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ON THE CONJUGACY CLASSES OF p*: GL, (p) — “p ODD PRIME"
MIM. AL ALIL

The object of this paper is to develop a genera] method for construc-
.ting the conjugacy classes of p°: ‘GL,(p), where p® is an elementary -
abelian p-group .of order p*. :

INTRODUCTION

A particular procedure. has been followed in ['] to construct the conjugacy
classes of the split extension p* : GL,(p). The object of this. paper is to develop
a general method for constructing the conjugacy classes of p?: GL, (p), where
p* is an elementary abelian p-group of ‘order p?." This procedure can be used
to comstruct the conjugacy classes of the split extension p": k where k is any
finite group. A brief description of the character table of p*: GL,(p) is also
given, the character table of p?: GL, (p) plays a big role in the construction
of the character table of the maximal subgroup p'*2: GL,(p) of the projective
symplectic group PSP,(p) p-prime [*], where p't? is the extra special group
of order p?, this is because (p'*?: GL,(p))/Z (p'"?) = p*: GL,(p) where
Z(p“z) is the center of p'*? in p'*2 : GL,(p), the extra‘spemal group
P = < g, bia”“b”—(ab)”_[a b =1 =, where [g, 5] =a* & 1.:z'b

1. THE CONJUGACY CLASSES OF GL, (p)

The conjugacy classes of GL, (p) have been taken from Steinberg paper [7],
and they are presented below. Let p and & be a primitive element of GF(p)*
and GF(p?* respectively such that p=6""!, where GF (p)* = GF (p)™\ {0}.
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2. THE CONJUGACY CLASSES OF p*: GL, (p)

Denote p*: GL,(p) by H:K, to find the conjugacy classes of the split
extension H : K, we need to find the conjugacy classes of a general element (#,k).
Two elements (4, , k,) and (4,, k,) cannot be conjugate if (1, k,) is not conjugate
to (1,%,). We can assume that k =k, Then in order to see whether (%, ,%,) and
(h,,k,) are conjugate, we need only conjugate by elements (x,y) such that :

(x,7) (hl >k1) (x :y)ml = (hzﬂ: k[)-
This means that (&, k,) is conjugate to (h,, k,) if (x,)) (k. k,) (x, )7 =(h,, k),
for some (x, ), and also this means that (#,, k;) is conjugate to (h,,%)) if and
only if (h,, k) lies in the orbit of (#,,%,) under the set of all elements (x,y)
such that (x,») (h,k) (x, )™ = (#", k), where h, i’ € H(i. e. stabilizer of the
coset {(#,k;)|he H}). Clearly {(#,1)} lies in the stabilizer of {(%,%,)}. Since
(R, D k)W D=0, )@ K k)= (hh K k),

where #A"F ! might not be & (if H is not abelian), H is contained in stabilizer of
{(h, k)| heH}. :

Also (A, x) (B, k) (b, x)'=(*, x k, xH)=(*k,) if and only if (1, x) € Cx(k,),
and so the stabilizer of the coset {(h,k)} is H: Cg(k,), where Cy(k,) is the
centralizer of k, in K.

The elementary abelian p-group H can be considered as a 2-dimensional
vector space v,( p) over GF(p). Let ke K bea representative of the conjugacy

class k. The -classes of H : X which lie below &k are of the form Ak for some
ks € H, The action of K on H, ‘

x
h—h=k1hk
can be identified with
' k
uT uk
where u is the 2-tuple which corresponds to s with respect to the basis 4 =
{(1,0), (0, 1)} of ¥,(p), and the element zk can be represented by 3 X3 matrix

-
0,
0 k

Because if k,, k, 6 K = GL,(p) and u, , u, are the two 2-tuples which correspond
to h,, h, € H, respectively, we have

1 I L] 1 1 Uy 1 | u Ky, + 4,
0 0 = 0
I HOAEHEY
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which corresponds to (4, k) (h,, k,) = (h‘;‘? + hy, K k).

Now we give a general description for the construction of the conjugacy
classes of H: K.

Choose an element (h* k)cH: K, this element can be identified with
1 ut

o
o | *

basis 4, then we have

, where u* is the 2-tuple corresponding to #* with respect to the

(Ll W L@ Lz | [k tat —
U 0 ol |=10 =
P I ;

This multiplication can be abbreviated to
(@, ) @S0 (—u, =@ k+u* —u k).

We first determine the length of the block of imprimitivity containing (u*, k)
by considering expressions of the form

' Foos
(Cruy, + u;"—u“—i—tuzl,Sun-i—u:—un—l—vum) , k) where w,=(u,,,u, e = (t )
- v

and u* = (u;", u;‘). Suppose that r =1 and ¢=0, this means that we get

((0,*), (l ) ) which is the same orbit. Now if «* = (uf,u4}) # 0 and
pa —_ —_

1

if we conjugate ((u;", uy P* A+ uf —uy), ( a) ) by (l ) we get an orbit of

p m
form ((l"‘_uf, ), (1 )) of length p(p — 1), this means that we have two
p* -

conjugacy classes of I7: K lie below (1 a) ; their representatives are

p

(O , (1 )) and- (u*, (I )) , w¥ =0 and the order of these classes are p,
p° T T \

p(p — 1) respectively. The other conjugacy classes of K were treated in a
similar manner, The complete results are given in the following table :
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SSED

GL,(p)is p* -+ p— 1., The

The total number of the conjugacy classes of p*:

character table of p?>: GL,(p) can be constructed as follows: We extend the

Wwhole -character - table of \GL,(p) to p*:

GL,(p). The character table of

GL, (p) has been taken from [*] and presented below. Next we induce the
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l-representations of GL,(p) to p*: GL,(p). The extension gives p* — |
irreducible characters of p?: GL,(p) and the induction gives p — | irreducible
characters. The tensor product of one of these p—1 irreducible characters with
an irreducible character of p* : GL, (p) of degree p — 1 completes the character
table of p?: GL,(p).

Note : The extension, induction and tensor product of characters can be
easily handled using Clifford Programme [%],

CHARACTERS OF GL, (p)

In this table, X for example, will denote a character of degree p. The

superscript being used to distinguish between two characters of the same degree,

x A y AR A1,

-
5 -
E n=1,2,...,p—1|n=1,2,... ,p—1| mn=12,...,p—~1t n=1,2, .., p*—1
73 m=n ; (mu)=(m)| nmult (p-+1)

e l=1 e =1 g7 1=1 gp’—l=]
Al EZna P EZna ([)+1) E(m+n)a (P_I) gna (P'I"I)
A2 EZna 0 E(m +ma 7Ena(p+1) _
A3 grla+b) ga+b} gma+nb -+ ghatmb 0 :
BI gha . E’f” 0 —_ (E"" + Enp)
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OZET

Bu galigmada, p° mertebesi p* olan bir elemanter abelyen p-grubu
gistermek (zere, p* : GL, ( p) nin eslenik eleman siniflarini insa etmek igin
genel bir yontem verilmektedir.




