ON A LORENTZIAN MANIFOLD v2'*! ENDOWED WITH
A PRINCIPAL GONNECTION
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Let V;"Jrl he a Lorentzian manifold of odd dimeision 2n 41, let

{p, EqgsAdA=1,...,2n4+1; pe¥g, Zntl }be a quasi - orthonormal vector

basis associated W1th pe V2n+ and et {CC } be ‘the dual basis. I

{&a ta =120 + 1} are the two null (re.l]) veetors of this basis, then

the submanifold W< Vzu+ ! defmec] by 0£2"+1

rate, That is if T and N, are the tangent space and the nermal
piw 314

space at p| W of W, then one has Ty | NVpir »= 0.
P . pl# i 4¥pi

= (), a¥ o 0 is degene-

The present paper is concerned with the sfudy of such degenerate sub-
manifolds W (denoted by _V(gﬁ_l because the defect of the inclusion
x: W= V2n+ is 1) of a Vj,n+l manifold structured by a prinecipal
connection [2]. Different properties of the tangential (and normal) null
field &, are ol)tamec] If the spatial tangential mnnectlou forms associated
with & : V(I) V _‘,’, ! vanish then one defines on V(l) =1 a conformal
cosymplectic structure having £, as canonical field.

1. L t V2"+1 be a L{uentman C*-manifold of odd’ dimension 2n 4--1

and let # = v {p, é,; A =12,...,n 4 1} be the plmclpal fiber bundle
of the quasi-orthonormal fmmes 1P, &4} and ctB = lgc a“ the connection

forms on %, where o is the dual basis of the vector basis ¢

We denote by a, b=1, 2n+1 and r, s = 2,3, 2n the isotropic
indices and the spatial indices respectively of the vector bhasis £,. The basis
¢, being normed, we have ['] '
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<& > =0, <&, 8 > =—4,
3] 1 a=25b
<< fa 3 gb > =
O a#b,
where &) is the Kroneeker symbol.
The connection y which structures V;:'H is given by

@) vii=0ai® &

and, making use of (1), we obtain

2n+1 1 1 2a+1
a* "t = 0 = gy g, op gty =0,
2n 41 1
(3) oLm-ﬂ‘l- - OC; = 0 ? a;n+l — o = O:

The connection y being torsion free (a IL.evi-Givita connection), the

two groups of structure equations (E. CARTAN) are

CY] daat =aP Auf,

/.

4) daaf =aSanal | Qf.

In (4’) .Qg are the curvature 2-forms and the connection form

o) (= — og"1]) is the unique homothety component of v.

In [E] the connection forms (a1, e2*t1) have heen called mixed

connection forms of y and iff

(3) oy = .’;, «, o) =k « (no summation over r)

holds, the connection is ecalled principal [*]. Such a connection is denoted
by yvp and the Forentzian manifold structured with a vy, connection is
denoted by Wi+l
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This paper is concerned with the study of some properties of a degenerate

manifold of defect 1 and codimension 2 included in Vf,"""l.

2. Let
. dP :CCA®hA

be the line element (dp is a canonical 1-form on a Lie group G) of the mani-
fold VF* 1. A degenerate submanifold ?*~! of defect 1 and of codimension

2 can be considered as an integral submanifold of the system
azn +1 0 s

o = 0.

od O . .
If we denote by ag, o , k... the forms and functions induced by the
inclusion z: V-1 5 V?J""l, we can write for the induced line element

on V2n-1
(6) di(p) =% @ & L2 ®&,  i=23..2n—1.

Taking account of (1), the metric of ¥2"~! is of spatial type and has
the form

Q) &5 = — ) @

The vector £, being both tangent and normal to V2*~!, the normal

space N, ie determined by ¢, and &,,. If T, is the tangent space to

(r
Vi1 at x(p), we can split it as

Ty = {8} @ Sy »
where S, is the spatial component of T, ,,.
Clearly one has

Tumy 0 Ny # 0,
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and this points out the degenerate character of the immersion x. Furthermore,
the rank of the matrix (7) being equal to 2n — 2, it follows that the defect
of ¥V*' is equal to 1. Such a manifold will be denoted by Vzn" .

So, taking account of (5), we see that exterior differentiation of the
isotropic covector gives no new equations. {This is in accordance with the pair
of associated coisotropic hypersurfaces which always carries a an"'l mani-
fold [*]).  Exterior differentiation of the spatial covector gives then (by means

of the Cartan’s lemma) the 2n — 2 linear equations

~In [ .
o == W, o, My, = My, Lk =23,..2n—1.

Thus by the virtue of a known theorem, one can see that this system is
always completely integrable and thls proves the e)astence of the degenerate
manifold Vz"' 1

Denote now by

~1 =2 g 58 |
=0 Ad A..AKQ

the volume element of Vz" -1 and by

-2 ~3 ~2n—1
H, =00 AU A A0

the simple form which corresponds to S, and which will be called the spaiial

«(p
simple 2n — 2) — form.

Making use of (4) and (5) we get
dan =ky,

Hence the vector space S, is integrable and therefore, one can say that the

distribution Sx(P) is invelutive.

Further, by means of the fundaméntal formula of the variation calculus
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we get, making use of (4),

¥

Lon—(divE)n = dive =k
and

-

L i, =k .

Thus, the condition that f he an infinitesimal auntomorphism of the
volume element of V(])‘l (01 div f = 0) is equivalent to the condltlon that

¢, he an infinitesimal automorphism of the spatial simple (2n -— 2) — form.

Finally, making use of (2), we get, after calculation
. o
Ve, él = Iy é‘:l
(in the following wc shall call £, the characteristic field of V(El’)'_ .

This relation ploVﬁs the property of the vector to he geodesic also 111 the

2-codimensional case.

By means of a calculation which we shall not develope here, one can see
that this property holds also in the case of a degenerate manifold of arbitrary

codimension in V%,”'H.

Remark., The necessary and sufficient condition that the characteris-
tic'field ¢, be an invariant integral relation for the homothety component
~1,
¢y 18

—iill == 0 a
We shall call 7111 the geodesic scalar associated with the vector £, .

Theorem. Being given a Lorentzian manifold V' +! structured with o prin-
cipal connection v,, every degenerate submanifold ofdefect 1 (denoted by V., "“1)
and of codimension 2 is determined by .a linear system always completeiy

integrable. If £ and 5, are the characteristic vector field and the spatial simple

(Zn — 2)-form respectively, then :
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(&) the distribution defined by the spatial tangent space S, ., having as

#(p
dual 11, is involutive;

(2} the necessary and sufficient condition that £ be an infinitesimal auto-

morphism of n, is div { = 0.

3. Taking the star-operator of the induced line element dx(p), we get

-~
~2n—-1

% da(py = &gy 0 1, + %A Z (— 1)’:_2 & A e A PN ¢

By exterior differentiation and taking account of (4) and (5), we find

~1 —~
da(kdu(p)) = —o ndx(p) + ke +oéy)n.
Let us now call the vector

Hy =K E + ok,

the mean curvature vector of Vtzl)_l associated with x, Consequently if
F=tr < dx(p)s V &uy > = 0,

then we shall say that V(zl';'“l is minimal in the direction of the transversal
isotropic vector &y, ;. Thus, if #, = 0, the line clement dx(p) is % -comp-
letely integrable [].

Recalling that a Hoffmenn manifold is a manifold for which the
mean curvatare vector is parallel, let us search for the conditions under

which we have

Vi, =10,
Making use of (2), we obtain
o~
dk -+ koy =0,

(8) Ef" = Ei- Ei, (no summation over i)

dirg =0,
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The first relation (8) shows (&f is exact) that the connection y, is
equiaffine [*]; the sccond relation (8) shows that the two fundamental quad-
ratic forms are conformal and therefore the Chern’s arithmetic invariant as-
sociated with x is equal to 1; the third relation (8) shows that the mean

curvature in the direction of the spatial normal vector is constant.

Theorems. FLet #°,, be the mean curvature vector associated with the inclu-

sion x V(zf;_l - V;"'H. Then the necessary and sufficient condition thot the

line element of V(zl’;_l be 3% - completely integrable is that 3, be identical zero.
If Vé’;*l is ¢ Hgffmann manifold, then : '

(i)  the connection v, is equiaffine;
(f) Chern’s aritmetic invariani associated with x is equal 1o 13
(i) the mean curvature in the direction of the spatial normal vector is

constant.

4. “Suppose that the considered hyperbolic space V_if"“ is a Minkowski

space and consider the map
9 pop+SfE . feaWy™h.

By means of (2) and (6) we get for the line element of the manifold
pant ated by p the followi ressi
Vaqy generated by ;p the following expression

(10) & =@ +fa +dNE + 3 EQ+fh)a

One can easily see from the above expression of d}:‘), that for every value
of f we obtain a new manifold which is of the same type as the first manifold;

this fact generalizes a property already outlined in [°]

One can also sce that, if the first manifold is umbilical in the direction

of the characteristic vector £, , the every mapping of type (9) is conformal.

By means of (9), a spatial manifold of codimension 3 is defined by
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(11) & fo - df=0.
By exterior differentiation, we obtain
(12) ' @ tdfna =0

and one sees that (since -o-c; is closed) the system (I11) 4 (12) is completely

integrable.

In the particular case when the conformity scalar is equal to —fl./,f, then

: >in—1 , . .
the hypersurface V(ll; is reduced to an isotropic curve,

Theorem. Let f be an arbitrary function on V(z]';_l. Then every mapping

having as generator the chacteristic field £, offers the pessibility to obtain a mani-
ifold of the same definition. If the departure manifeld V‘zﬁﬁl is umbilical in the
direction of the characteristic vector &, » then the mapping is coriformai. One can
always determine e function f such that the manifold 17(21')1_1 be spatial and of
codimension 3. If the coriformity scalar is equal to —1/f, then the manifold
17(2;;_1 is reduced to an isolropic curve. Finally, one may cancel all the co-

efficients and then the point-p is a fixed point.

5. Suppose that the spatial tangential connection forms are zero, i.e.:

~i

(i3) : oy = 0.

In this case we get from (4)

CZ i ' . '
(14) dao = ko A o, (no summation over i)

that is all the spatial dual 1-forms are completely integrable.
Zn—1

Consider now on ¥V 5y~ the pre-symplectic [°] 2-form

~3 3 ~2n-2  ~2n—1
Q=g A —|—...—|—o:n AGT.

It is casy to see that the rank of this form is equal to 2n — 2, that is
dim ker @ = 1.
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Since

A0,

. . R o ~1 PP

one can say that the chacteristic covector ¢ and 2 deéfine an almost cosym-
. ~1 - . e

plectic structure G(Q, ¢ ) on V(?‘{; 1. Making use of (14), we obtain in the case

of hypothesis (13)

dAQ = ka AQ,

which shows that the structure C(%, El) is conformal cosympleciic, having éx
as canonical field (or Reeb’s field).

A simple calculation gives

and therefore @ is a conformal infinitesimal transformation of €. On the
other hand one has also

P a =
and if EII =f @' then 5 is closed. In this case one has a semi-cosymplectic
structure [7] and § is a conformal cosymplectic infinitesimal transformation

for this structure.

Theorem. if the spatiel dual forms are completely integrable (case of (13))
then one can define on V(zl';"l a conformal cosymplectic structure having as cano-
nical field the characteristic field of V('q‘l';"'l. If the structure is semi-cosymplectic

then this field defines a conformal cosymplectic infinitesimal transformation.
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DZET
2n+1 . o . .
Ve ile 2n +1 gibi tek boyatla bir Lorentz varyetesi,

{p, Eq;4d=1,...,2n-1; pe V;m-'—l} bir pe V;n-l-l’e bagh bir
knaziertogonal vektor bazm ve {OCA} bu vektér baziun dual bam olsun.
{&a sa=1, 2n 41 } bu bazn iki (reel) sifir vektoriinii gosterecek olursa
052"'+1 = 0 ve & — 0 ile tammlanan WS V;n'-"l alt varyetesi dejene-
redir, Bu deyimle, W alt varyetesinin p IW noktasindaki siras: ile T | ve
Nyyw ile pgosterilen tefet ve normal uzaylan igin Tp)p N Ny = 0
oldugu kastedilmektedir.

Bu aragtirma, bir esas bagimhhblla yapillandmlms bir Vf;"’-l varyete-
simin, x: W — V;,n-H' daldirma tasvirinin defekti 1’e egit olmasmdan

dolay V(zf)'—l seklinde gosterilen W dejenere alt varyeteleri konu olarak

abnmgtir. & tegetsel (ve novmal) sifir alammn gesitli dzellilderi elde edil-
migtir., x: V(zﬁm -)V_i,n-l'l tasvirine bagh nzaysal tefetsel bafmldik
formlan sifir olmalan halinde V(Eil;_l iigerinde £;’i kanonik alan olarak

kabul eden bir konfsvrm ko-scmplekiik yap1 tammlanir.




