
T H E COMMUTATION F O R M U L A E IN n-DIMENSIONAL 
SPECIAL KAWAGUCHI SPACE + ) 

H . D . P A N D E - T . A. K H A N 

Another kind of covariaut derivative ( y * ) is introduced in n-dimensioiial 
special Kawaguchi space and Ricci identities involving this derivative ia 
given and commutation formulae involving thia covariant derivative and 

the usual one (v) are established. 

Introduction. The theory of ra-dimensional special Kawaguchi space 

i n which the arc length of a curve xl = xl(t) is given b y S = J Fpdt, where 
F -- (Ai x"1 + B), x'* - dx*/dt, x"1 = dz xi jdtz and the functions Ai and 
B are diffcrentiable functions of x% and x'1, has been established by 
A . KAWAGUCHI ['] J\ The functions Aj and B are homogeneotis functions 
of degree (p — 2) and p respectively. Since the arc length S is a scalar, 
evidently Ai is a vector. I f p # 3/2 and the determinant of the tensor 

~ (ZA^y — Ah(^ does not vanish identically, we have 

(1.1) £ ? = Tj GJi = / ' + 2r, 

where 

(1.2) 2 r = (2Alh x" - GH, Gik Gil = , 

AtJ = dAijdxi = djAi and B(j) = dBjdx' = d'fi, 

+ ) Communicated by Prof. Dr . R A M B E H A R I , New Delhi (India). 
1 ) The numbers in brackets refer to the references given at the end of the paper. 
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I n special Kawaguchi space the covariant derivatives for a tensor field 
Tj(x, x) are defined as [ J ] : 

(1.3) V h Tj = Bk Tj - (d'm Tj) rg> + 37 r U w - T i r U)W 

and 

(1.4) v i r j = si Tj + Tj- cmk - T ; C;; , 

where the tensor Cj f c [*] is symmetric i n its lower indices. 

We define another covariant derivative for the connection parameter J]jk 

as follows : 

(1.5) v l Tj = sft T ; (a; Tj) *'* + r j ' ^ T J , 75, 

where the connection parameter njh [4] is given by 

(1.6) ^ ^ - — i ^ ^ x ' : 

The function IJjk is homogeneous of degree zero w i t h respect to x'\ 

From (1.3) and (1.5) we have 

(1.7) v ; Tj = % Tj - 1 7 r W W H + - 1 _ r f / ) ( t ) ( r ) 

The commutation formulae involving the curvature tensor fields are as 
follows ['] 

(1.8) (Vy V* - V. V;) X* ~ ~ Rjui X1 + JC/fc vi 

(1.9) (Vj v l - Vt Vj) X'' = - B)kl X' + Cjfc Vi X* 

and 

(1.10) (y, v i - V i Vy) = - ^ 
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wliere 

(1.11) K] f c ¡ = dk r m ñ — d¿ r m ) + r f 0 ( í ) r { f c ) ( A ) — r f í ) { f c ) r m h ) + 

+ i ( ; ) J ( / ) ( i ) ( f . ) ^ J { / . ' ) M ' ) ( i ) W 

(1.12) iqk = 3fc r j y ) — dj r ( f c ) + r ¡ A ) ( f c ) — r f f c ) r j y ) ( A ) , 

(1.13) B'jhl = r ¡ y K ¿ K / ) 

and 

(1.14) 2? i H = fjo (/)(*) CM r(0O') ~ 5 J C » ' + ^ t f l ~~ 
p i W l i Wi 

Also the commutation formula involving curvature tensor R*k¡t [ 3] is 
given by 

(us) (V; vi - v , ; vl) x< = - ( ^ x ' ) «a + B J L , 

where 

( i . i6) B ; ¿ = dlc njtj - dj n'hlt + nl
hj n;u - n'hk n;t + 

2. Ricci identities involving covariant derivative of type (1.5). We have 
proved following theorems w i t h respect to covariant derivative (1.5), 

Theorem (2.1). The Ricci identity for a ccntravariant tensor of rank 2 
is given by 

(2.1) ( V ; v ¡ - v , ; v,I> T» = - (4 r>) x'1 + R'kfim + r*» * ; L • 

Proof. Let Vt(x, x ) he any arbitrary covariant vector field such that 
its inner product w i t h a tensor field TK'(x. x) is given by 

(2.2) XXx, x) ^ x')Vj(x, x). 
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Analogous to the commutation formula (1.15) we have 

(2.3) ( v i vl - vl vl) V i - - (d'm Vt) Rlti *'* Vm . 

Eliminating X'(x, x') from the equations (1.15) and (2.2) and using 
(2.3) we obtain 

(2.4) Vj [ ( V : v ; - v : vi) ^ + {&m ^ ^ ^ -

Since the vector Vj(x, x') is an arbitrary therefore (2.4) establish the 
equation (2.1). 

I n consequence of the theorem (2.1) we have 

Theorem (2.2). The Ricci identity for a contravariant tensor T r 

rank is given by 

(2.5) (vj vl vl Vl) T1' *r = — (d'm T1 *"' 0 Rl% x'1 -|-

J l i, .. ,i , ml *i 

« = 1 

Theorem (2.3). The Ricci identity for a covariant tensor T-j is given by 

(2.6) (vl vl - Vl Vl) T;j = - (d'm Tij) jRlK Tmj - Tim R$ . 

Proof. Let us assure Xl(x, x') be arbitrary contravariant vector field 
such that its inner product w i t h a tensor field T^(xt x) is given by 

(2.7) V£x, x) g Tij(x, x')Xi(xt x). 

Eliminating V^x, x') f rom (2.3) and (2.7) and using the equation (1.15) 
we obtain 

(2.8) xWh Vl ~ Vl Vl) Ttj + (d'm Ti}) KM + Tmj R& + 

+ 3^*25] = 0 . 
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Since X\x, x ) is an arbitrary vector therefore equation (2.8) yield (2.6). 

Similarly, wc can prove the following theorems : 

Theorem (2.4). The Ricci identity for a covariant tensor of order p is 
given by 

(2-9) (Vi vl - Vu vl) Tj = d'm(Tj ...,) RlTh xl -

p 

Theorem (2.5). The Ricci identity for a mixed tensor of order (r, p) is 
given by 

(2.io) (V;, vi vi v,;) T-J ' / . : / = - ^ ; ; ; Q B& *N + 

3. Commutation formulae involving the covariant derivatives of the types 
(1.3) and (1.5). The commutation formulae for the covariant derivatives 
of the type (1.3) and (1.5) are given by the following theorems. 

Theorem (3.1). For a contravariant vector Xl(x, x') the operators y and 
y* commute according to 

(3.1) (y, V ; - v l y,) X1 = K\lk v i X1 - X ' Zikl - - - J — v m X1 Bhk x'm , 
n + 1 

where 

(3.2) Z i a g + - J - (V* Bft) *'< and Bhk M Hj;*, 
71 ~T" J. 
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Proof. The relation (1.7) for a contravariant vector X ' assumes the form 

(3.3) V ; X * = V f c X i i - X - B ^ A 

Differentiating (3.3) covariantly in view of (1.3) w i t h respect to xh 

we have 

(3.4) V F T V* X* = V / t V* X* { ( V / l X ' " ) Bmk + X m ( V / l B m f e ) *'*} . 
n 4- I 

We may assume that (yA X 1 ) is a mixed tensor of the type (1.1) and 
therefore by virtue of (1.7) we get 

(3.5) V ; y , X ; = V * VA X1 ^— (y / ( X" ' ) Bmk xl + 
n 4- l 

+ ~ ^ T ( V B . X I ) B T T * ' » . 
71 4" 1 

Subtracting (3.5) from (3.4) and using (1.8) we obtain (3.1), 

Theorem (3.2). For a covariant vector vi the operators y and y* commute 

according to 

(3.6) (V f t % - V ; V a ) ^ = *&(vi ^ ) + n 4 M ~ ^ (Vm*Q S/,;f * ' m • 

Pi-oof. Let V{(x, x ) be a covariant vector f ield i n for which 
the equation (1.7) takes the form : 

(3.7) yl V, = % F , 4- — j - r K M B I F T 

» 4- 1 

Using equations (1.3), (1.7), (1.8), (3.7) and proceeding on the same 
pattern as the proof given for the theorem (3.1), wc obtain (3.6). 

Theorem (3.3). For a contra-variant tensor T{* the operators y and y* 
commute according to 
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(3 .8) ( y , V i - V i V;,) Tij = T«) - T'> Z j H - Til Z{H ~ 

1 (vm^)Bbkx'"\ 
» + 1 

Proof, El iminating X'(a-, re ) from the equations (2.2) an*! (3.1) and 
using (3.6) we obtain 

(3.9) Vj ( V A vl ~ vl V A ) T * -f- T» + T a Z , , , -

- 0. Klti Tij) + T") B * 
re + 1 

Since the vector F^ic , x ) is arbitrary, therefore from ( 3 .9 ) we imme­
diately obtain (3 .8 ) . 

i . . . i 
Similarly for a contravariant tensor T T , we have 

Theorem ( 3 . 4 ) . For a contravariant tensor T T of rank r the ope­
rators v and y * commute according to 

(3.10) (v* vt ~ vl V*) T1'' " r = JC;,,£(v; T 1 ' 2 ' ' * V ) ~ 

_ £ T i - i ' + 1 ^ — ( V l T 1 r) 
« f i » + 1 

Theorem (3.5) . For a covariant tensor the operators y and y * commute 
according to 

(3.11) ( V a v l ~ vl VH) - XifcCvi T t f) + ^ + T i m Zg, 

n + 1 

Proof. El iminating F , (A; ( %') from (2 .7) and (3 .6) wc obtain an equa­
t ion of the type ( 3 .9 ) for a covariant tensor 2V. Combining this equation 
w i t h that of (3.1) we obtain (3.11). 

Accordingly, we can prove the following theorems : 
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rem (3.6). For a tensor field Tj j (x, x) the operators y and 
y* commute according to 

(3-12) ( V f t V* vl V*) T j r , m i = Ji; ( f c(y; . . . , ) + 

+ Z r i 1 - v 1 ™ j ( î + 1 - / 

1 
X ï ( v „ r J . i . . w . ) B i f c 

Theorem (3.7). For any tensor Tj _ f of order (r, p) the operators y 
and y* commute according to 

(3.13) ( V f t V i - v i v j O ï } ; ; ; ; / = ic;,, c(V; T * ; ; ; / ) 
i P 1 p 

L ^ mJ E i, ... ( T mj , .... i i 
7> 1 a — I a + 1 r ira i 

i > 1 Jp hhn + 
a = 1 

£ i . i 

- ï i ï ( v . ^ : : : ; ; ) B U « ' -

4. The commutation formulae involving covariant derivatives of the 
Types (1.4) and (1.5). 

The commutation rales for the operators v'k and y*, given by (1.4) 
and (1.5), obey the following theorems : 

Theorem (4 .1 ) . The commutation formula for a contra-variant vector X' 
is given by 

(4-1) (vl Vi - Vu Vl) X* = - X ' Z\M + ( V i X ' ) C\xk 

+ T~T ( V ; X*) Bhk x 
71 + 1 

where 
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(4.2) ZÏM^Biu- —J-T {(Vi Bu) + Blh ô'k) . 
n 4- 1 

Proof. Differentiating (3.3) covariantly w i t h respect to x1' in the sense 
of (1.4), we obtain 

(4.3) v i vl X1 = v i V/, X' ( v i X1 r { m { r ) x' + 
71 - j - i 

+ x !
V f c r j 0 ( / l ) ( r ) * ' * 4 - x f r f o w f r ) 5 * ) -

Differentiating y^ X ' covariantly with respect to a;* in the sence of 
(1.7), we get 

(4.4) y/1 V i X* = Vu V i X* - ( v i X'") f [ B l ) ( i i ) ( r ) x'1 4¬

1 - , • 
+ i ^ j r y (Vm xi) r r

m m x m. 

Using (1.9), (4.2), (4.3) and (4.4), we get the result. 

Similarly for covariant vector F j , we have 

Theorem ( 4 . 2 ) . The commutation formula involving the operators y ' 
and y* for a covariant vector is given by 

(4.5) ( V ; v i - V i Vl) Vi = Vx Z\u + ( y , ^ ) C[h 4- - - j - ( v l ^ ) B f c f c 

71 4~ l 

Theorem ( 4 . 3 ) . The commutation formula for a contravariant tensor of 
order 2 is given by 

(4-6) • ( y i v i - V i Vl) T * - - - Til ZLi + (Vi T 'ï) Cl
hk 

71. 4-1 

Proof. Eliminating X ' f rom (2.2) and (4 .1 ) , using the equation (4.2) 
and (4.5), we get 
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(4.7) Vj (vi vi - vi vi) TV + zJM + r« z j w - (Vi r*) c{k -

i 
n + 1 

( V ; r « ) Bhkx = 0. 

Since Fjf*, *') ia an arbitrary vector therefore the equation (4.7) 
reveals (4.6). 

On the similar way we have the following theorems : 

Theorem (4.4). The commutation formula for covariant tensor of order 
2 is given by 

(4.8) (vl vi - vi VD Tfj = T y + T u Zl
hkj + ( V i Ty) cL + 

+ - T V (vi, r,,) Bhh x \ 
n + 1 

Theorem (4.5). T/ie commutation formulae for tensors T1 r and 
Tjx... j °f ran& r ai*d p respectively are given by 

(4.9) ( v i v i - v i v i ) T 

+ (ViT1','t")C! •hk 

T1 a —1 a + l r <j a i 
1 ^hhm 

o - l 

1 

n - I - 1 

and 

(4.io) ( v ; vi - vi vi) rh... ^ = £ r / x . . . ^ x ^ 

(Vi . . . ) C f (vl T, . . . i ) *'"». 

Theorem (4.6). The commutation formula, for a mixed tensor Tj ^ j 
of order (r, p) is given by 

F 
P 
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(4.11) (V; vi - Vİ Vİ) Ti\ . . . / = - Z î i j . . . . t;?. . . . t 1 . . . / Z ^ + 
P a—l ^ 
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Ö Z E T 

B u çalışmada n-boyntlu özel Kaıvagnchi uzayında diğer bîr kovariant 
tüıev tipi (y* ) tarif edilerek bu türevi ihtiva eden Ricci Özdeşlikleri veril­
mekte ve bu kovariant türevle mutad kovariant türev (v) arasında komü-

tasyon formülleri ispatlanmak tadır. 


