BIANCHI IDENTITIES AND THE PROJECTIVELY FLAT SPECIAL
KAWAGUCHI SPACE

. D. PANDE - B. SiNcu V

The purpose of the present paper is to find certain identities regarding
some conforma] entity and to study their properties in a projectively
flat space,

1. Introduction. The theory of n -dimensional special Kawaguchi
space K in which the are length of a curve x' = x(t) is given by the integral

s = {(4;x" +B) d,

was developed by A. KAWAGUCHI [*] 2. Here A; and B are differentiable
homogeneous functions of degrees p — 2 and p respectively. A. KAWAGUCHI
has defined a connection in K by introducing «Craig Vector» of the
function F(x, x', x). It is given by

def " . :
(L1) Ty (A — Aygy) 5™ — 24, % + B,

where
AJ.-(.) = 6‘.-' Ay, Ay =0 Ay, By = 8; B.

Here &; and 0, denotes 8/0x’ and 8/0x' respectively.
If p # 3/2, we have

(1.2) A2 gt 4oar,

) Communicated by Prof. (Dr.) Ram Behari.
2)  Numbers in brackets refer to the references at the end of the paper.
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where

(1.3) { Ga = 24559 — Ay »
6, G — 4.

Let X he a contravariant vector field homogeneous of degree zero with

respect to x'', then the covariant derivative of X' is given by
g X=X — O XP Iy + Xk Ty s

where I''(x,x’) is the connection parameter, positively homogeneous of
degree two with regard to directional argument. We have the following rela-

tions satisfied by the curvature tensors of the special Kawaguchi space :
(Ls)  a) Ryj=—Ryi, b By =0
¢) KJ,: = RJ,‘; =, d) R,M = K k(!) =y, Ky
0 Bjii=Toan» D Bux'=0
The identities of Bianchi are expressed by
(1.6) a) vy R Jk][ + K/ k]!ri =0,
b) 2vi By -+ Vi Byl = 0,
<) Vi KJ,‘; = 0.

The projective deviation tensor W’:r'(x, %'} in K is given by
Q7 Wi—H —H§— 1 @, Hy — 3, H),
where

I

n—1

(1.8)  H{=Kjiz/ and H-—

H}.
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2. Fundamentals of conformai transformation in Kr(‘l). The conformai
transformation K{ has been considered by C. KANO [*], in which the

connection I y is defined by
@n =Tt
where

1 . .
(2.2) @ =g (8T — 2 o) =

27 y. o
2p Vi

pre—

Here a(x, x') and o(x, ) are homogeneous functions of degree one
and zero respectively with respect to «'’. In view of this transformation the
two metric functions F and F related by F = g(x, ) F satisfy the
Zermelo’s condition, M. OXUMURA [°] has defined a connection in the
following way :

, . 1 .
@3 me= Ty — 1 Foowe #

3. BIANCHI identities in K{". Differentiating (2.1) partially with respect

to 2/ and «'* in successive order and using the homogeneity poperty of o,

we obtain
~ ,
3.1 « = Tty — Iy,
(3.1) a) 7+ 1 ( (i) (;))
1 i
b) gy =1 T — Tom)
so that

) om = 7 doonn —Toow-
From (2.1), (2.3), (3.1a), (3.1b) and (3.1c), we get

\ Siak 1 A | :
G2 B, — Ty o ——— Ty -
nt+1 ] n41 /
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These entities are invariant under the conformal change and will he called as

the coeflicients of conformai connection. H}(x, x’) is symmetric in its lower
- ik Y
indices and is homogeneous of degree zero with respect to x'', We define

the conformai covariant derivative of a vector X! with respect to x/ for

connection parameter I-f;k in the following way :
(3.3) v, X' =X — 0, X HE wr 4 X" H];.

We have the operators y, v* and y denoting the covariant derivative with
respect to connections I’ sz(Ii) . n}_,c and I:-[;'ik » respectively. In view of (3.1),

we have

(3.4) (-V“'_j Vi — Vi Ej) X' =— J'ikf; Xt g X Z}lkp x'?,

V;rhere ij'kh(x, x") is homogeneous function of degree zero with respect to x'*
and is skew symmetric with respect to indices j and k. Using relations
(1.4), (2.3), (3.2) and (3.3), we get

= * i 1 ' r N mf 3
@5 . GV X = 1 (Toyp ¥ * + Thyoh 8, X

1 ! r i
— 01 Town % + Tpw &) X*
and

1
n -1

36 VX =— Tl %'F X*.

M. OKUMURA [°] has defined a second kind of conformal curvature tensor
D;,::,. » given by
(3.1 D, = Hiy, .

Let us suppose a covariant vector ni(xk) which is only a funection of positional

coordinate x*. Using the commutation formula (3.4) for n,, we get
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(3.8) @j Vi — Vi Vj) i = Zj}:i iy -
Differentiating (2.1) covariantly with respect to x™ and commutating the

obtained result with respect to indices m, J, b and then adding all the three
equations thus obtained, we get

(3'9) (V[m VJ - V[j Gm) Eh] M = _V-[m Zjbk]i Hy + E[m > Z;;f]:' *

Using the commutation formulae (3.4) and the relation (3.7), we obtain

(3.10) E{m Z}'k]i + D::ik Z;r}']p &P = O’
where
G1D) &) Zyy =0 and by 9, un=—n,0 H.

Thus, we have
Theorem (3.1). The Bianchi identity Jfor the conformal entity ijh(x, %)
in K is given by (3.10).

Applying (3.5) for Z}, , we get
— * i 1 ! i s m s 'y
(3.12) (Vi — V) ijh = m O L, (I ) ¢+ I (s)(m) % )

1
n-+1

[FZ‘}("‘) 5: + I (‘s)(r) 5:1] erkh +
1 s r 5 r i
+ it Fow 8 + Do Ond Zon +

1 .
+ P o %% + Thyw Ol Zim -+

+ [Fzs)(m) 6; ot rzs)(b) 6:;1] Z;l:kr .

n-1

Commutating (3.12) cyclically with respect to indices m, j, k and adding
all the three equations thus obtained and using (3.11)a, (3.10), we get




82 H. D. PanNDE - B, SiNcH

- i 1 11 r ] ! i s
B13) Vi i = e {0tm Zem Tiney — Om L T}

a1 r ’
== Dy, Zip %P

Thus, we have

Thesrem (3.2). In a KV the Bianchi identity for Zf,,,,(x, %) is given
by the equation (3.13).

Similarly, using the commutation formulae (3.6), we get the following
Bianchi identity:

Theorem (3.3). The Bianchi identity for J?'M,(x, %) in KO has the form
i 1 i r 5 T s s i
V[m ij]h = n 4+ 1 {5[m ij]h ‘r(s)(r) + r(r)(s){(m) ij]h x -

'_" a[nu Zjlk]h Fzs) - Fzr)(h)[(m) Z_;k]a xr'S}

* '
— Dh;_[k Zr--]P x ‘p-

ny

4. Projectively flat K. TIn an n-dimensional special Kawagnchi space
S. KAWAGUCHI [?] has considered a projective transformation in which
the function 'T(x, x") is given by

?

. -~ * -
“.1 =T 4+ ax, %)«
Here a(x, x) is a scalar function homogenéous of degree one. By virtue of

(4.1) the curvature tensor K., reduces to the form

4.2) ‘K}E = K,h' + x'i(ajz ¥y — 8 ¥ + 5_;: ), — & ¥y
where |

P

43) Yy —vie—a. o

(%, x) is homogeneous function of degree one with respect to x''. Diffe-
rentiating (4.3) partially with respect to x'7 and commutating the obtained
relation, we get
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FaS

@4 Vi — Vil = Vi %y — Vy % »
where
(v; Vi — Vi V) & =0

Thus, in order that if it be possible to find such a projective change (4.1)
for which 'K}'}f vanishes, then there must exist a vector field y,(x, x)
satisfying the relation

@5)  Kj = 8y — &g — @ by — By

Differentiating (4.3) and using equations (4.4) and (4.5), we get the fol-
lowing integrability condition

4.6) ViV, — Vith; = 0.
From (3.5), we have

n g 1 i i
n2_1 I(‘)”' + ;;CT Rijk x'7,

@.7) Vi =

By virtue of (4.6) and (4.7), we obtain
(4.8) (v Biji — v Bij) 27 + n(vy, Kif — v K = 0.
Thus, we have

Theorem (4.1). In a K® the integrability condition (4.6) reduces to
(4.8) if and only if there exisis a projective change for which 'K} = 0.

The projective curvature tensor W} (x, ") {*] is given by

]

4.9) Wi = K;i -+

J j n + 1 (a_; Ick: - ak I{'}";ﬂ) +

& : 1
J K. v Koo 1 _
+ n—l—l ’ ka n—1 ak( ab X %

— i K'* 4+ ——i—- K x'?) ¢ -
n41 je n—1 J5



file://�/vhere

84 H.D., PANDE - B, SmNGH

Contracting (4.9) with respect to indices i, & and i, j and differentiating
both the equa’cions covariantly with respect to ¥ and af and 'hy adding,

we g(;‘-'il
(4"10) Vi ‘K-]a - V] K:m'c + ““““““““ {VL ta} VL ;m

n—1

-1 V] R’tﬂ‘; e 'ka} + T

[Vj K — v K3

1 t o r ’ g r
+ n -+ 1 {VJ ak-(Kuba x b) — Vi ak(I(nb x b)}] =

Using the relation (1.6)¢ in (4.10), we obtain

ri

(4.11) Vi KJ:j:ll - _n_ﬁ {VJ R“I;ﬁl au} T+
n-—1 o g
+ —— (v; Kia' — Wi £,%) = 0.

Differentiating (4.9) covariantly with respect to x™ and contracting the

obtained relation with respect to indices i, m; we get

i

. o ®
(4.12) VW = v Ky’ + P

+ 1 Vi(Raﬂ‘: ﬂhj) 'Jr'

—2 .
+ 1 21 (VjKJm — Vi chu )‘

(v; Byt~ Vi Rag) * +
Using the Bianchi identity (1.6)a for the curvature tensor Rjk,:(x, x'), we get

(4‘13) VJ(RumaI alm) %' (Vm Rn]? — Vi a_rm) x'

+ Vo K -+ (K Byl — K" Byy) =

With the help of equations (4.12) and (4.13), we obtain
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i "'i n a3 o I’l.
(4.14) (n+ v, Wy =nv, K + w1 v Rax — i Ry) »
n—2 g
+ T W; K’ — i K59 +

+ (Kiy Bje — K By«

ajr
Using equations (1.5) £, (1.7), (1.8), (4.11) and (4.14), we get

 n3 e
®15) e+ Dy W= — —5— r {V; B — v B« +

o - 2 -
+ (V, il — vy I“-ju“)} — ﬁlk (Vj Eia —

— i ;%) + (W] Byo — Wi Bye

akr ajr/’

. N . N . . HA ’ . 'y
For if projective deviation tensor Wi(x, #) vanishes, then so dozs W and
its covarlant derivative, then the equation (4.15) reduces to the integrahi-

lity condition (4.8) only when y; K, * — v, K;;* = 0. Thus, we get
\

Theorem (4.2). In a projectively flot K the integrability condition
(4.8) exists only when (v; K, — v Kj,%) vanishes.

Analogous to the idea of S. KAWAGUCHI [*] the conformal curvature

tensor CJ;f,,(x, x') is defined by

x.’k ey

@.16) W} =

i
'Jim

Hence, we have;

Corollary (4.1). In a conformally flat K{(i.e. C;_,f,‘ = () the integra-
bility condition (4.8) exists only when (y; K..° — v, K;;%) = 0.
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OZET

Bu gahgmamn amaey, projektif diiz §zel Kawaguchi uzayimin konform
ozellikleriyle ilgili baz gzdeglikler bularak onlar incelemektir,
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