Istanbul Univ, Fen Fak, Mat. Der, 52 (1993), 4758 .- 47.
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Summary : Effective mathematical method for solution of nonsta-
“tionary dynamical-problems ‘of linear ahisotropic viscoelasticity at arbitrary
difference and nondifference hereditary ‘kernels is developed in the paper.
In case when theratio of kernels of relaxation is independent on time, the
kndwn theorems “are generalized” and the new theorems, by means of which
the solution of fundemental dynamical problems of anisotropic inhomogené-
ous viscoelasticity are reduced to solutions of corresponding problems of
elastodynamics and to solutions of some one-dimensional mixed value prob-
lems for integro-differential equation in partial derivatives hyperbolic type,”
are proved. The solutions of all necessary problems for arbitrary hereditary
kernels are constructed. These results represent the principle of correspond-
ence of nonstationary dynamical problems solutions of’ E:lastlcny and vis-
--coelasticity - theories in originals. [ -

DINAMIK VISKOZESNEKLIK PROBLEMLERININ COZUMU ILE ILGILI
BiR MATEMATIKSEL YONTEM HAKKINDA

Ozel : Bu calismada, keyfi cekirdekli anizotrop' viskozesnek dsimlér

kuraminin stasyoner olmayan dll:lamlk probIemIermm ana.llt;lk gozum yon-
‘temi verilmektedir.

1. STATEMENT OF THE PROBLEM

Let us consider the state equations of anisotropic linear viscoelastic medium
¢ .
0y (x, 1) = Rya (9 [ o — T (18w B ], M
F .

where Ry (x) are known functions of three. independent variables X, ; X, , X5,
X =(x;,%,,x,), I'is kernel of relaxation, oy and g are ‘components of stress
and strain tensors. In response to these relations and the dependence of defor-
mations with the displacement
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ek,=i(%+ﬂ) *h1=1,23)

2\ ax, 9x,
into the equations of motions in the stress
. 2
L g B8 =123,
ox; a2

we obtain the equations of motion of inhomogencous anisotropic viscoelastic
medium in the displacement written in the vector form

¢

L(u)—fr(r,&>1:(u)d&=paz“

arr’

@
o
where w(x, ) = {u, , 4,, u,} is a displacement vector, p (x) is density, L is an
operator of the inhomogeneous anisotropic clastic medium. In isotropic case
Lw=A+20)V(V,w) —p[V,[V,u]] + VA (Vo) + 2(Vi, V) u + [V}, [V, ],
where A (x) and p (x) are Lame’s elastic coefficients, V is Hamiltonian operator.
Assume that a viscoelastic body is bounded by the surface 5. We shall

consider the motion of this body when on the surface S is given either the
force or the displacement, i.e. '

L ] Hy |S=L1m (“) IS—-[F (ts E.:) le (ll) dE.b ;S=fm (x) IS am (t) (iJjJ m=15 2! 3)9 (3)
0

Uy lS = Fm (x) IS bm (t)’ (4)
where L), is a linearly differential operator corresponding to the equations of

state of anisotropic inhomogeneous elastic medium, r,, are the projections of the
outward unit normal vector to S (here by the index m is not summed).

It is required to find w(x,?) from the equation of motion (2} and one
of the boundary conditions (3) and (4) with the inital conditions
.
t=0_ ’ 61
For the solution of these problems it is necessary to have the solutions of
some auxiliary problems.

u =0. (%)

t=0

The first auxiliary problem is the following:

32 ;
at?

’ “i:{”n5”:‘25”:‘3}:“::0:%“1’“:0, T=0, (6)
T

L{w)=p

Lim () s = f (x) |5 8 8 (5), (M
where & (v) is the Dirac function, 3,; are the Kronecker symbols,
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The second auxiliary problem is the previous problem with the last boundary
condition substituted to . .
Ut 5 = Fpy (%) | 5 Bmi B (7).

As is seen these problems are the transient dynamical problems for elastic
medium subjected to the action of impulsive influence.

The third auxiliary problem is the one-dimensional problem for the homo-
geneous viscoelastic medium

t

azwf m./‘r(r’z;) azwi(&:T) . azwl :0,

o7 gt 912
° (8)
L =0, '% =0,
=0 dt =0
!
w60 — [TEOwWEOE = aE; w>0rse O
0

The fourth auxiliary problem is the previous problem with the last condition
substituted to w; (t, 0) = b, ().

2. RESULTS AND DISCUSSION

Theeremt 1. The solution of the problem (2), (3), (5) is

uGe ) = [ul e DwulDds (=1,23, (10)

0

where u! (x, 7) and wi; (t, T) are solutions of first and third auxiliary problems.

Proof. Substituting (10) in (2), and assuming the possibility of twice
differentiation with respect to co-ordinates under the integral sign, we obtain

fL(ll} (x> T)) Wi (ta T) d‘: - fT (t’ E:t) [ L(l.lf (x: T)) wli(&! T) dT dE.\ =
0 0 0

’ 3 62 W[f(f, 'U)
= ut (x, ) e 7
pf ;& w) ap

0

Since the function u! satisfies the equation (6) the preceding equation
<can be written in the form

i
I8
i
i
IS
‘LL
£
3
&
L
k
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o 82 u‘! ! - i ] "o az u} ‘ R
‘[ pp wy; (2, 1) dv — f I, g) f N wy (€, ) dvdé =
0 . 0 0 e
- Fwy(tT) 5
— I 7 ) it
— fu: , Yo dr.
0 =
Noting that _
3 8% u! (x, ©) - - 3*wyu ()
f Wiy (l‘, T) # dt = f ll} (x, T)WE%T#“ dx,
0 0

which is obtained by integrating the first integral by parts considering the
conditions of boundedness

w | awu :;:
wi; ar u; py — 0 when 7 — oo, g
we find } o
o o R | ' .
- 2 K 2 230,
j u} 0% Wi _ f P(f, E_,) 0° Wy; (é) T) dﬁ _ o°wy; dv — 0.
J L ox? J o2 : ar?
0 -0 :

On the basis of (8), the last equation is satisfied identically. -

The initial conditions are satisfied on the basis of inij:ial conditions on the
function w, (z, 0).

Let us show that the boundary condition is satisfied too. Substituting (10)
in (3), we obtain '

[ Lin @D lswirt, ©) dv —~ [T08) [Lin @) s wir(E ) dedt =1, (3) |5 a (1.
0 0 0

According to the condition (7) this equation may be written in the form

S Is (Wm0 = [T (1,8 w1 &, 0) 48] = £, ) s 2, 0.

According to the condition (9) the last equation is satisfied identically.‘
The theorem is proved.
Theorem 2. The solution of the problem (2), (4), (5) is

0

ulx, 1) = j W (x, ¥ wu (1, D dr (= 1,2,3), (11)
. |

where w? and wy; are solutions of second and fourth auxiliary problems.
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This theorem is proved as the previous.

If the displacements are given over the part of the surface S, and the
externel forces over the remainder S;, the solution of the considered problem
is given by the sum of the formulas (10) and {11), where . the function f,,{x)
is given on §; and F, (x) IS on S,.

In' witness of these theorems assignment of the boundary conditions is
compulsory in the form of the production of two functions, one of which
depends on the time, and the others on the space co-ordinates.” On the contrary
we shall act as following: Assume that on the part S; of the surface the
stressvector P =f(x,f) and on the other part S, the displacement vector
u=F{x, ) is given. Considering that fand F are twice differentiable functions
we expand them to series

pls, = §f<x)|sla,(r)-uas.; §F<x)|sab,<r) (12)

Theorem 3. The solution of the problem (2), {5), (12) is -~

ulx,t) = z f [u! (x, D) wi; 8, ©) + w2 {x, D wy{t,v)] dr, (13) :

where ui . u , wy; and wy; are solutions of the first, second th1rd and fourth
aumhary problems correspondingly. :

The formulas (10), (11) and (13) are principles of correspondence of the
originals of solution of nonstationary dynamical problems for elastic and visco-
clastic mediums,

3. THE SOLUTIONS OF ONE-DIMENSIONAL AUXILIARY
PROBLEMS

The solutions of these problems will be constructed for difference function
of kernel relaxation. Then it is not difficult to see that the solutions of these
problems are obtained from the solution of the next problem of impact to the
thin semiinfinite viscoelastic rod

_f — au(x,i:) dE = 1 2*u

¢ gt

ax2

u =0, =0 when { =0; (14)

at

a(0,1) = o, H(¢); 6->0 when x-— oo,
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where u (x, t) is displacement, o (x, ) is stress, H (¢) is Heaviside’s unit function
and ¢ is velocity of wave.

With the help of the Laplace integral transformation on the time we get the
following solution .of this problem in representation

G (%, p) = %exp [“ L‘f{ / \/ﬁ] . ¥ (15)

where the line above the functions shows their representations, p is parameter
of transformation.

The Tinal solution is connected with the calculation of the original with the
use of Mellin formula o

otim
o (x, ) = f "G (x, p) dp.
2ri :
or—jo0

I'n case of simple relations between strain and stress this integral is calculated.
Solutions of many problems are connected with this case from which we can
show the works [1,379. The contour integral used here becomes very difficult

even in case of the smallest complications depending I'(p) on p. Therefore
the method of contour integration becomes unfit for more real relations be-
tween stresses and strains. It is explained by this that to last time numerous
practically important problems for real bodies were not investigated. Ilere we
reduce a new solution method of indicated problems developed in [2,7] which
completely excludes the named difficulties.

As Re (p/\/ 1 —I') >0, the formula (15) may be presented in the form

o

20, 1-—71 f A sin (Axfe) an . (16)
TP
]

G = —_— o
PPt — T

Considering the inequality [p? f‘/(?\.z + ) —T1) | << 1, which is valed for
great values | p |, the integrand expression in (16) is expanded on series

@ @ . 2T
5:_2_‘?9_] E CEPD (M), )
Tp (2 + Pyt (1 =)' ¢
¢ n=0

As integrand series uniformly converges in 0 << A << o=, and the terms of series
are continuous functions A in indicated domain, then calculating the integrals and

taking into account I'(l — I')™! = K, where K(p) is the description of creep-
ing kernel K (¢), we find
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' @ n—1
_ A (— BY (2n —k — D { 2xp \FH!
O@m:%ﬁ “L+§:%m Ekﬂ—k—m(?) - 1)
0 k=0

o

Considering the representation in the series with Mecdonald’s function
K, 1 (2) the formula (18) may be written in more simple form
2

o(x,p) = N \/ﬂpc Z i (_ xpcK) K;]__,;_(fg')

It is easy to establish that the ratio of absolute values of terms of series
(18) {a,,, /a,| for all x and great |p| is smaller than a unit, i.e. series (18)
is absolutely convergent for great | p | uniformly with respect to x €[0,90). Let
us estimate the remainder term of this series. From (17) we obtain for the
remainder term R .. the expression

2 . A
Uo f Z (a‘z Z)m L sin (Tr)dl

Transforming it by the following way

nti

20, [ (—PRYH N (2R . [
Rn+1 - P (7\_2 +p2)"+‘ (;\‘2 +p2)m Asinf—— | dh
(4] 1]

m=

and substituting there the sum of integrand series, we find

o

. Ax
20, o Bt ksm( )d?\.
——ﬂp( P K) ¢

02 +p (2 + P2+ pPK)

a+1

As it is seen, the remainder term has the sign of the first rejected term of the
series. It is easy to establish the inequality

p2(n+ 1}

o | < pHRED (A% r4)-—1—%

(F -+ P2 + P2+ PP K
where r = | p|. Considering this in expression R, and calculating the integral,
we find

| Ryrr| < | K™ oy | [1P].

The first term of formula (18) is the description of solution of corresponding
problem for elastic rod and the others arise as the expence of viscoelastic property
of the material. In [’] formula (18) is obtained by another way. It may be
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obtamed also by expanding on series the exponent in (15) and by applying
to every termii of series the formula for fractional degree of operators,

The series in formula (18) converges absolutely and its terms are continuous
functions of parameter p, therefore one can calculate termwise the inverse trans-
formatlon as a result we have

o, )= GH(I)[1+Z( 1" @n—m—2)! (2x)m+lK<m)(z_i)],
22“n‘ mf(n m—DL\ "I . c

(19)

where K, (¢) aré iterated kernels'

KO- K(t_j'?‘Kn (tl): = ng_(t ~ 9K, () dv, K@ ()= ;Ln K, ().

Theerem 4. Formula (19) is the prescise solution of problem (14) for any
difference kernel F(t ), :

P

The theorem is proved by direct substitution.i'

,,\.

Let X (t) _£ H(, where Eis a Young modulus, i is a coefficient of
1] :
viscosity. Then formula (19) is reduced to the form
f
N e |
e — i ,_ 2uc ﬂ_ - 2— (
o(x, 1) G‘OH(I _c) e ,%21“3 e \/‘c—xz — dt|, (20)

xfc

where 1, (z) is -2 modified Bessel funetion.i: -
This is a known solution for Maxwell model [] .

Then K(t) = [K, + ¢ (1)], where K =0, (I)(O) 0. Formula (19) is reduced
to the form

. - . X Xox K. x Kyt Il (% \/TZ_xZCTZ) .
_ — " 2c jui el T2 _
o(x f)=c, H ( - ) e + 52 e N dv +
- . xfe

o0

T X 1
+7Z L IGOIN | @

m=1
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d® (t)
dt

o, (x:t) — [ o, (? — ) F,,,'(x,'-:) dv, 10,() — -

x/c

I, (1) = T, (0) I,y () + [ Iyt ~ %) 40T, (5)

B ) _ K 1—m . _ Kot 2 \m—1 K. . 2 .
' ‘ Fm (x! t) : ('70) e z tz - % 2 Inr—l _2“0 tz - ;:2— ‘

In ['] it is proved that formula (21) is a precise ‘solution of formulated
problem for indicated creeping kernel, absolutely converging for any finite values
of time. This solution generalizes the results of problem [, which are found
approximately. '

Let K (¢) be an Abel kernel K(t) =A™, A= const >0, 0 < o<1l Then
formula (19) has the form

g x,r):coH(t—i) %I ——i{’—x(t——"i)_m—i- ..I.—|—

¢ 2c c
[-AT( — o) <O (@—k—2)!
T e Mok —Dl 2
x=0
o R T ol )
c ¢ )

Here all terms are crossed out with entire negatives (1 — a) n — k and F (z) is
Euler’s gamma function.

For small ¢ — x/¢ we obtain from (22)

@«

_ EAR 1 Al —ox /= \T
c(x,t)~00H(t c)z n!F(l—nu)[ 2e (I c) ] '

n=_e

Here, taking into account the formula

r &
F(z) f( g et dt,

where the contour y goes around the positive semi-axis, we obtain

(. fymo, H (r—%) f( &)’exp[ ECE U ‘*)"( ‘:)'“(—a)“Jd&,.

2c

Introducing the notations
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AT(1—u)

(— &1 = f (@), (r - i)_“ 2, ALY ey 2 s,
c A

c

the last formula is written in the form
o ) = UOH(f _ ,_{E)L ff(g) eAS@gE
¢/ 2xn
T

Since for small t—x/c the par'ameter A becomes great, then for calculation of
integral one can use a saddle-point method. Without reducing a standard scheme
of this method we shall write the principal term of asymptotic expansion

. . N . )
oix, 1) = a, H(t_ %) 27 (] —a)}—1/2 [Tr_(_l_zéaﬁxm]z(l—u} (t - %)2([—&) %

l—u[Al"(l—.a)ax]Ti;(t

o 2e

- _’C_)—%g , x> 0. (23)

X exp ;—— p

Curved dependences (23) are reduced in fig. 1-3. From these graphs it follows
that the solution in front of the wave has no jump, ie. in spite of the form

+ 0 3 ¥y 5 & 7

Fig. 1. 4 =0.8.10° 5%, ¢ = 3.3.10° m/s, @=0.5, The fitst curve corresponds to x==0.1 m
the second 0.25 m, the third 0.5 m.

of boundary condition the front of strongdiscontinuity waves does not exist. It
is easy to show that this is connected with infinite growth of dissipation func-
tion for ¢+ — x/c -» 0. With receding from the end x = 0 the length of region
on which the dissipation function is infinity increases. Fig. 2 illustrates the in-
fluence of parameter of 4 kernel on dependence on solution from difference
t — xje at a fixed point x = 0.25 m. It is seen, that the more A4, the stronger
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405({"-1&)‘
¢ A2 3 %y & g 1 -

Fig. 2. o = 0.3, x = 0.25 . The firstcurve A = 400 5'/*, the second 800 s'/* the third
1600 '/ .

of the aboveindicated effect appears. In Fig. 3 the influences of parameter o
on the solution are reduced. The nearer a to a unit the steepness of the wave
front is eroded; at convergence of a to zero the front becomes steeper (for a=0
Maxwell’s model is obtained).
g
=
)
v A
G2

A

R

f;cl@—ucﬁ)

¢ : 4 6 %
Fig. 3. A = 800 s'/*, x = 0.25 m. The first curve & = 0.3, the second 0.5, the third 0.7.

Formula (23) is obtained by another method in [5.

Finally note that by means of formula (19) under corresponding choice of
kernel K (#), initial and boundary conditions, one can obtain all known solutions
of one-dimensional problems obtained by other authors.
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Let us introduce the denotation w{#, ) =0o(x,#)|c,, x =1, ¢ = 1. Then
the solution of the fourth auxiliary problem for difference relaxation kernel is
written in the form '

I3

m&ﬂz[W&—gﬂdNﬂ

0

If in this formula the function b,(+) is substituted for

@m$fxa—@@@m,

then one can obtain the solution of the third auxiliary problem,

[’}
[

[l

[']

I'l
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