** — o | then
J ) LAt
the p-adic number vy —a, + o, &, 4 ... + o & is a p-adic U,-number.
We define integers r; (n) and p as following :
., C o rin) . -
‘ ‘ W T I .
0y — max {up |4 < 5,}, 0 — Z o g G =1y n—i .0
Then we approximate y by 'y, = a, + o, p® + ¢, ¢ +...+ o, p®. The proof,
which we shall omit, can be conducted by using a combination of the arguments
used in the proof of Th, I. Finally we have the

Corollary I. Let £ be a p-adic Liouville number in the canonical form
E=a+ap"+ .. Fap"+ .. W>y>01sa<sp-—1i=1,.),
and suppose that the sequence {z,} has a subsequence {uvn} verifying the
conditions

uvﬂ+| u"n—!—l

= oo, lim sup ———— <o,
n-o uv,,+1

lim
[TaT) Y

Cd

of two p-adic U, (m—=1,...) numbers.

Then p-adic Liouville number £ can be represented by the sum and product

Proof. First note that by Lemma I in ['] we know that for every integer
m > 1, there is an algebraic number o of degree m in Q, . Now if m = 1 then

there is nothing to prove since £ = % -+ % =2, £ and —%- ,E%, &L are p-adic
Liouville numbers. Let m >1 and aeQ, with degu = m. Then - -
e (sta)+ (F—a), - @ @D
2 2
One can show that £2 and §! also satisfy the conditions in the-corollary. Thus
by Theorem II we scec that -

£
2
and this completes the proof.

:FGQ(gza’(ag)—lEUﬂl

Corollary II. Every algebraic number o in Q, of degree m > 1 can be
represented by the sum and product of two p-adic U,; (k= 1,...) numbers.

Proof. Let 0.eQ, with deg o —=m > 1. Then for &k = 1, there is an
algebraic number B in Q, with deg B =k such that '
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ot le g P —m.

a
d b =d —
eg(2$ﬁ) s .

Iet E be a p-adic Liouville number satisfying the conditions in Corollary 1.
Then we have

_fo o _ _ fe+1 B
o=(5 B“’)Jr(z”- g)’_“ & “5)((a+1)a)'

But it follows from Th. II that

u+1a B €
B @4 1)E

Umk

*g:-:FB:{:t}Eanks

and this completes the proof.
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OZET

Bu ¢alismada bazi kogullart gergekleyen Liouville sayilarinin cebir-
sel katsayil tam kombinezonlari incelenerek, bunlarn Q, cismindelki
Mahler'in Uy, alt sinifina ait oldugu gosterilmektedir,




