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A NOTE ON MORPHISM GRAPHS
M. L. MOHAMMED

The isomorphic relationship
Mor(X x ¥, Z) = Mor (X, MG (Y, Z))
between the set of morphisms from X x Y to Z and the set of morphisms
from X to the morphism graph MG (Y, Z), where X, ¥ and Z are graphs,
has been used in [']. Here we discuss this relationship for certain directed
graphs by using the posets with Hasse diagrams. Also some theorems
- related to morphism graphs have been proved.

DEFINITIONS

1. A directed graph (Piagraph) X consists of two disjoint sets X and X,
called the set of vertices and the set of edges respectively, and two functions,
5,t1 Xy— X, , called the source and target maps respectively. It is sometimes
convenient to distinguish between those edges where the source and target maps
coincide and those where they differ. A loop is an edge e such that se = fte,
and a link is an.edge e such that se # te.

For the purpose of this paper we use an alternative, algebraic definition of a
diagraph, namely, a set X with two functions s, : ¥ — X such that ts =5 and
st =t, it is easily shown that this definiton implies that s?=ws, 2 =¢, and
Image (s)=Image (¢}, thus we can take X=Image {(y)=Image (1), Az;=X—X,
{this definition has been used in [*]).

Example 1. _

x s(x)y | 1(x)
u u u
v v v V)
w w w i
z z z
a i i

b, e z z

d, e u ¥
f w v
£ v w
h u z

i
[
v




10 M. 1. MOHAMMED

2. The set of morphisms, Mor (X, ¥) between directed graphs X and Y is
the set of functions

b: X — ¥
which satisfy ¢ s(x) = s(¢ (x)) and ¢ (#(x)) = #(d (x)).

Note. A morphism may be illustrated by a “3-dimensional” sketch in which
the inverse images of vertices and edges lie directly above their images.

Example 2. X
e
>—w—<

3. The product X x Y of two diagraphs X and ¥ is def_inedr by’
XX Y={(p):xeX,yeY,s(x,») =(0),s(M), t(x, ) = ((x), 1) }-

Example 3. Let X =Y = 6_ Y 6 , then
(u,ul o (u,v)
(u.a)
XY= {au. Oy flav)
(v.u) v,a) {v.v)

4. Let ¢, e Mor (X, Y), then Cong ;(X, Y) (the connecting maps) is
the set of maps o X—Y satlsfymg

5 (x(x) = ¢ s(x)
te(x)=d3t(x) ), for all x in X,
Such an o is called a (¢, (I)) connector
Note. ¢ is a (¢, §) ~connector for all o) eMor (X, ¥), since s ¢ (x) —s(x)
and ¢ (x) = 2(x). _ o .
5. The morp]:nsm graph MG (X Y) 1s the set of triples
{(a, ¢, ) : $, Y & Mor (X Y) aeC0n¢,¢(X }.

Example 4. Let ¥ = y £ z

then, Mor (X, ¥) = {¢,, ¢;, d, . d)b} is represented by the following diagrams :
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B

olbeli0] o & o @

=

£~

oo
B o=oew
cg

= B o= =8
oo R = R

I~

x5 0,000 | b5 b1 (x) ¢a§(X) $ut () | Bps() " Gyt (x)

¥y u u v v u u ¥ v
c i u v Loy u
U u v % ¥ y u u

Vo d@ d@
¢, a a a
&, # a a
Yy o u u
Y, b b b
s b v v
Y, v b b
s, u u b
U a a v
Y, a u b
G b b u
by | v v a
bip |8 v a

.6 IfT is any graph, its Hasse diagram is the graph T'* =T', U E” where
E’.is the set of all pairs (x, y) with x,ye I, , x#y and Max {L@M IneP ),
sM)=x,t(m) =y} =1, where L(n),n and P(T) are defined as follows:
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L(n) is the length of a path n where a path of length # > 1 is an »-tupie
(y,, :---:yl)syferﬁ"

We denote by P(I') the set of irreducible paths of I', where an irreducible
path of I' is a path of length ¢ or 1, or any path n,n =(y,,...,»,), with
n z 2, such that the vertices s(y,), 5(3y),...,s(v,} are all distinct. For more
details of Hasse diagrams, see [2]. '

Theorem. Let X and Y be two diagraphs, if ¥ is l-complete (i.e. it has
exactly 1-directed edge from any vertex to any other) then MG (X, ¥) contains
a copy of Y.

Proof. Let v, 7¥,,.., % be the vertices of ¥, then {¢,},_, = Mor(X, ¥),
where each ¢, is defined by ¢, (x) = x for all edges x € X, define the constant

connectors {¢,, ye Y} where §, (x)=y for all xin X, and for all edges y in Y.
These connectors give the set of triples {({,, ¢, ¢,j)} where v, =s(y) and

v; = t(y). For each vertex v,e ¥, {,, = ¢,,, and this completes the proof. Now
we discuss MG (X, Y) in example 3. First, Mor (X, Y) = {¢,, ¢,} where

b fu v a b

b, ¥ ¥y ¥y ¥
b,z z z z

also we have the following table :

x| 05 1 tO) | bs(x) | $1(¥)

S
o
MM ON b
Mo NN

R N

So, MG (Y, X) is given by the following diagram :

D NI L)

TELY

There' is ﬁol (4., $,) -connector because we require such an « to satisfy
s(0(x)) =z and t(o(x)) =y for all xe ¥, and there is no edge from z to y
in X. o : ‘ S
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Proposition. MG (X, ¥) is not isomorphic to MG (Y, X). -

Proof. See the above example.

An illustration of Mor (X x Y), Z) = Mor (X, MG (Y, Z))

Take Yo O\ - O
u a Y
W z
Y= (O - )
b

and Z =

then X' X ¥ = Q(u,w) {UJLP)

(a,z)

) v,2)
and Mor (X, Z) = {b,, dg» br» Po» ba; b} Where ¢, maps a to x.
To construct MG (X, Z) we need the following table :

x ¢ () d)‘(a)r $ (1 édﬂrce,s targets
p | pr | P | p lpop oplpopop
q q q g 19 q9 qlg g ¢
¥ ¥ r S For Fl® F F
. c P c g |p p» q|\p 9 ¢
d q d 7 g q rlg r . ¥
e r e r p p rlp v r
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The diagram of MG (X, Z) is-presented below.

MG (X,Z)

%E IPPP] = v [rec

Note. Z can be considered as a directed -graph - associated to the poset
{Hasse diagram) : . F

Similarly, X is associated to Hasse diagram Vi , then MG (X, Z) is

associated to Hasse diagram:
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It is clear that the morphism diagraphs can be viewed as a morphism of
posets. '

Now we construct Mor (X, MG (¥, Z)). The morphism graphs MG (¥, Z)
and MG (X, Z) are isomorphic, for, replace u, @, v everywhere by w, b, z.

Here we need a diagraph morphism from X to MG(Y, Z), since MG (Y, Z)
has twenty edges, there are twenty such morphisms drawn on page g (List A).

The second paft of the isomorphic relationship is Mor(X. x ¥, Z) and
this must contain twenty morphisms, for Mor(X, MG(Y, £)) does.. Consider
one particular morphism . ’

e r

If we split the edges of X' x Y into sets {(,b), (i, w), (u,2}}, {(a, w),
(2,0), (¢,z)} and {(v,w), (v, B), (v, 2)}, then we have the following diagrams:

lvw)

{v,z)
fU,w}

T R e L T T
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From these diagrams we have
W —— p W —> ¢ W o—3 g

b ——> e [per] E b, . .b — 3 e} [eer], b ——> d} [qdr] = ¢,

Z — Z —>F E —
Thus 1 gives .the diagram Y {cer] ‘D‘% . and this

—

corresponds to a morphism in Mor (X, MG (Y, Z)) which is number 13 in
(List A). :

To illustrate the reverse process, choose a morphism from X to MG (Y, Z),
number 3 in (List A) say,

1PPP]E 4’p [pee] %E[pefl

[ w—3p We—=3p W—>p
so 4—| be—sp |, a—>| p—>e |, v—>] b—¢e

{

Ze——3p Z—>e Z——3r

This enables us to sketch the following projection diagram (where we shorten
(u, W} to uw, etc).

- e

On the following page we sketch a projection diagram for cach of the
morphisms of Mor (X, MG (Y, Z)), so we have twenty projection diagrams in
(List B).
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(List A)

. 4’&
a
Mor (X4MG(Y,2) S e %, ¢Qﬁ——.«¢f
—_— . o _

T lppp) : O




L e A T T T L S L e e e S e

(List B)
®

.
% ®
P N,
ST

Py
=
A

A




MG (X, MG(Y, Z))
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Pldis() | s | dis(2) P ety | dit(@ | $it(2)
Lt 4, ¢, bp > $s $p
21 b by 4, 2l b, e .
L3 bp b, i dp . b,
A e | A w6 |
50 ¢, bp o EIRZ o by
6| ¢ ¢, b, 6 ¢ ¢, ¢,
T ¢ b, . T ¢, d, b,
B . $, 81 &, De. .
91 ¢ $. bq 9] ¢ b, b,
101 4. b, ba 10 ¢ $a by
1l 4, ¢ o 1| 4. ¢ 9,
121 4, . ¢, 12y ¢, . .
13 ¢, b, bg 131 4, by ba
141 ¢, . o, 141 ¢, ¢, ¢,
15 b, ¢’-1 bq 15 $, d)q b,
16| ¢, by by 16| 9, b by
170 4, R b, 171 ¢, ¢, b,
181 ¢y $q Jd 18] &4 L by
191 ¢4 ba b, 191 ¢4 b, br
200 ¢, ¢, ¢, 20 ¢, b, b,







