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ON PRECROSSED MODULES AND GROUP GRAPHS
M.I M. AL ALI

In [*] J. Shrimpton has defined for a graph (I) the symmetry group
graph $YM (I'), which contains the traditional actomorphism group Aut (I)
as set of edges. In this paper we study the relation between precrossed
modules and group graphs, also we introduce the notion of sub-precrossed
module.

INTRODUCTION

Throughout this paper we will deal with reflexive directed graph, called
simply digraph. This consists of a set (I") and functions s,f:I —— I,
called respectively the source and target maps, such that st=¢, ts=s. It follows
that s2=ys,t*=1¢ and s, ¢ coincide on Im s=Im ¢ The elemenis of T are
called the edges of the digraph, and the elements of Im s are called vertices.
If x,y are vertices of I', it is common to write I" (x, y) for s~ (x) N £ (¥), and
to write u: x ——» y for ueI'(x, y). An edge element such that su=ru is called
a loop, other edges are called links. It is common to draw a diagram of a
digraph in the form

where the dot denotes a vertex.

A morphism f: (I', 5, £)— (", 5", ¢") of digraphs is a function f: I'—>I"
commuting with s, ¢, i.e §f=jfs, tf=ft. So we have a category Digr of
digraphs and their morphisms.

Note that this definition allows for a morphism of digraphs to map an edge
to a vertex. Tt is possible to set up another category Digr of irreflexive digraphs,
in which this possibility of mapping an edge to a vertex is not allowed. However,
the category Digr has some properties which are preferable to those of J Digr.
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There are a number of constructions in graph theory whose properties are
more easily comprehended from the view point of the category Digr. I'or
example, the category Digr has products, where the product I'xA of digraphs
Tg,s5,8),Ag,5,2) has (TXA)y =TpxA; and source and target maps
sxs %t

This implies that if @, b are edges of ', A respectively, then in I XA we
have a diagram :

{a,sb)§

Of course the universal property of I'xA is that there are two morphisms
p :ITxA—T ,p,: TxA—A, and a morphism f: X-——» I XA is entirely
determined by its two components p, f: X~ T, p, f: X— A, More generally,
one can say that Digr admits all limits and-all colimits (i.e. is complete and
cocomplete), but this more general statement will not be used here.

If ', A are graphs, then Digr(I',A) is the set of digraph morphisms
F —— A, This set is equivalent to the set of vertices of a digraph DIGR (T, A),
which we now describe. ‘ _

The edges of DIGR (I', A) are triples (£, ,v) such that B,y are morphisms
F—->A and f:T — A is a function such that o f=p o, ©f=77 so for each
ael we obtain a diagram

fra
DEFINITIONS AND PRELIMINARIES

1. A cat’-group is defined by Loday (using here the notion of [*]) to be
a group G with two endomorphisms s, # of G such that st=f,fs=s and
[Ker(s),Ker(t)] = 1 the group of commutators of Ker(s) and Ker(¢). If the
condition [Ker(s) , Ker ()] =1 is dropped, we get what is known as
pre-cat'-group, or group graph. : ‘
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Given any group-graph (G, s, t), there is therefore a canonical method of
constructing a catl-group from it: we can form G = G/[Ker(s), Ker()] with

the induced endomorphisms 5,1:6G—> G.

2. A precrossed module is consisting of two groups M, P where P acts
on M and a homomorphism yt: M — P.such that u(m")=p~ (um)p, peP
and me M,

Theorem 1. Any precrossed module is associated with a group graph.

, . LI
Proof, Consider the following mapping Po M P— PoM where
- t’

P o M is the semidirect product of P by M and (p,m) (p", m)=(pp", m® m")
where p, p’e P and m,m’ e M. The mappings s, ¢t and © are defined as
follows :

s'(p,m)=p, '(p,m)=pQ{m) and 0(p) = (p, D).
It is clear that 5" is a homomorphism.

! (pp” s m™ m) =pp wm” m)y=pp' pT wm) p um’) =" (p.mt’ (p",m),
so, ¢t is a homomorphism and hence (G,s,?) is a group graph where
s,t: Po M- Po M arec homomorphisms defined by s =065" and ¢t =8¢,
It is very clear that st = ¢ and s == 5,

Theorem 2. Every group graph is associated with precrossed module.

Proof. Let (G,s,t) be a group graph, then +*:Kers —— Im~s, where
t* is the restricion of ¢z on Kers, and Ims acts on Kers by conjugation,
gives a precrossed module structure; for, let b € 1lms and a e Kers, this implies
that b=s (b*) for some b* € G, so t* (@)=t* e (@ P N=r*s (b)) t{a) s (b*)=
= t*s(B*Y t(a) s =s*GNT t(a) s®B*)=0b" t(a) b. It is clear that
Im so Ker = G.

The symmetry digraph SYM (T') of I" consists of the invertible elements of
DIGR (T", ). In other words the triples (', p,y) consist of permutations of
I' such that B and y are morphisms and of=p o, T/ =yt (Note that we use
the term “permutation” for any one to one correspondence of a set to itself,
whether the set is finite or infinite. Thus the automorphism group Aut(I') forms
the set of vertices of T’ (Note that an automorphisin is an invertible morphism).

The monoid multiplication on DIGR (I", I') is given by pointwise compo-

sition of functions : (/,B,Y) (" ,B ,¥y)Y=(F ,BB ,vvy"), and this multipli-
cation gives SYM (I') a group structure. It can easily be checked that the two
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structures on SYM({I') are compalible, in the sense that source and target
functions are group homomeorphisms.

Theorem 3. Let &, be a l-complete graph on n vertices (i.e. there is only
one directed edge from x to y and one directed edge from y to x for any
vertices x, y in k,) then SYM (k,)=S, o S, where S, is the symmetric group
of degree n.

Proof. It is clear that Aut(k,) = S,. The edges of the group SYM(k,)
are (f,B,v), where B,y :k,— k, are automorphisms. Let u:x-——y be
an edge in k, then fit : BPx —» vy, so fu is determined by B, v, x and y, this
means that f is determined by B, v, so SYM(k,) is 1-complete,

We have o,T:SYM(k,)— SYM(k) and o(f,B,v)=@,B,B) and
(B, =,v,V), also Ker o consists of (f,B,y) such that p = 1.

Hence Ker o = §

"

so the associated precrossed meodule is isomorphic to

™ . . : .
S, —— S, where t* is the restriction of T on Ker o. So,

T
SYM (k) =§,08,—5,aS,
T
Now we will discuss the corresponding notion associated to subgroup graphs.

Let (G ,5,1) be a group graph and H be any subgroup of G, such that
S(H)Y<H,t{(H)cH, then (H,s*, %) is a group-graph, called subgroup-graph
of (G,s,1),

TLemma, Let Q be a subgrbup of P, N be a subgroup of M which is Q
equivalent (i.e. if neN,gs Q, then n’e N), then N— Q is a precrossed
module if M -—s P is a precrossed module, and Q ¢ & is a subgroup-graph of
Po M.

Proof. The proof is obvious and similar to that of theorem 1. Note that
the action of @ on N is the restriction of action of P on M,

Let A, be a discrete graph on n vertices and %, be a 1-complete graph
on g vertices then we have the following theorem :

: 1 1
Theorem 4. Let {1} —» S, and §,—— S, be two precrossed modules,
then the associated group graphs are SYM(A,) and SYM (k,) respectively (S,
acts on itself by conjugation, and the same for the action of S, on {1}).

Proof. It is clear that the associated group graphs are isomorphic to
S,o{l}5S,a{l}, where s(p, D=(p, 1), t(p, 1) =(p(m), 1) and
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£

S,0 .8, 8,0 S, respectively where s(p, m)=(p, 1) and t(p, m)=(p(m), 1),
t

p,meS, but S a{l}=ImocaKer ¢, where ¢ is the source map :

SYM(A,) — SYM(A,) (note that Aut(A,)=S,), also S, e S,=Im caKero
where o is the source map :

SYM (k,) —s SYM (k,).
So, k,a S,=Imo aeKerc=8SYM(k,), and S, a {1} =Im 5 o Ker =SYM(A,).

Theorem 5. If I' is an » circuit digraph, i.e.

then SYM(I') = C, e {1}, C, is the cyclic group of order .

Proef. Ti is clear that Aut(I)=C, . Let o,7:SYM(I) — SYM(I) be
the source and target maps of SYM (I, then Im c=C, and Ker o={1}. So,

*
{1} RN C, is the associated precrossed module. Hence SYM (IN) = C, a {1}.
Now we end this paper lwith the following open problems :

Problem 1. What is the action of a group graph on a group graph?

Problem 2. What is the precrossed module associated with
SYM (k,uk,u...uk,), where "=k wk,u..uUk,is a graph consisting
of n-copies of k,?

Problem 3. What is the semidirect product of SYM(I') by a group?

Problem 4. Suppose I' is a graph such that SYM (I) is discrete graph. Is
the precrossed module associated to SYM (I' v I') discrete? Is it
(1} - Aut(D) @ z,

where Aut(I') @ z, is the direct product of Aut(I') with the cyclic group of
order 27
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[(] de J. Shrisnpton, bir T' graft icin gelencksel Aut(I") otomorfiler
grubunu kenarlar ciimlesi olarak igeren SYM (X)) simetri grubu grafom
tammlanugtir. Bu ¢aligmada “precrossed” modiiller ile grup graflart arasin-
daki iliski incelenmekte ve ayrica, ‘“‘sub-precrossed” modiil kavram: ithal
edilmektedir,




