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!
ACZEL has shown that if S is a sub-semigroup of the group G, such that
x€G =xE8 or x* €8 (where 2’ is the inverse of x)

then every homomorphism f of § into a group H can be extended in a unique
way to a homomorphism g of & into H such that f and g coincide over § and

¢4 glay) = gl=daly)
for all x, y €6.

The ohject of this paper is to evolve snitable techniques to extend an homo-

morphism f from a subgroup S of the group G into a group H to a group

bomomorphism g of G into H, such that f and g coincide on § and the
functional equation (f}, or some analogue of this equation, bold.

1. Introduction. While studying some extensions of eertain homomor-
phisms of subsemigroups to homomorphisms of groups, J. ACZEL et al. [7]

proved the following theorem :

Theorem 1. Let S be a subsemigroup of a group G such that for each element
x of G, different from the identity element of G, either x € 8, or x' & S (or both)
where ' denotes the inverse of x. Then, every homomorphism f of S into a group

H can be extended in o unique way to ¢ homomorphism g of G into H such that

g(x) = f(=), YxeS
and

gxy) = 2(%) g(y), veC, yek.
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It is clear that if S is a subgroup of the group G, then xS« 2" 8. Hence
the condition that for each element x of 7, different from the identity element
of G, either x&S or x' €S (or both) no longer holds. Accordingly, the methods
developed in [?] do not serve our purpose, if we want to extend the homomor-
phism f of the subgroup S into H to a group homomorphism g of G into JI such
that g(x) == f(x) for all xe S and g(xy) = g(x) g(y) for all x, ycG. '

The object of this paper is to study the problem of extending homomor-
phisms of subgroups to homomorphisms of groups. Not every subgroup homo-
morphism can be extended to a group homomorphism. However, in certain
cases, it is possible to extend a group homomorphism.to a group homomor-
phism. To demonstrate this, the authors have restricted to THIELMAN’s

functional equations.

2. The Sets 4,, I', and 4, . Let R = (— o0, )} and E < R. Following
CHEVALLEY [®], a subset E of R is said to be stable with respect to the
binary law: of composition 7" if xeE, yeE = x1yeE. let us define the
disjoint subsets 4, and I', of R as follows ;

s 1

An=§xeR: x>~wg’ n>0,

n .
F=3xeR: x<-——}> n >0,

n (
If t* denotes the ordinary arithmetic addition, then 4, is not stable. For

: : 7 4 3 '

example, if n = 1, xzﬁ—g——' ¥ =g then x 4+ ¥ :——Eﬁ<~1and

thus x —{—.y ¢ 4,, However, if we consider the family of binary operations
7, n > 0, defined by

(A) . xty —x + 5y + nxy,

where, on the right hand side of (A), we have ordinary arithmetic addition

and multiplication, then (4,, 7"} is a commutative group with real number
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0 as the identity element. But I is not stable with respect to the binary ope-

1 1 1
ration 7" because x <. -— — y < — —— implies that xt™y >—— " n > 0.
n n n

* « { 1 .
Let 4, = 4,0 Iy, n>>0. Obviously, 4, = R—} — —{ and (4}, ")
{ n
is a commutative group of which (4, , ") is a proper subgroup. Clearly, I', also
denotes the set of those points which belong to the group (4., ") but not to

the subgroup (4,,, 7°). The following can be easily derived by making use of (A).

(a) Denoting by «’, the inverse of x€(4,,,7"), it can be easily seen that

¥ = — - and farther xel, < x’-el‘u.
1+nx

(b) xe(d,, 77, ye(d,, %) = xt"ye(4,, ™) and x"y' (4, , ).
(¢) xel,, ye(d,, ") =>xt"yel, and x1"y'cl,.
(d) xe(4d,, 7", yel', = xt"yel, and xt"y'cl,.

(e) xel',, yel', = xt"ye(d,, ") and xt"y'e(4,, 7°).

: | )
) xed, « (—x——)efn.
n
TP 2 o, .
|—(xry)——ﬁ—:x1: —y——p if xe(A",t),ygfn,
@ 3 | |
I 2\ -
I =\ if xel,, ye(d,, 7).
2- 2 ) * Y
R e A ey xe(d,, ), y& (4, 7).

From the above observations, it is dlear that for all x e(d,, ™), ye(4,, ),

the elements x7"y and x7"y’ belong simultaneously either to (4 ,7") or to
the set I, . ' '
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3. Generalized CAUCHY Functional Equation. THIELMAN [¥] discussed

the functional equations.

@ Julx +y -+ nxy) = g,(x) -+ ho(y), xed,, yed,
and
(2) : ' fn(x +y+ nxy) =gn(x) hu(y)! ' xEAn’ yed,,

where f,, g, and h, are real-valued continuous functions with domain 4,. We

shall consider the following more general functional equation

(3) Falx7y) = ga(%) ho(y),

in which the functions f,, g, and h, are defined on the subgroup (4,, ") and
they take their values in an arbitrary group & which contains no zero element,

that is, there does not exist any element be& such that

bx = xb = b, for all xed.

It should be noted that on the right hand side of (3), g,(x) b, () is to be com-
puted in accordance with the group operation in &, '

Since every group is a semigroup, following the method of J. ACZEL [21,

the theorem given below can be easily proved :

Theorem 2. The most general solutions of (3) among the functions f,. g, h,
mapping the commutative subgroup (4, ©*) inte an arbitrary group &, containing

no zero element, are given by

) fulx) = 8u(0) b (x) ha(0), 8a(%) = £,(0) Bi(x), Ro(x) = k(%) h,(0), x€(4,,7"),
where k, is a homomorphism of (4,, 7") into & i,e ;

(3) Fp(x77y) = hy(x) ho(y), x, y €(4,,7")-

It may be noted that in the above theorem, it is not assumed that & is an
abelian group. Also, in (3), f,, g, and h,, are just functions (not necessarily ho-
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momorphisms) and in (4), g,(0) and h {0) may be assigned arbitrary values
in &,

4. Extension Theorems Concerning (3). In § 3, we have shown that the
functional equation (3) admits of solutions of the form (4). Now, our object
is to extend these solutions. OQur method will be to obtain an extension
K,: (4,,7) > & of the subgroup homomorphism &, : (4,,, 1%) » & satisfying
(5) and such that '

(6) K (x1"y) = K, (x) K. (), for all &, ye(4), <"
and
) Ko (x) = B,(a), for all xe(4,, ™)

and then define the extensions F,, G, and I of f,, g. and h_ respectively
such that ' -

(8 F (xi"y) = G,(x) H(y), for all x, y&(4,, ")
and | ‘
9 F(x) = f.(x), G(x) = g,(x), H(x) = h.(), Vxe(d,, f”)-

Theorem 3. Let kb, be a subgrou‘i) homomorphism of (4,,, 7°) into the group
&. Then, to each Ae& with AL = e, the identity element of &, there exists a group
homomorphism K, , of (4., ™) inte & such that K, , is an extension of k.

Proof, Define KW1 as follows ;

k,(x) - i xe(4,, ),
(10) Koalx) =

2
Ak, (-——x— )’ ifxel’,,
n 1

where A€ & commutes with each element of the range of %, and further
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{11} AA = e, the identity element of &.
Since A commutes with each element of the range of k_, therefore,

(12) Al (%) = k. (x) A, for all xe(4,, 7).

, 2 2

Also, we know that xel, = (—x—-——) € 4, so that k, (—x— —) he-
n n

long to the range of ki, and consequently '

. 2
(13) Ak, (-——x— ?) =k, (—x— —) A, for all xeT,.
n n
We discuss the following four cases :
 Case (i). | xe(d,, ), ye(d,, ).

In this case, xt"ye(A4,, 'c"') and thus xt"ye(4,, 7). Hence K, , satisfies (6)
obviously.

Case (ii). xe(d,, ), yerl, .

In this case, because of (d), xt"yeI',. Hence, we have

oo o [t 2] O [ (== 2)]

) o) b, (—y% 2) W (—y; LM ) Ko )

Case (iii). xel,, ye(d,, 7).
The proof is similar to that of the case (ii).

Case (iv). : xel,, yel,.

In this case; by (e), xt™ve(4,, 7"). Hence, we have
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K, (xt"y) (2) k,;(xfny)gi—) k’n[ (_x_ _i—) v (_—y; i) }

O foe2nf o2

Do Donl ) Do D))

n ft

(2) I{m l(x) _'Kn,zl(y )'

Thus, we have proved that K, , satisfies (6}. The fact that (7) holds is obvious
from (10). This completes the proof of the theorem.

From (10), it is clear that if & contains at least one element 1, different
from e, such that 1 satisfies (11} and (12}, then the extension K, of k, is not

unigque.

Theorem 4. Every group homomorphism K, : (4., 7"} — &, whick is an
extension of the subgrowup homomorphism k,:(4,, 1"} - &, is of the form (10)
with A satisfying (11) and (12).. - '

Proof. Since K is an extension of &, therefore, we have (7). Now we de-
termine the form of K (x) for xeI',. Letxbe any element of I, . Then, for all

zel,, we have

« BN I
w(®) = K (x1"21"2") = K (x1"2)} K (#'} = kb (x7"2) K (z')

O 4] (nm 2 (o 2) i@ o 2]
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But
RS SN
+ (1:nz)+ (_z_ 'i‘)(ljrn )=—-§
Hen
STRNAR R e—e
Similarly
K, (%) = K, (z't"5"x) (i) K, (z) K, (21"x) (2 K, (z') kn(zt"x)
M & @) k"[(._z__ %) Tu(_x_ _i_)] ® k@ k,,(_z-— %)
Y
Y N TR
= 2k (u—x-— —:—)
Thus


file:///l-/-nz
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(-2 (-2l 272

—2
Actual computation gives (——) T (———-) = 0, the identity element of
n n

But

L]

(4,,1%). Since K, is a group homomorphism, therefore, we must have
K, (0) = e, the identity element of &. Thus 1 = e, which is (11). Since there
may exist more than one 2 satisfying (11), writing K, as K, ,, the required

conclusion follows,
Remark. Let us define mappings ¢,: 4, = R — {0} as
$u(x) = nx 1, xe .
Then, it can be easily verified that

$u(xt™y) = 6,(%) $,(y),  forallx and y in 4.

Also, ¢,(x) >> 0 if and only if xe4,. Since ¢, also is a bijection, therefore,
from the above observations, it follows that ¢, induces an isomorphism bet-
ween (4, , v°) and the group (V,, +) where y,= (0, ). Then, (5) can be written

in the form .
ko(d7 7 (o)) = ko(d (W) Bu(d (@), w >0, v >0

If we write

o) = (7 (w)), u >0,

then

(B) Ya(ur) == ¥, () ¥,(v), u>0,v>0.

The main advantage in dealing with (B) is that the argument of ¢, on the
L.H.S. of (B) is also independant of n as compared with that of %, in (5).
If K, is an extension of k,, then by the above reasoning, the mapping
¥,.: R— {0} — & defined by
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Wo(m) = K (¢, (w)), u+ 0,

is a homomorphism of R—{0} into & and it extends ¥, . If we can find the ex-
tension ¥, then with the aid of ,, we can also find the corresponding form of
K, . However, the method explained in the proof of theorem 4 readily gives us
the forms of extensions if they exist and theorem 3 ensures that.they are in-
deed the extensions of k.

Now we give an extension theorem concerning the functional equation (3).
Theorem 5. Ifithe functions f,,, g, h, defined on the subgrouj) (4,, ™) sa-
tisfy the functional equation (3) with their values lying in a group & containing

no zero element, then the functions F,, G, , H, defined on the group (4),, ), with
their values in &, by

(14)  F(x) = g,(0) K (%) h(0), Go(x) = £,(0) K(x), H{x) = K, () k,(0),

where K is an extension of the subgroup homomorphism k,,: (4,,, ™) = & salis-

ifying (5), are the extensions of f,,, 8., k, respectively in the sense that they satisfy
(8) and (9). :

Proof. We have

(14) _ (14)
F(ery) = g,(0) K (x17y) hy(0) = 8,(0) K,(3) K, () 1o(0) = G,(x) H ().

This proves the theorem.

In theorem 5, we have assumed that & contains no zero element. If &

contains a zero element, say b, then

fulx) =6, g,(x) arbitrary, h,(x) = b,
Sfulx) =6, Ba(%) = b, h,(x) arbitrary,

are also (trivial) solutions of (3). The-extensions of these solutions are not of any

importance and we shall not consider them.
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For a fixed 4, lot us write F,, G, and H as F, ,, G, , and H, ; respectively.

Then (10) and (14) give "
P = 6O RE RO, ved,,
= g.{0) JJﬁn(—x— %) b, (0), xel,,
6of) = £(0) (), ved,
e = £,(0) ikn(—;x— ?2?) xel,,
H, () = bx) h,(0), ved,,
=/'l.’i:-n(—x— —12:) hn(O), xel,.

where A satisfies (11) and (12). Also from (4), we have

(16) k) = [£a(0)] fulx) [Bo(0)]' = [8,(0)]" gal) = B () [, (O)]', ®(4,;727)-

Hence, in terms of g, , (12) and (13) reduce to the form

M MO a@=sOFe@L ved,
and .
W) OV —v— o= OV gl wel

Similarly, in terms of b, (12) and (13) take the form

(19) . lhn(x) [hn(o)]' = hn(x) [hn(o)],;iﬁ ’ . xEAn’
and |
(20) Ahn(—x— %) [h(0)] = ilu(;x_ %) [h.(0)]’ A, xel,.

Also (15) reduces to -
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) = ) ved,,
= OO S5 ) vel,
Cral®) = £al%), xed,,
= 6.0 e, O &~ ), e,
H(6) = h (2, e,
(e 2)

Now, we prove the following theorem :

Theorem 6. 1f the functions f,, g, , h, defined on the subgroup (4, %), sa-

tisfy the functional equation (3) with their values lying in a group & containing

no z:ro element, then for each Aed satisfying (11), the functions F,
Hnl

G,; and
Jefined by (21) are extensions of.f,, g, and h_ respectively in the sense that

nA?

they satisfy (8) and (9).

Proof. As in the proof of theorem 3, we discuss the same four cases.
Case (i}, xe(d,,7), ye(d,,1"). Then,

Fo(x7%y) = fo(xt"y) = 8.(x) hu(y) = Culx) H,,{y)-

Case (i ). xe(d,, 1), yel,. Then
Fuwry) B @ ate. 01 1] — e -2 |
= 6 @il £ w(—y — 2|

¢ £:(0) A{£,(0)]" g, () h,,(—y - %)
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W s 0 0 0) 20, —y— 2

2\l |
— s —r— ) Do .

Case (iii). xel,, ye(d,,™). Then

£y B g @ als 0 ] — ey ~ 2|

— 6000 1] [~ ) o]

® g0t 8~ 2] 1)

D¢ @) Ho).

Case (iv). xcl,, yerl,. Then,

F, (xt"y) = f (xt"y) = fn[ (_x_ 3) o~ (-__yl_‘ %)]

n

N N

= £.(0) [8(0)] ( —a— %) “’tn( A 22?)

a9 &(0) (g, (0)' gn(fxq :) ﬂh,.(—y—— i)

= Gpa(®) Houly)-

This completes the proof of the theorem.

We hope to discuss some more methods of extending subgronp homomor-

phisms elsewhere.
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O0ZET

’
ACZEL, x’, grup iglemine gire x elementinin tersini gistermek iizere,

xELE=xES veyax ' ES

k(')g.u]unu sagaiayan G grubunun bir § alt-semigrubu iizerinde tanimlanan ve
bu § semigrubunu bir H grubunun igine tasvir eden bir f hememorfizmasr-
mn, her %, ¥ € & igin

)  sl) = glel)

olacak gekilde G grubundan I grubuna bir g homemerfizmasma f ve g 8
iizerinde gakigacak tarzda tek bir gekilde genigletebilecegini géstermigtir.

Bu aragtwrmada ise § nin, & grubunun bir alt grubu olmasm halinde yukan-
dakine benzer teoremler elde etmefe ugragdmaktadu: S nin bir semigrup

degil, bir grup olmast ACZEL'in. yénteminin bu hale uygulanmasin: nle-
mektedir. Ayrica (f) fonksiyonel denklemine bz bagka sekiller verilmesi de
ongorilmiis tiir,




