THE COMMUTATION FORMULAE IN n-DIMENSIONAL
SPECIAL KAWAGUCHI SPACE )

H.D. PANDE - T. A. KHAN

Another kind of covarisut derivative (V*) is introduced in r-dimensional

special Kawaguchi space and Ricci identities involving this derivative is

given and commutation formulae involving this covariant derivative and
the usua] one (V) are established.

Introduction. The theory of n-dimensional special Kawaguchi space
1

in which the arc length of a curve a' — 2%(s) is given by 8 — | F?ds, where
F=(d;s" + B), " = dx'}di, s = d°«'/dt® and the functions 4; and
B are differentiable functions of ' and x”°, has been established by
A. KAWAGUCHI [') D The functions A; and B are homogeneons functions
of degree (p -—2) and p respectively. Since the arc length S is a scalar,
evidently A; is a vector. If p # 3/2 and the determinant of the tensor
Gy, o (24;4y — Ay) does not vanish identically, we have

2% , ” i
(L.1) x = Ty6F =" +ar,

where
(1.2) 2 = (24, 't — By} G, Gy G =5,
Ay = 04,/0x' = 0; 4; and By = 8B|dx = 8/B.

+) Communicated by Prof. Dr. RAwm BEHARI, New Delhi (India).

1) The numbers in brackets refer to the references given at the end of the paper.
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In special Kawaguchi space the covariant derivatives for a tensor field

Ti(x, x*) are defined as ['] :
13) v T =T —C@uT) I + 17 Fayay — Tu T

and

14) g Ti=8T 3 TrC,— T

m -k
where the tensor Cj e ['] is symmetric in its lower indices.

We define another covariant derivative for the connection parameter 17,

as follows :

(1.5) Vi T} =0, T — (@, TH Iy« + TP iy, — T Iy,
where the connection parameter Hj";, [*] is given by

: 1 "
(1.6) I & T — —— ThHpms
FIik n+1 U (kH

The function IIk is homogeneous of degree zero with respect to x

From (1.3) and (1.5) we have

. 1 1
* i i
D T =V L= g T Twwe * + 57 Tn Towa =™

The commutation formulae involving the curvature tensor fields are as

follows [']
a8 G —uV X =— Ry X+ Kjv X,
(1.9 vy 6;; — Gr.- vy X =— Ejkl X+ C}k Vi X

and

1.10)  (v;vp— V) X' = —Bju X',
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wliere
i i i I i i i
@ID Ry =% Tyy — 9% Ty + Ty Twm — Tow Thw +
h i k H
+ Ty Fomey — Ty Toge »
i 3 i h i Ji i
@12 Kjp =0Ty — 9 Ty + Ty Twm — Lo Ty »
A-13)  Biy = Iihee
and
ot i i h
L1 By = Tye -+ Cie T e~ & Ci + Cugy TGy —
i i
— Ty Cii + Tias Cin -

Also the commutation formula involving curvature tensor R.u; % is

given by

115 Wvi— v X' =— @ XHRE + X" R,
where

(1.16) R}th =&, Hll;j — & o, + Hlij Ty — I, H}.c +

+ IO Wiy — I My, -

2. Ricci identities involving covariant derivative of type (L.5). We kave
proved following theorems with respect to covariant derivative (1.5).

Theorem (2.1). The Ricer identity for a coentravariant tensor of rank 2
s gtven by

(2.1) Wive— Vv TY = — @, TH R s + TR, + T7 R

Freof, Let Vi(x, %) he any arbitrary covariant vector field such that
its inner product with a tensor field T¥(x, ') is given by

(2.2) Xi(w, #) 2L T, 2 )Vl x).
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Analogous to the commutation formula (1.15) we have

(2.3) VhVe — Ve ViV = — @ V) Rim & — WV, Ry

Eliminating X'(v, ) from the equations (1.15) and (2.2) and using
(2.3) we obtain

#i

(2.4) Vi@ vi — Ve v TY + @, TH Ry & — T Ryl —
— TR ] = 0.

Since the vector Vix, %) is an arbitrary therefore (2.4) establish the
equation (2.1).

In consequence of the theorem (2.1) we have

i
r

i
Theorem (2.2). The Ricci identity for a contravariant lensor T!

rank is given by

@5 Wvi—wvaT! T =— @, T R+
LA mi veei M
_1_ Z Tl a—EF a1l rRI;h?u'
a=1

Theorem (2.3). The Ricci identity for a covariant tensor T;; is given by

26 WV — ViV Ty = — @, Ty) Rifis" — Ty R — Ty R

Proof. Let us assure Xi(x, ") be arbitrary contravariant vector field

such that its inner product with a tensor field T'y(x, ') is given by
(27) Vi(xs x,) E—C—_f T,'j(x, x’) Xj(x, x’).

Eliminating V(», x) from (2.3) and (2.7) and using the equation (1.15)

we ohtain

@8)  X[(ive—ViVe) Ty + @, TRy =’ + T, Rims +
+ Tim Rn;:fr:;] = 0.
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Sinee X'(x, x) is an arhitrary vector therefore equation (2.8) yield (2.6).

Similarly, we can prove the following theorems :

Theorem (2.4). The Ricei identity for a covariant tensor of order p is
given by

@9 Givi— v L.y = Ty L) Ri e —

— Z le... fa_t mjﬁH...ijkf;‘ﬁ .
Theorem (2.5). The Ricci identity for a mixed tensor of ovder (r, p) is
given by

@i0)  Wive— ViV = — @ T Rt
1 P i P
S N i
+ 3, Tj;....'.l.—.l...afl....jr Rz
a=1

3. Commutation formulae involving the covariant derivatives of the types
(1.3) and (1L.5). The commutation formulae for the covariant derivatives

of the type (1.3) and (1.5) are given by the following theorems.

Theovrem (3.1). For a contravariant vector X'(x, x) the operators y and

* »
v commute according to

* * ; oy i 1 i 'm
(3.1) VeV — Vi Vi) X' = I{Il:k X — x! i — m Vo X Brpa™

where

i i 1 'y ef e
(3.2) Zyy L Ry + ] (Vi B w'* and By & B, .
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Proof. The relation (1.7) for a contravariant vector X' assumes the form

. i

X"B ’.
nt1 mi: %

33) wuX=yX-—

Differentiating (3.3) covariantly in view of (1.3) with respect to P

we have
o ] : ]- " [ m N
(3.4) Vi Vi X' =V, ¥, X* —m {w, XM B 5’ + X"y, Bp) %'} .

We may assume that (y, X%) is a mixed tensor of the type (1.1} and
therefore by virtue of (1.7) we get

* i - 1 A it i
(3.5) Ve X =V X' — (v, X)) B, x" +
n-41

1 . ;
—_ XHYB,,x™.
+ n 1 (Vm ) W ©
Subtracting (3.5) from (3.4) and using (1.8) we obtain (3.1).

Theorem (3.2). For a covariant vector v; the operators v and v commute

according to
» ‘ & s, ]' n’m
(3.6) ViV — Vi) Vi = KLWi V) +V, Zjyy — —— V. V) B ™

Proof. et Vi(x, x) be a covariant vector field in K, for which
the eguation (1.7) takes the form :
fan

3.7 wVi=wV.+ VB s™.

w1

Using equations (1.3), (1.7), (1.8), (3.7) and proceeding on the same
pattern as the proof given for the theorem. (3.1), we obtain (3.6).

Theorers (3.3). For a contravariant tensor TY the opsraters and v°
_ P

commute according to
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N N . I oot i 5 i it orf
(3.8) W Vi — Vi V) TV = Kp(wy TY) — 1Y Zpyy — TV 73, —

. X1 (Ve 'ij) By, x™

e s . <ri N - . . .
Proaf. Eliminaiing X'(%, x') from the equations (2.2} and (3.1) and

using (3.0) we obtain
(3'9) r/j' [(Vh VI: - VZ, Vh) TU -+ T rJ 7)'1” + T ZIII:’ -

o 1
- IS‘}II;.(VI U) + ) (Vm T )BM \' ] == ),

Since the vector Vi(x, x') is arbitrary, therefore from (3.9) we imme-

diately obtain (3.8).

i,vaed

Similarly for a contravariant tensor T T

. we have

foven d
Theorem (3.4). For e contravariant tensor T' T of rank r the ope-
rators v and v commute according to

Bl  (wvi—wivT!  T=Khwm T T ) —

U S S A 1 il ,
— T e g — —— T ) Byl
n+1

Theorem (3.5). For a covariant tensor Ty; the operators y and v commute
according to
(3.11) Vi Vi — Vi Vi) Ty = Kivi Ty) + T Ziti + Ty Ziis —

1 'm
Al (Ve T3) By %

Proof. Eliminating V,(x, x) from (2.7) and (3.6) we obtain an equa-
tion of the type (3.9) for a covariant tensor 1};. Combining this equation
with that of (3.1) we obtain (3.11).

Accordingly, we can prove the following theorems :
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Theorem (3.6). For a tensor field le e (o x") the operators y and
P

v commute according to

G12) WV — VW Ty .. = KW Ty ) +
P
* ﬂgl Tiy-e Jpoa Mgy Z”‘jﬁ o
1

- m (Viu 7}1 cee jp) By x™,

Theorem (3.7). For any tensor T;; ;’ of erder (r, p) the operators y
P

- ,
and y commute according to

. o o pdpee b R AP
(3.13) (Vo Vi — Vi Vi) Tji jP:I(fl;h(Vl Tji... jp)_

e B Ik
a=1 !
P I i anae ey
e Z Tll . r o ;];
; J K mj J il
ot 1 A-1"78+1
1 Peeld
1 r !
——— . T; ;) By
- _i_l m ]1 JP

4, The commutation formulae involving covariant derivatives of the

Types (1.4) and (L.5).

The commutation rules for the operators ;,'v and v, given by (L4)
and (1.5), obey the following theorems.:

Theorem (4.1). The commutation formula for a contravariant vector X'
is given by

(4.1) Vi Ve — VeV X' = — X" Z{,, + (v, X ¢,

1 ~ ]
- 4 X3 B, ‘_’m,
+ = 1 (Vs XY) By,

where
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4 2) 21’- def EJ’ . 1 {(H’ B ) ’E + B 5!
(4. Ried — DRid n——“+ 1 Vi. Py) % i On) -

Proof, Differentiating (3.3) covariantly with respect to 2" in the sense
of (1.4), we obtain

~r L i ~ i 1 ~1 T '
4-3) Ve X' =V Vi X' — m (v X'T ome * +

X T W () ) '+ Xtr W -

Differentiating v, X' covariantly with respect to 4" in the sence of
(1.7), we get

oty i ity i 1 ! oy T i
(4.4) Ve Vi X' = Ve Vi X' — m (Ve X™) I iy * -+
1 = i T V i
-+ " Vo X Thiyyy ™
Using (1.9), (4.2), (4.3) and (4.4), we get the result.

Similarly for covariant vector ¥V, we have

Theovem (4.2). The commuiation formula involying the operators V'

» . a Kl
and y for a covariant vector is given by

* ~r ~poom -~ 1 ~ m
@.5) Wi Vi — eV Vi = Vi Zlu + @V Gy + w1 WV Vi) B x ™.

Theorem (4.3). The commutation formula for a contravariant tensor of

order 2 is given by
@6)  WaVi— ViV T = —TVZ0 — T Zfy 1 (v, TY) Cly,
b o T By
n+1 Vm hk

Proof. Eliminating X' from (2.2) and (4.1), using the eguation (4.2)
and (4.5), we get
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(1.7) V; [(v;: Vi — Vi v T9 + TY Ziy + T Zhy — (v, TY) Gy —
L GLTH B ] 0
—_ X = {},
n + 1 Vm ) Ins

Since Vi, xr) is an arbitrary vector therefore the eguation (4.7)
reveals (4.6).

On the similar way we have the following theorems :

Theorem (4.4). The commulation formula for covariant tensor of order

2 is given by
(4.8) (Vi Vi — Vi Vi) Ty = Ty Zigg 1+ Ty -‘Z}ij + (v Ty Gy +

! ) et
+ m (Vm Tn) Bhk X

i
r

Poaes
Theorem (4.5). The commutation formulae for tensors T* and

le o, of rank r and p respectively are given by

mi

49 WG Vi—Viv T} T=— ) gl el ekl g
a=1

iy d ) 1 i ™
+ (VI TI r) C}lk -+ m (Vm Tl )Bhk x

and

P
(4.10) (Vi Vi — Vi Vi) Tjyees, = ﬁZ T,

. Zﬂ*fﬁ +
1

...)ﬁ_lmjﬂ+1...Jp

1 -,
+ (v le jp) Cix +—— Vn,

n+1 Tiyeiy) By '™

e i
r

’p

i
Theorem (4.6). The commuiation formula for a mixed tensor le._
Lo

of order (r, p) is given by
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r

L A PR N TR e
(4.11) (Vi Vi — Vi Vi) le...j; = Z le._..f‘....a.f....j; wim T+
a=1
i Til...ir o oe Til...:'r cl
P Fpeeedpymigyy e d, Chig Vi iy i) Sk
" 1 (.H, Tsl... ir) B g
n+1 Vi jl--oJP hle '
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INDIA

OZET

Bu ¢ahgmada n-boyntlu 6zel Kawagnchi uzayinda diger bir kovariant

tiirev tipi (v*) tarif edilerek bu tiirevi ihtiva eden Ricci dzdeglikleri veril-

mekte ve bu kovariant tiirevle mutad kovariant tiirev (y) arasinda komii-
tasyon formiilleri ispatlenmaktadar.
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