CONFORMAL MOTION IN A SYMMETRIC FINSLER SPACKE
H.D. PANDE and A. KUMAR

1n this paper a conformal motion in a symmetric Finsler space defined by the infinitesi-
mal point transformation

¥i= xi 4 vi(x)dr

is studied, where dr vi (x) is any vector field and 4¢ is an infinitesimal constant.

1. Infroduction. Let F, be an n-dimensional Finsler space equipped with
the line element (x, X) and a fundamental metric function f{x?, ') which satis-
fies the requisite conditions {!]. The metric tensaor of F, is given by

gi; (x, x)ﬁ% ézfjfz (.x, JC) where ‘azfj = a/ax’ a.l-’ and gijgjk :_Sik.

The contravariant and covariant components of the metric tensor are symmet-
ric in their indices and positively homogeneous of degree zero in the *'s. Let
X7 (x, X) be a vector field depending on position as well as on directional argu-
ment. The covariant derivative of X7 (x, X) in the sense of Berwald is given by

Xi(k) - ak X — am X Gka X7 + x" Gimk ’ ' (11)
where G'y, (x, ¥)%f 32, G'? is Berwald’s connection parameter and G'(x, ¥)
is homogeneous function of degree two in X'

The commutation formula for Berwald’s covariant derivative of a tensor
field 7% is expressed by

2 Tif[(h) (3)13) = TfY £ hky T T‘rf H Tmcj — (&v T.r'i) H T}rk ’ (1-2)
where '

Hiy, (x, X) is the Berwald’s curvature temsor. It is given by

') Numbers in brackets refér to the references given at the end of the paper,
7 ;= 3fox! and xi = dxifdr
B) 2X k] = Xpge-— Xgp - -
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Hiyj = 2 {86 + GGy + Glydn G} (1.3)
These functions satisfy the following identities :

Hie + Higy + Hiyy, =0 (1.4a)
Hiy = — Hy, H'yy 3 = Hiy, and By 30 = HY;. (1.4b)

For the contraction of H';, (x, ¥) we have ‘
Hyy, (o, XY By, HY Yy = Hy (1.52)

. . 1 .
H(x, x)g—l Hi, and (L.5b)
n—

the skew-symmetric properties of H'j, , reduces to

kh H]!k —' "FI ihic * (16)
We consider the infinitestmal point transformation
¥ =x+v@ad, . N (%)

where dt v/ (x) is any vector field and d¢ is an infinitesimal constant. The Lie-’
derivatives of a tensor field T%;(x, x) and the connection parameter G';, (x, X)
are respectively given by

£ T (x, ¥) = Ty vh — Thvigs + T vhgy + @, T)) Vi, & (1.8)

and
£G (0, X) = Vigygy + V! Hly 4 Gjy, Vg X5 (1.9

The commutation formulae for the operator £ and (%) of the tensor field
T/ is given by

£(T}g) — E Ty = T £ Gy — T £Ghy — 3, THEGH, ¥ (110)

In particular, we have
286G yon —EH jy, F 26 ) X" G . (1.11)
The conformal. transformation in F, is characterized by
2i(x, X) = € gy (x, %), (1.12)

where g;; and g;; are two metric tensors obtained respectively from two distinct
metric functions f(x, ¥) and f(x, %), and ¢ is the function of x only. We obtain

the following entities of the conformal Finsler space ; L
G =G —0,B",0¢,=0d,0c (1.13)
ahk = Gikk T Bw!kk (Bimfr.’cﬁ ézhk Bi’") L] (114)’

where
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BhE (x, \:)d;f? frghk — Xk %% is positively homogeneous of degree two in
its directional argument.

2. Conformal Symmetric Finsler Space. If the Berwald’s curvature tensor
field H',; (x, X) satisfies the relation

Hyoom =0, 2.1)

then such a Finsler space is called a symmetric Finsler space [*]. The following
relations have been obtained {*] :

&) Hifk(m) =0 » b) Hik(m) = () s C) H(m) =0, (2.2)

If the infinitesimal point change (1.7) implies that the magnitudes of vector de-
fined in the same tangent space are proportional and the angle between two di-
rections 1s also the same with respect to the metrices then it is called a con-
" formal motion in F,. The variation of G%; (x, ¥) under the infinitesimal point
transformation is £G?; and that under the conformal change is 6’,-,{. The two
transformations will coincide if the corresponding variations are the same.
Thus we have :

Theorem (2.1). A necessary and sufficient condition that the infinitesimal
change (1.7) be a conformal motion is that

£ G’r'jk (x’ ,\") - G.m B,'mjk . (23)
Thus, for a conformal motion we have the following relations :

£EG(x, )= —05, B (2.4a)

£ thhk'r ()C, x) =0, B”"hkxf 4 (2-43')

where B™ (x, X) is a symmetric function with respect to its indices.

Definition (2.1). A finsler space F, admitting (2.1) and (2.3) is called a
conformal symmetric Finsler space. If we apply formula (1.10) to the deviation
tensor field H/ (x, ¥) we obtain in view of (2.2b) and (2.3)

(£ Hff)(]c) = — 0 {Hih ‘Bkmkj — Hfh Bimkh + (éii Hji) ‘maks xs} . (25)
On contracting indices 7 and j of (2.5) and using the equation (1.4b) we get
EH) + (2, H) B™, %70, = 0. (2.6)

Thus we have the following theorem :

Theorem (2.2). Tf an infinitesimal point transformation (1.7) defines a
-conformal motion in symmetric Finsler space then (2.6) holds. From (2.3) it is
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clear that for vanishing of function B* (x, X) is the necessary and sufficient con-
dition that the conformal motion becomes an affine motion. Hence from (2.6)
we have :

Corollary (2.2). In a symmetric Finsler space if the conformal motion
becomes affine motion in the same space then it is necessary and sufficient
condition that” (EH), must vanish. Taking the Lie-derivative of H*,; (x, X) and
using equations (1.4b), (1.5b), (2.3) and (2.4b) we get [¢]

1 f i e im i Ut

(£ H)gy = =D [0, (B ¥ — 2 (B gy — B Gy —
— @B BTG — G o BT o, (B i X — ()]
—2 (Bm(n - Bi? Gm“(i) - ‘B"W Gm‘f} - {2 (‘Bim(k) O.m'l' + Crmi *) Bim) +
+ -Bimi(fc) c.mj X/ Fi" Br'im O-mj 193] '\_.:j} ] '

From (2.6) and (2.7) we obtain

(@, H)B" g, + n— 1 [om {B" G ¥ — 2 (B™ 6 gy — B4y Gy —

7 Gm'ﬁ %) BIY) 7 BiYi‘(R) GTm 7 Gm’Y €3] B‘i‘\’} + T %) {Bfmi 4] X — (2'8)
—2 (Bim(i) — B Gm*{i) - B;'iY GY’"} T {2 (Bim[k) T i + O i (&) -Bm1)
+ Bjmi (k) G.mf X + Bi i"i' c-mf €3] 'xj}] =0.
Thus we have the following theorem :
Theorem (2.3). In a symmetric Finsler space when conformal motion is
given by (1.7) then (2.8) holds.
Theorem (2.2) can be proved in a different way also as follows :

"Using the equations (1.10), (2.1) and (2.2a) Meher [*] has obtained the
following relation :

(‘£ Hijk) (n) — =24 § [A v* <(m)> 01 I’ Jk v (m) ) + Hﬂdl vh {m) 8) A (2 9

Substituting the value of v (irqa from the equation (1.9) and using equa’r_lon 2.3)
we have after arranging the terms

(£ Hijk) () — UP {Hisj Bspmk H sk B pmj + m i Bipm.! - Hijkh Bhpms x5 } +
hms ZI{Shm % Hi.f]s - Hifk:-' H“Imr} + . A (2‘10)
=+ Vk(‘r) 2 {H ik Gjmslr —H isk Gl‘?m,ﬂt + ,_'”_ Gsmfdt} .

1) The indices in brackets < > are free from symmetric and skew symmetric parts.

+ Vv {H H
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The following commutation formuiae for HY; (x, X) are given by

2 H".r'k[(h) 7 {Hsik Hihms 28 Nl H ijs H hm} (2 1 1)

and
éh (Hfjk(m)) - (ai: Hijk) w) Hijk Gihms 2H stk Gj} LTI (2 12)

In a symmetric Finsler space F, characterized by H';,, =0 and #, .—0
the above equations reduce to respectively

Hsjk Hiim.'.r - 2Hshmlk Hjj.]s - Hfjk.s Hshm =0 (213)
and

Hfjk Gi - Hi.rk Gsm_rh + H Gjmkf; ‘ (214)
Substituting equations (2.13) and (2.14) in (2.10) we obtain

msh

&2 Hijﬁ) () — {Hfsj mek - Hisk B i+ HS B'p - Hifkk Bhpm.s‘ )'s} Cp. (215)

mJ ms

Transvecting equation (2.15) by %% and then contrécting the resulting equa-
tion in the indices 7/ and j we get the required result (2.6).

The Lie-derivative of H'j; (x, X) can be obtained with the help of equations
(1.11) and after transvection by x* we get '

LHYy = (EG ), 0y — £G7y, ) 1. (2.16)
By using equation (2.3) and by homogenity property of G/(x, ) we have
£y = 2{B" 40, + 0pi0 By}, (2.17)

where we have used X;, = 0. By taking the Lie-derivative of equation (2.14)
and substituting £ G, (x, X) end £ H';, (x, X) from equations (2.4b) and (2.16)
respectively, we obtain

2{G s (BP0 O T T 105 BY ) — Gy (B0 65 +-

+ Crp{(k) Bms} + Gskhm (Biplsu)] D.p + D'p](,u) Bmsk)} - lZIS)
(H Bmfrms - 2His 3 Bypj]hm) Gp= 0.

On contracting with respect to the indices i/ and j in the above equation and
using (l.5a) we get

H B Yt Tp = 2 {B Is(31 Cp + ol B .s‘]} G5 Kinr (219)
Thus we have the following theorem :

Theorem (2.4). The infinitesimal transformation (1.7) defining a confor-
mal motion in a symmetric F, satisfies (2.19).
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OGZET

Bu galismada ¢ v¥ (x) herhangi bir vektr alant ve d¢ bir infinitezimal sabit

olmak fizere

¥i= xi 4 vi(x)dr

nokta doniiglimil ile tanimlanan bir simetrik Finsier nzaymdaki bir kon-
form hareket incelenmektedir.
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