ON | N, p,| SUMMABILITY FACTORS
F. M, KHAN - ALAUDDIN

In this paper an analogue of a theorem of Kogbetliantz (1925) on absolute

Cesaro summability factors of an infinite series is established, which

includes results by Mohanty (1950) and Kishore and Hotta (1970) as
special cases.

1. Intreduction. Let Za, be an infinite series with partial sums {s, }.
Let {p,} be a sequence of constants real or complex such that
Pn::poJrPl + .. t+ps P ,=p., =0.
The sequence-to-sequence transformation

1 n
n Z Pusu(Pn¢0)’

P =0

-~

defines the (ﬁ, po)-mean of the sequence {s,}, or of the series Za,. If the

sequence {¢,} is of bounded variation, i.e.

0

S —a] < o

n=1
then the series is said te be absolutely summable (I\_T, Po): or simply
summable |N, Pnl'

In the particular case when p, =1, the (Kf, Pn)-mean reduces to

1
(C, 1)-mean; and if we take p, = — , then it is known that
n

equivalent to |R, logn, 1 l .
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2. Concerning ahsolute CESARO summability factors KOGBETLIANTZ [%]

proved the following theorem,

&y
Y

Theorem A. If Xa, is summablc IC,(S[, then X -

IC,'y[for'yéé;é,'y>0.

15 summable

MOHANTY ([°] see also TATCHELL [*]) has established the following

result.

@y

is

Theorem B. If Xa, is summable !R,Iog n, 1[, then the series &' I
O Clogn

summable ]C, 1 l . &
KISIHORE and HOTTA ['] recently -proveﬁ the following analogue of

Theorem A for |1§, pn|-summability.

. o &y P Qn.
Theorem €. If Za, is |N, pnl-summable, then % -

islﬁ, qn|

summable provided { p,} and {q,} are positive sequences such that the sequences

?A (&) % , % 22& % and EM ijfgé are bounded.
q" ' Pngn gn—}-l Pa

The object of this paper is to establish an analogue of theorem A with
general factor g, which includes, amongst others, theorems B and C in

special cases, We prove the following theorem :

Theorem. If Zu, is |N, pn| summable then Xa.s, is IN, gnl summable,
provided { p,} and {q,} are positive sequences such that, as n — o,

P'ﬂa Qfl
R
@) =ome — o,
) n Qn

P
Gil) —™ Ae, = O(L),.
Pr
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3. Proof of theoren.. Let ;n denote the (IG, p,)-mean of the Xa,

_ 1 n 1 n
I.IIZE"ZP‘,.S":P E(Pnquﬁl)au'

v=">0 v oy=0

I T_’u denotes the (RT, g,)-mean of Xa.z, , we similarly have

Ty S QO 1 6
Qn o0
and '
nil
:Fn+1 - i. anQ:lTl UZO 0,_18 4
eyt Qn+l !
- Q. Qu+1 vz A0 18 Qn+1 gl

n

er.-ll 1
== A(th-l eu) Sy Po +
Qn Qu+1 1,‘;0 Py .

Ini1

= By11 Sut1 Patl
Qui1 Pagy TMTERT
e | - ]‘ . - y "
- Z A(Qv—l su) A(Pv—l tvm]) -

Qn Qn+1 =10 Py

. Fig1 e
— e AP, )
Pn+1 Qu+l i

n

o fen ZEA(Q,, 18) (1,21 4P,y + P, 41,
QuQn+1u 0 u

oy
T By (tn 4P, "}' n+l Atu)
Pn+1 Qn+1 M : N
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fasr fs1 <« D
AQyoy 8) ty — L T % x
Q Qn+1 pzﬂ " ! Qn Qn+1 ugﬂ Py

x AQ, 1 8) Atv 1+ &Eﬂ" n-i-l—;n_
Qn+l

¥
!Iu+1 n+tl 1 4 t
Pn-l—l Qn+].

4 g1 - /Y Q.
= z: Qu 1.-+1 -1 — 2 —Tg Eit1 byl —

Qn Qn+1 =10 Qn Qn+1

Ty = P "

— = A A(Qu 16)[“:0 1+ &, 18, —

Qn Qn+1 pg:o Pv -1 i

. Int1 Pn+1 e, .1 A;

Put1@ni1 "
50 T -
= Qv L'u 1 At &1 Atn—l —_—

Qn Qn+1 uzo - Qn+1 "

In1 . @1 Puga n
Qn Qn+1 u;o Py Pn+1 Qn+1 "

n
Tn — fp41 = ikl—' z Qu i1 Atu~1 +
Qn Qn+_l p=1{

T s _P,J ; ' =
Tl 2(Q, 1 8) Aty +
QnQn+l vgﬂ Py ) ! !

Tn--1 Pu+1 H
.,+ _"—fa g1 41,
Pri1 G :
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Consequently,
S| E T = z G| 3 0 |
n={ n+l lp=0
nop N
S o | PPN
=0 nQrHl pe=0 Pe .-
/PN P - &
+ ELRL LA At, ) :
Eﬂ Pr+1 Qn1 l +1‘ l l ‘ F
=% 4+ X + X (say).
1 2 3
Now,

Z Qu BIJ+1 Atv ll

v=0

- gn+1
Z Q Qn+1

y!_m

8

< Z R Y I“” —1| Z ( n': Q:.pl)

e n=w

= Z I3u+ll I‘M_v-rll

v=0
=0 lda_l I) by ixypotheses () and &iij
= 0(1).

Y SR
nd also ¥ = » ———— |§, Atu
e 3 ,,Z::o Pat1 Cni1 l +1I ! l

= O | 4t,]) by hypothesis (i)

=0,
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Now,

L3

o P _
=Y ot | D M0 ) 4y

n=>0 QnQn+1 vm0 Po

od Qn+1
= 18] | 41,
u;o i1 ! E)| I llnng Qn+l
- P .
+ —— 1 4(¢,- -
p?ﬂ PU Qv ‘ (Q ! \
= Py - - P,0, -
== —2 2 e | (At + ——— | de,{ | 4¢,_
= — = g, | [At,_y] + Y
Z g ol 2, :
— O(2]41,_,]) hy hypotheses (ii) and (iii)
= O(1).
Thus the proof of the theorem is completed.
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OZET

Bu cahgmada Kogbetliantz"mn bir sonsuz serinin mutlak Cesaro toplana-

biliriik garpanlarn hakkinda 1925 de venmig oldufu teoremin bir benzeri

verilmekte olup, bu teerem Mohanty {1950) ve Kishore ile Hotta (1970) mu
sonuglarim 6zel haller olarak ihtiva etmektedir,




