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ON THE SYMMETRY DIGRAPH SYM (I
M.T. MOHAMMED

In this paper we study some properties of SYM (') for some digraphs
I' and we prove some theorems related to Aut (I') and to SYM(I). A
theorem on group graphs is also proved.

DEFINITIONS

1. A directed graph (digraph) I consists of two disjoint sets I' and Ty
called the set of vertices and the set of edges respectively, and two functions
o,T:g—— I, called the source and target maps respectively.

It is sometimes convenient to distinguish between those edges where the
source and target maps coincide and those where they differ. A loop is an edge e
such that ¢ e=1 e, and a link is an edge e such that o et e.?

2. A morphism of digraphs a : I'— A is a pair of functions (&) : I'y—— A,
a:Ty—— Ap) such that 6 ag e=dy 0 e and Tdg e—=0y T ¢, for each ee Ty,

Note that we abuse notation by using the same symbols o, T for the source
and target maps in any digraph, this should not result in any confusion.

3. A morphism o : I’ — I is called invertible if there exists a morphism
@' :T'——T such that @ o« ¢ '=a"! o a=I; where It the identity morphism
on I'.

4. The automorphism group of a graph T is the set of all invertible
morphisms a™ :I'— I, and it is denoted by Aut (T').

Let I, denote the loop at the vertex u of I' and g : Ty —— {I,: ve T}
defined by 3 (v) = I, then we can think of the vertices of I' as loops, it is easily
shown that c(l)=t{)=1I,17*=0 o T=T and T o 6=0% alsc 6 0 3 =27
and T o 8 = 9. We can simply say that a morphism @ :I'—+> A is any map
which preserves o,t and 9. The vertices of a digraph will be represented in
diagrams by dots and edges by arrows from the source vertex to the target
vertex.
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Example 1. The following diagram represents a digraph :

Lo

Example 2, The following diagram represents a morphism f between the
digraphs T and A

r
1|‘ d )
3
gty flly)
A Ot o
flu) flv)

5. Tor convenience, we now group together a number of definitions which
will be needed later.

Let I(u,v)={xel 10 x=u, 1 x=v}, we shall refer to the sets I'(u, v)
where u, ve I as the edge sets of I (even though an “edge set” I' (v, v) will
contain the vertex v, and might contain nothing else). A multiple edge set is
one containing more than one element.

We say that a digraph I' is complete if there is a bijection I'(u, v) =
= I'(u",v") for each two pairs of (not necessarily distinct) vertices u, v and
¥',v in I'. In particular if { T (,v}} =#» for any two vertices u#,v in I' we
shall say that T" is s#-complete.

THE STRUCTURE CF SYM (I)

The endomorphism digréph END ) of a digraph ' consists of all triples
(f,B,v) such that, /,p,y arc endofunctions of ', and y are morphisms

and ¢ f=P o,t f=v t. These conditicns give for each x e T %
a diagram D ( ﬁ o § )
i £ %
gms@ ik (¥ et v i
u v
D= px ¥x

ek Ny
0 o
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The source and target:functions take (f,p,y) to (B,B.B) and (v,v,v)
respectively. So the vertices of END (I') are essentially the endomorphisms of
I". The monoid multiplication on END (I') is given by pointwise composition

of functions : (f,B,v) (7, B, ¥)=UF",BB", v¥)

The symmetry digraph SYM (I') of I' consists of the invertible elements of
END (I"), in other words the triples (f,B,vy) such that f, P,y are permutations
of I',p and y are morphisms and ¢ o« f=f o 6, T o f=% o © (note that
we use the term “permutation” for a one - one correspondence of a set to itself,
whether the set is finite or infinite). Thus the automorphism group Aut(I")
forms the set of vertices of SYM (I). '

Example 3. Let I be a digraph whose diagram is given below. Then
Aut (1) = (i ,j) where { is the identity automorphism of T', and j is defined

X
T v u y A v

by jih)=1,,j(L)=1,,j(x) =y and j(y) = x.

The symmetry digraph SYM (I') has only two vertices {i,j} and it has four
edges that can be calculated as follows ; Let Z represent the edges of I

edges of (SYM(T)) edgesof I' | (6o f) | (tof) | F{Z)
I, u u A
T I, v v I,
(fal’l)%(lalsl) x u v x
Y L4 u y
I u u I
. I v # y
(f.i,)) N " " T
¥ v v I
I v ] y
., I u v x
(g.’],z) x v v I
y u u I
I v v I
Vo e I u u I
(8‘,],])—(],},]) x " u y
' ¥ u v x

AT T e e s e e
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so SYM(D)={(,,1),(f,1,/).(g./.1), (J,7,/)}, and it can be represented

by the following diagram :

(t,i,i)

{g,j,n

{fij) '
(Gidief)

Example 4. Consider the I-complete digraph I (exactly one directed edge
from any vertex to any other) on three vertices,

then we pet :

Aut(D)={e =i,p=(vw), P=@wy),y=u7),pr=w), Py=(vw)}, and
SYM(D—{(a, ¢,6)= identity, (@,e,R)=(,a/) U, cb) (I, ed),

(@.p,e)=(,be)(,da) (I, ed),
(@,B*, e)=U,eb) ,ad) U, cf),
(@,e,B=S) U, e Go),

(@, e,p?7)=(1,0) (,d) (af),
(@,B,B)=W,1,1,) (@ce) (bdf),
(o,B,p=,cd) U ef) U, ab),
(UwB’Y):(IuIy eabd) (wac)n

(U' > B s B'Y):(Iu cefb Iw) (Iv da)s
(@,B, =0, be)(,I,acdf),
(U':st'Y):(Iudbaer) (Iw Cf),
(a,p?,BY)=(,L,bfec)(I,ad),
(@,p?,pP)=U,eb) (. fdcal,),
(@,v,nN=0I1) @b)(cf) de),
(@,By,PpV)=(,1,) (@d)(bo)(ef),
(@,B*y,P*v)=(, 1) (af) (be) (cd),
(@,y,Bv)=, 0 T,a) ,e) @),
(a,v,B2N=(L8) (,f){1,d) (ac),
(e, By, BPv=W,e) I, U, d)),

We will study this example later on.

(@, B)=fa)(Lbc)U,de),
(@,eV)=({,4) D) (de),
(@,v,e)=(,5) U,a)(cf),
(@,By,e)=U,e) {1,f)(ad),
(@,pv,e)=0,d) (7,0 (be),
(o, B)=(,1,1) (@ecc) (bfd),
(U's Bz H B):(Iudc) (Ivfe) (Iwba)’
(o,v,P)=U L fbac)(,ed),
@,By,P)=U,dfeal,) U, cb),
(@,BPy,P)=U,af) I, 1,bdce),
(a,v,B)=U,cabfl)(,de),
(@,By, )=, I, aefd) (,b0),
((1 ’ Bzy ’ Bz):(‘rzrfa) (Iv € Cdblw)’
(@,Bv,N=W,d) {,5) 1,1)@e),
(U' ’ BZ'Y 97):(11; d) (I.V e) (Iw C) (b d):
(@,p*7.B=U1) I, d)(I,b) (ce)}.

Theorem [1]. If T is I-complete digraph on sm-vertices, then Aut(I) is

isomorphic to the symmetric group 5.
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Theorem. IfI is I-complete digraph on n-vertices, then SYM (I') is l-com-
plete on n! vertices.

Proof. Letf and y belong to Aut(I'), i.e. B and v are two vertices in SY M(T').
Then there is an edge (f,B,y) where fis a bijective function on I, if it is
not then there are two distinct edges x and y in I'y such that o 0 (x)=f o o(y)
and v o T(x)==Y o T(¥), which means that o (x)=0 (¥) and 1 (x)=1(») but since
I" is a complete digraph, then the two directed edges x and y coincide and this
contradicts that they are distinct from this and from the above theorem, we
prove that SYM(I') is complete on n! vertices.

Theorem. If ' is a discrete digraph (i.e. I'g={I,,veI,}) then SYM(I)
is discrete on n! vertices,

Proof. 1t is clear that Aut(T) is isomorphic to S,. Assume that there is a
link {(f,a,B) in SYM(I') since {f,a,p) is a link, then ¢ and B are distinct
vertices of SYM(I'), let I, be a loop in I'g, then o f(7)=a (o(I )=0(u) and
T f{£)=B (t{1,))=p (1), but since PFa, this implies that a{u)=p(x) for some
u €I, and since I" is discrete, then F is not bijective on I', and this contradicts
that there is a link in SYM({I') so it is very clear that all edges of SYM(I')
are loops, in other words SYM (I') is discrete.

Before we prove the next theorem we first recall the definition of the wreath
product Gz, of a group G by the cyclic group z, of order 2. It is the
semi-direct product or sometimes it is called the split extention of G % G by z,,
where z, acts on G X G by conjugation (G X G is the direct product of G by G).

Theorem. Let A, denote a digraph consisting of two copies of a 1-complete
digraph I" on n vertices. Then Aut(A,) is isomorphic to S, 2 z;.

Proof. Let T be represented by the following diagram then A, can be
represented by the diagram :
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Any automorphism ¢ of I is an automorphism of A,, where o fixes the
edges of I, similarly for the automorphisms of I',, and since Aut(I) is
isomorphic to S, then we have S, X S, automorphisms of A,. Now we define
an automorphism % of A, such that /*=7 the identity automorphism. Yirst
let a,,a,,...,a, and &,,b,,..., b, be vertices of " and I'; respectively, let e;; and
ey be the edges of I' and I’} respectively, where ¢;; is the edge of I which
connects a; to a;, i+ j, and e is the edge of I', which connects &;,5;, the
automorphism £ is defined as follows :

hey) =ej, h _(31{1) = ey, h(ly) = I,
and 7
h(Ib;):Iaf,i:1,2,...,n,j:1,2,...,n.

Let o e Aut(I) and § € Aut ('), then it can easily be shown that, ' o ke Aut(T')
and A1 h e Aut(I), also the rest of the automorphisms of A, are
{kh:keAnt@) xAut@)}. So Aut(Ad,) is isomorphic to the split extention
(S, xS)N\ Z, of §,x8, by Z, which is S, 1%,

Let I' be an n-complete circuit digraph (that is a digraph consisting of »
vertices with a loop at each vertex and one directed edge e;; between any two
vertices #;, and u; such that

T(ez'f) _ G(€;+1j+1) , = 1,2,..,mn ] = 1,2,.,n

then we have the following theorem :
Theorem. Let I' be an n-circuit digraph. Then SYM (T) is discrete (that is
all edges are loops) on # vertices,

Proof. Tirst the digraph I" can be represenied by the following diagram:
It is very clear that Aut(I') is ' g
isomorphic to the cyclic group
Z, of order n.

Assume that there is a link
(f.o,BeSYMI) and let ¢;
be the edge which- connects
and u; then we can find an edge x in I' such that 6o f(x)=u; and
T o f(X) = u;, but since I' is not complete then there is no edge from u; to u;
and this contradicts the assumption. Hence all the edges of SYM (I') are loops
of the form (v, 0, o), s Aut(I).

Proposition, If T is a discrete digraph, then SYM (D) is discrete and it is
isomorphic to Aut(T).




ON THE SYMMETRY DIGRAPH SYM (T) 7

Proof. Aut(T) is S,, and we follow the same technique of the above
theorem for the rest of the proof.

Now we come to the group graph concept which has been studied in detail
by Loday [*] and Ribenboim [*. A group graph is defined by Loday (using
here the notation of [?]} to be a group & with two endomorphisms s, f of G
such that st=1,¢fs5 = s.

For any digraph I we can construct a digraph SYM (). The monoid
multiplication on END (T} gives SYM(I') a group structure, and it can easily
be checked that the two structures on SYM (I'} are compatible, in the sense
that the source and target functions are group homomorphisms.

Theorem. ILet N be a normal subgroup of a group G, then there are two
group homomorphisms s, f of G such that (G ;s,f) is a2 group graph.

Proof. Let {N,g,N,g, N,.,g N} bethe cosets of N in G. Define
§=1¢: G—>G by

s(g;n))=g;, where g,eG and meN, so s(gnmgy,n)=s(g g, nn)=
=g,8p = s5(g;n) 5(g,n) where nj ,n,eN and g, €G.

We end this paper with the idea of the subgroup graph. Let (G ,s,¢) be a
group graph, then (H, s |g,?|g) is a subgroup graph of (G ; s, ¢), iff s(H) and
t(H) are subgroups of H where H is a subgroup of G and s|y, ¢|y are the
restrictions of s, t on H.

Example 5. Consider example 4, then we have the following two subgroup
graphs :

(ode.b) {else) (olp.p)
{={e,e) (e (°(‘F) y

(o{e)
4]
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Bu ¢ahsmada, bazi T' digraflar: igin SYM () min bazi 6zelikleri ince-
lenmekte, Aut (I ve SYM (I) ile ilgili baz teoremler verilmekte ve ayrica,
graf gruplarna iligkin bir teorem ispat edilmektedir.




