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SUBCLASSES OF U N I V A L E N T M E R O M O R P H I C FUNCTIONS 

A . D E R N E K 

Let Mn be the classes o f regular functions /(z)==2— : 'H-t7 0 + a 1 z+... 

, 5 1 / " + V ( 2 ) 
defined i n the annulus 0 < \ z° < 1 and satisfying Re — — — — > o 

( « = 0 , 1,2, . . . ) , where If(zi=f{zy{z-'~z ( l - z ) - s ) , Inf(z)=l ( Z " - ] / ( z ) ) 
and * is the Hadamard convolution. We denote by i i „ (* , /?) the set o f all 
functions f(z) = z~~1 + o 0 + z -\- ... such that 

I t is proved that M „ + , C M „ and Rn (x , C M"„ . I n particular we obtain 
the radius o f M „ + i for the class Mn. Further we consider the integrals 
o f functions i n Mn . 

1. INTRODUCTION 

Let 2 denote the family of functions of the form f(z) = — + « 0 + a i z + ••• 
z 

regular in the annulus 0 < [ z | < 1. The Hadamard product or the convolution 
o f two functions/, g e £ wil l be denoted by f *g . The convolution has algebraic 
properties of ordinary multiplication. 

Let n e NQ = {0, 1, 2, 3 , . . .} . We define a linear operator / " on 2 by 

Ilf(z) = If(z)=-zf'(z) 

I " f(z) = f(z) ) = - z ( /«-* / ( z ) ) ' . 
1 z 

This operator is an iterated convolution [ 5 ] . I f h (z) = , then 
z (1 — z) 2 

to 

Inf{z)={(h * A * ... * A) * / ) (z) = J - + ( - 1)" 2 r fl* z * 

Now we introduce the following classes : Let E denote the unit disc, 
{ z : \ z | < 1 } . . We define the classes Mn of funtions f G 2 ' and satisfying the 
condition 
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Re ^ > 0 (zGE,neNa). 
I"f(z) ° 

For every neNa , Mn contains many interesting classes of univalent functions r 
MQ and Mx are known classes of univalent functions that are meromorphicaliy 
starlike and convex respectively. Let 

, „ ( z ) = ( a + P ) { ^ - a i ^ ( U ) 

where neNQ and a, P are non-negative real numbers. We say that fe Rn (a, P), 
i f fe S and 

Re r„ (z) > 0 (zeE, a > 0 , ¡3 > 0 , n eN0). 

I t is clear that Rn (0, p) - M„ , Rn ( - 1 , 1) = M n + 1 . 

In Section 2 we shall show that 

Mn+iCMn (neN0). (1.2) 

Methods used are similar to those in [ 4 ] . Since AT0 equals E * (the class o f 
meromorphicaliy starlike functions) the univalence of members in Mn is a 
consequence of (1.2). In particular we obtain the radius of Mn+l for the class Mn. 

Note that when n = 0, this number 2 — \J 3 is called the radius of convexity 
for the class of meromorphicaliy starlike functions. Next we shall show that 
Rn (a, p) C Mn. For n = 0 i t follows that i f 0 ( a , p ) C 2 * . This result is a gene­
ralization of the result obtained by Bajpai-Mehrok in [ l ] , I n Section 3 we study 
special elements of Mn which have certain integral representations. Our results 
are thus generalizations of the results obtained by Goel-Sohi in [ 2 ] . 

2. T H E CLASSES M„ A N D Rn (a , P) 

Theorem 1. Mn+1 C Mn for all neN0 . 

Proof. Let f€Mn+1. We define w(z) in £ by 

I»+if(z) l-w(z) 

i*m U-w(z)' 
Here w(z) is a regular function in E with w(0) = 0 and w(z) ^ — 1 for zeE. 
Differentiating (2.1) logarithmically we obtain 

In+2m = \~w{z) 2zw'(z) 
I»+lf(z) l + v v ( z ) (1 - w ( z ) ) (1 +w(z)) ' 

Equation (2.1) should yield | w(z) \ < 1 for all ze E, otherwise by a lemma o f 
Jack [31 there exists z0eE such that z0 w'(zQ)=m w (zQ), m >: 1, j w ( z 0 ) | = 1. 
Applying this result to (2.2) we get 
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Re 1 , 1 + 2 f ^ = 0 . 
I"+1f(Zo) 

This is a contradiction to the assumption that feM„+1. Hence feMn when 
n eN0. 

Remark. Since M0 equals £ * (the class of starlike functions), i t follows 
from the above theorem that all functions in Mn are univalent. 

Jn+2 f i z \  

Theorem 2. Let fe M„ . Then Re > 0 holds f o r l z l <2~\J 3. 

Proof. Let p (z) be the regular function defined in E by 

Here ^ (0) = 1 and Re p(z) > 0 in E. Logarithmic differentiation of (2.3) yields 

!^m= P(z)-i£M. (2.4) 
I"+1f(z) p{z) 

zp'(z) Using the well-known estimates 

we see from (2.4) that 

2 l z | a n d R ^ C * ) * 1 " 1 * ' 

Now the right hand side o f (2.5) is positive provided \ z \ < 2 ~ \f 3 . 

3. R„ (a, p) c Mn for all 72 eN, a > 0 and p > 0. 

(2.6) 

Proof. Suppose fe Rn(a , ß) and 

/ W + 1 / Y z ) l - w ( z ) 
/ " / ( * ) l - | - w ( z ) 

Then w(z) is regular in £ with w(0)= 0, w(z)^— h To complete the proof we 

need to show that Re - W ^ > 0, z e 2?. Talcing the logarithmic derivative 
l + w ( z ) 

of both sides of (2.6) we get 

I"+2f(z) l - w ( z ) , 2zw ' ( z ) 

I»+lf(z) 1 + w (z) (1 - w (z) ) (1 + w (z) ) 

Substituting from (2.6) and (2.7) in (1.1) we obtain 

(2.7) 
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rH ( Z ) = p LZ^> - a . (2.8) 

l + w ( z ) - ( l - w ( z ) ) ( l + w ( z ) ) 

The conclusion of the theorem from (2.8) follows as in Theorem 1. 

3. SPECIAL ELEMENTS O F M„ 

Theorem 4... Let neNQ and c > 0. I f feM„, then 

f ( z ) = — / " i c / ( 0 r f i (3.1) 

also belongs to Mn for F(z) ^ 0 in 0 < | z | < 1. 

Proof. Since 

z r ( z ) = c / ( z ) - ( C + l)F(z) 

i t can be easily verified that 

^ ( z ) = ( c + j ) / « F(z) - cl"f(z). (3.2) 

Let w(z) be the regular function in E defined by 

( z e E ) . ( 3 . 3 ) 

I"F(z) \+w(z) 

Obviously w(0) = 0, w(z) ^ — 1 for Z G £ , Logarithmic derivative (3.3) and 
using (3.2) we obtain 

/ " + 1 / 0 0 = l-w(z) Izw'jz) . . 

Inm 1 + w00 (1 + w(2)) (c + (c + 2) iv(z)) 
We claim that | w (z) | < 1 in E , otherwise by a lemma of Jack [ 3] there exists 
z 0 e E such that z 0 w' (z 0) = m w (z 0), s i g l , | w (z 0) | — 1 . Thus at z — z 0 , 
from (3.4) we see that 

Tn + l f(z \ 
Re — ^ L < 0 . 

/"/(*„> 
This completes the proof of the theorem by contradiction. 

We shall use the following lemma due to Goel-Sohi ( [ 2 ] , Theorem 4): 

Lemma. I f w(z) is regular in E and satisfies the conditions w(0) = 0, 
| w(z) j < 1 for ZGE, then 

R e j i - ^ - 2 ™ ^ > ! > 0 
( l + w ( z ) ( l . + w(z))(c + (c + 2 ) w ( z ) ) i 
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for | z [ < y —̂ t~2 ' ^ C X Q m ^ *s s-^arP* 

•Theorem 5. Let FeMn,c>0, and f(z) = — ( z ^ 1 F ( z ) ) ' , ' then JeMn 

czc ' 

for 0 < | z j < V/ — • The result is sharp. 

.. Proof J Since, FeMn, .there exists : a function jv(z) regular in i? with 
w (0) = 0 , 1 iv (z) | < 1 such that 

F(z) _ 1 — w (z) . . 

/ " f ( z ) ~ 1 +w(z) ' 

We find (3.4) from the Theorem 4. I t follows that from lemma 

111+1 f(z\ Re i 1^1 > o 
r-fiz) 

for 0 < - | z | < \j. 
c + 2 ' 

1 7 ~ 1 

Let F(z) = — + 2 + z andz 0 = y • Then I n F(z) = — + ( -1 ) " . 2 
and 

R e = Re > 0 f 8 = ( - i y ; ^ ^ 2 

/ n _F(z) l + s 6 z 2 \ c 

Thus, FeM„. From (3.5) we obtain f(z) = — - f 2 -̂ ±-1 + z , 
z e e 

I"f(z) = i + s/3z ( e = ( - l ) \ and 

R e ^ ^ R e > 0 ( 2 e £ ) . 

r / ( 2 ) i + 8 / 3 z 2 

Thus, / e M„ . Here / ' (z 0) = 0 and Re = 0. Also, the result is 

sharp for the function F(z) = — + 2 + z . 
z 
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r Ö Z E T 

B u makalede üs te lenmiş Hadamard ça rp ımı yard ımıy la t a n ı m l a n a n 
sınıfların yalmkati ıği göster i lmektedir . Ayrıca fonksiyonlar ın integral d ö n ü ­
şümler i incelenmektedir. 


