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The present authors have taken up investigation of some static and time 
dependent solutions of 

2 b i J " —ij 

and 
g'J V;iJ = 0 

for the case of a metric used by Kompaneets. 

Gij Rij — g, : R = — S-xTt, 

1. Introduction. Recently the solutions o f Einstein's f i e l d equations con­
t a i n i n g zero-mass meson fields have been subject to investigation by various 
authors . I n particular , Janis, N e w m a n and W i n i c o u r ['] considered spherically 
symmetric so lut ion o f these f i e ld equations w i t h a view t o present an extension 
o f Israel's [zj idea o f singular event horizons. Buchdahl [ 3 ] has constructed re ­
c iprocal static solutions f or axially and spherically symmetric fields and studied 
the physical interpretat ion o f these solutions. Penny [ 4 ] and Gautreau [ 5 ] have 
fur ther extended the study to the case o f axial ly symmetric static fields and have 
f o u n d that the scalar f i e l d obeys a f l a t space Laplace equat ion such that a large 
class o f solutions exist. Exact cyl indrical wave solutions o f Einstein's f i e ld equa­
tions containing zero-rest-mass scalar fields have been discussed by L a i and 
Singh [ 6 ] . Recently plane symmetric zero-mass meson solutions o f Einstein's 
equations have been presented b y Patel [ 7 ] . 

The f i e l d equations o f general re lat iv i ty containing zero-mass meson fields 
are given by 

GiJ = Ru-~-giJR=~8izTiJ, (1.1) 

gijV;ij = 0, 0 . 2 ) 

where V is the scalar f i e ld having zero-rest-mass arid Tu, the energy m o m e n ­
t u m tensor o f this f i e ld is given by 
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T u - V r i V i j - ~ g i j V A V m g ï m . (1.3) 

A semicolon, indicates covariant dif ferentiation and a comma fo l lowed by a n 
index i denotes part ia l di f ferentiation w i t h respect to x'\ The present authors 
i n this paper have taken u p investigation o f some static and t ime dependent so­
lutions o f (1.1) and (1.2) f o r the case o f a metric used by Kompaneets [ 8 ] . O u r 
investigation also includes a static so lut ion o f coupled Einstein-Maxwell-scalar 
fields. The solutions i n the static case have been shown to exhibit the results ob­
tained by Patel [ 7 ] and Taub [ 9 ] as part icular cases. As regards the t ime depend­
ent case, a method has been given by whi ch one can obta in , under certain con­
dit ions, solutions o f the f i e ld equations (1.1) and (1.2) f r o m k n o w n cyl indrical ly 
symmetric solutions o f the empty space f ie ld equations o f Einstein's theory o f 
gravitat ion. I t is also f o u n d that one o f the solutions o f the zero-mass meson 
f i e l d equations is non singular i n the sense o f Bonnor. 

2. Metric and the field equations. We consider a space t ime whose geometry 
is defined by the metric [ 8 ] 

ds2 = - Aidx1)2 - C{dx2f - D(dx3)2 - 2Bdx2 dx3 + A(dx4f, (2.1) 

where A , B , C, D are functions o f x1 and x4 only and x', i — 1,2,3, denote 
space coordinates whereas x4 corresponds to t ime coordinate t. I f B = 0, (2.1) 
corresponds to the cyl indrical ly symmetric Einstein-Rosen metr ic and i f i n 
a d d i t i o n C = D, i t refers to plane symmetric metric o f T a u b [ 9 ] . 

The n o n vanishing components o f the Ricci tensor Ry corresponding t o 
(2.1) are f ound to have the f o l l owing values : 

^ i ^ a i i ^ - o ^ o i + Î L n - I J + Î V - C , Di)/2a-(Al ai-{-Ai a4)!4Aa, 

R44=aJ2a-a4
2/4a2-(Ln-L4in(B4

2-C4 D4)/2a-(A1 a^A4 a 4 ) / 4 ^ a , Z 2 > 

R u = a u l 4 a ~ ^aJAa1 + (2Bi B4 - C 1 D 4 ~ C4 _D,)/4a - (Ata4 -|- A^fiAa, 

R22 = (2A)-1 (C; a, P), Ri3 = (2A)'1 (D; a, P), Rïz = (2A)-1 (B; a, P ) , 

where the notations used are as fol lows : 

( C ; a , P ) = [ C u + C 4 4 - (2a) " 1 ] { C , ^ - Q a 4 + 2CP} , ... etc , 

P = {B*-B*-CX £ , - C 4 D 4 ) , 

and we have used 

A = e2L , a = (CD - B2) . (2.3) 

A simple calculation shows t h a t (1.1) together w i t h (1.3) yields, o n contract ion , 

consequently (1.1) takes the f o r m 
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Ru=~%%VtiVi}. (2.4) 

T a k i n g the scalar f i e ld F as a funct ion o f x1 and x4 and using (2.1), equations 
(1.2) and (2.4) s impli fy t o 

Vu - V44 + (a , /2a) Vx - (a 4 /2a) K 4 = 0 , (2.5) 

R U = - 8 j t K , 2 , R 4 A = - 8TTF 4

2 , R U = - 8TÏF, V4 , R 2 2 = R 3 3 = R 2 } = 0, (2.6) 

where Vi =• Vti and the lower suffixes 1 and 4 after u n k n o w n functions corre­
spond to part ia l di f ferentiat ion w i t h regard to xx and x4 respectively. Us ing (2.6), 
m u l t i p l y i n g R33 by D, R32 by C and R2i by - 2B and adding, i n view o f a being 
expressed as i n (2.3), we obta in 

(V^On - (V^)44 = 0 • (2-7) 

3. A static solution. I n this section we restrict ourselves to the static case. 
Thus assuming that the u n k n o w n functions involved i n the above equations are 
independent o f x4 and depend on x1 only and substituting the values o f Rjj 
f r o m (2.2), equations (2.5), (2.6) f ina l ly s impli fy to 

V ~ V a/2a= 0, U - L'a'/2a - (Bn ~~ C'D')\2a = - 8 j t K ' 2 , 

L " + L'a'/2a = 0, C - C V / 2 a - (C /a ) Q = 0, D" - D'a'fia - (Z>/a) 2 = 0, 
(3.1) 

B" - B'a'\2a - (B/a) Q = 0, 

where Q = (B'2 — CD') and a dash overhead indicates di f ferent iat ion w i t h 
respect to x1. 

E q u a t i o n (2.7) for the static case yields a so lut ion 

a = ( k l X i + k2f. (3.2) 

O n the other hand equations (3.1) by virtue o f (3.2) exhibit on integration 

V = (kjkj l o g (/c, x1 + k2) + k4,L = (ks/ktjlog (k, xi + k2) + k6, 

C e~k = D ek = (/q + k2) Cosh { ( / t , / ^ ) l o g { (&, x 1 + A: 2)}, (3.3) 

5 = (jfcj x 1 + k2) S I N H {(^7/^1) i o g (&, x1 + / c 2 ) j , 

where k and a l l -A / s are constants o f integrat ion a n d klt / c 3 , k5 and & 7 are re­
lated as 

k 2 + 4 k, k5 = 1 6 ^ + k7
2, kx # 0. (3.4) 

Thus (3.3) and (3.4) a long w i t h (2.1) and (2.3) characterize a static so lut ion o f 
(1.1) and (1.2). However , on analyzing this so lut ion f o l l owing interesting cases 
arise. 
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( 0 I f kK = k7 = 0, (3.3) reveals that B = 0, C = e2k D wh i ch by a suitable 
coordinate transformat ion can be reduced to C = D. I n this case the metric 
(2.1) transforms to static plane symmetric metric o f Taub, and the correspond­
ing so lut ion is given by (2.1), where 

L = 1/2 log A = (kjkj l og (k, x1 + k2) + k6, 
C = D = ( / c j * 1 + / c 2 ) , 5 = 0, 

and the scalar f i e ld V is expressed i n the f o r m 

V = v % + 4/C 5)/16JT^ l o g (fejX1 + / t 2 ) + k4. (3.5b) 

Thus (3.5a) and (3.5b), together w i t h the metric (2.1), on proper ident i f i cat ion 
w i t h static plane symmetric metric o f Taub, describe the solut ion o f zero-mass 
meson fields presented by Patel [ 7 ] . 

( « ) I f k4 = ks ~ k6 = k-j = 0, , i n view o f (3.3), (3.4) and the discussions 
he ld i n ( i ) , we have /c5//cj = — 1 / 4, . s o that the corresponding solution, is ob­
tained as 

A = (klX
l -|- kjr1'2, C^-D = (klX

x + k2), B = 0. (3.6) 

Thus the metric (2.1) together w i t h (3.6) characterizes an empty space-time dis­
cussed by Taub [ 9 ] . 

4. A static solution of the coupled Einstein-Maxwell equations. F o l l o w i n g 
the method described by Pandey [ 1 0 ] , we can construct a so lut ion o f coupled 
Einste in -Maxwel l equations containing zero-mass meson fields f r o m the so lu­
tions we have obtained i n Sec. 3. Pandey has shown that i f a so lut ion o f the f i e ld 
equations containing zero-mass meson f ie ld is given by the metric 

ds2 = e 2 V - v 4 ) 2 - e~2v hu dx1 dx* (i J = 1,2,3), (4.1) 

then the metric 

ds2 - e2w (dx*)2 - e~lM hsj dx1 dx^ , (4.2) 

where v, w and h-l} are functions o f x' and ew = X Sech v, X being a constant, de­
scribes a static so lut ion o f the f i e l d equations representing coupled gravi tat ional , 
electromagnetic and zero-mass meson fields. A l so the electromagnetic f i e l d 
tensor F^ is given by 

F*j = u j > w h e r e U=X T a n h v. (4.3) 

This electromagnetic f ie ld is nonvanishing. 

I t is easy to witness that the metric (2.1) i n view o f (2.3) can be expressed 
as 

ds2 = e2L (dx4)2 - e~2L [e^dx1)2 + e2L {C(dx2f + 

+ 2Bdx2dx* + D (dx3)2} ] . ( 4 ' 4 ) 
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As already discussed i n Sec. 3, the metric (4.4) w i t h L , B, C, D and V given 
by (3.3) and (3.4) describes a static so lut ion o f the zero-mass meson f i e l d equa­
tions and is o f the f o r m (4.1). Therefore apply ing the technique mentioned 
above, we can obta in a so lut ion o f the coupled Einste in-Maxwel l equations. The 
geometry o f the so lut ion thus obtained is described by the metric 

dsz = e2"(dx4f - e~2w [e^idx1)2 + 

+ e2L { C(dx2f + 2Bdx2 dx3 + D(dx3)2} ] , 

where ew = X Sech L and L , B, C, D and V are given by (3.3) and (3.4). I t is 
evident f r o m (4.3) that the only surviving component o f FtJ is obtained as 

F4i = (X tanh L ) t l = Xks (k.x1 + /c-,)"1 X 

X Sech 2 {k^jk, l o g (kxxx + k2) + k6}. 

I f we take k4 = k7 = 0 i n (3.3), (4.5) and (4.6), we easily observe i n the l i g h t 
o f the discussion held i n (;') Sec. 3, that the solut ion o f the coupled Einstein-
M a x w e l l f ields is given by the metric 

ds2 = e2"(dx4)2 - e-w [e4L(dxlf + ^ L + M > {(dx2)2 + (dx3)2}], (4.7) 

where 

ew = X Sech L , L = k5/kl l og (fc,* 1 + k2) + k6, C = D = e2M - (k.x1 + k2), 
(4.8) 

V=k3/kl l o g f o x 1 + k2), F4l = Xk^x1 + / t 2 ) _ 1 x 
X Sech 2 {(ks/kj l og (/c.x1 + / t 2 ) + k6}. 

Thus' (4.7), (4.8) and (4.9) describe the static plane symmetric so lut ion o f the 
coupled Einste in -Maxwel l equations obtained by Patel [ 7 ] . 

5. Some time dependent solutions of (1.1) and (1.2). W e n o w consider the 
equations (2.5) - (2.7) when A, B, C, D, and V are functions o f x1 and x 4 . F o l ­
l o w i n g the method used by Einstein-Rosen [ n ] we choose a coordinate system 
given by 

x1 = xl (x1, x4), r = 1, 4 and xj = x^j - 2,3. (5.1) 

I t is easy t o see that the metric (2.1) remains f o r m invar iant under the transfor­
m a t i o n (5.1) i f ~xl and x 4 satisfy 

a) 8, x 1 = 3 4 x 4 , 
(5.2) 

b ) dyxA = 3 4 x ' (8 f = 3 /3*0 

or that x1 may be choosen arb i t rar i ly t o satisfy 

(4.9) 
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-&44X1 = 0 , (5.3) 

whereas x 4 is to be determined f r o m (5.2). O n the other hand a must satisfy (2.7). 
Hence, comparing (2.7) w i t h (5.3), we can take 

\Ja=x\ (5.4) 

Then x 4 is obtained f r o m (5.1). 

Thus there exists a t rans format ion (5.1) associated w i t h (5.2) and (5.4) f o r 
w h i c h the metric (2.1) readjusts to 

ds2 = - A (dx1)2 - C (dx2)2 - D(dx*)2 - IBdx2 dx3 + A (dx4)2, (5.5) 

where A = A [(dix1)2 - ( 3 , * 1 ) 2 ] . Consequently equations (2.5)-(2.7) w i t h Ru 

given by (2.2) suffer only i n A being replaced by A, as a result L , i n view o f 
(2.3) being changed to L = 1/2 log A. Therefore using (5.4) equations (2.5)-(2.7) 
i n the new coordinate system after l i t t le s impl i f i cat ion reduce to ( o m i t t i n g bars 
n o w f o r the sake o f s implic i ty) 

Vu-rn+VJxl = 0. (5-6) 

( X T 1 L , - ( 2 x T 2 ( A 2 + B2 - C, JD 1 - CADA) = 4K (V2 + V2), (5.7) 

( x T 1 L 4 - ( 2 X 1 ) " 2 ( 25 , S 4 - CXDA - C 4 D j ) = SnV, VA, (5.8) 

( C ; P) = (D; P) = (B ; P) = 0, (5.9) 

where we have used the notations as fo l lows : 

(Y ; P) = [Yn - YH - 7 , / x ' - Yl(x1)2 P];P= (B2 - B2 - C,D, + CADA), 

and the suffixes 1 and 4 correspond to part ia l di f ferentiat ion w i t h respect to new 
x 1 and x 4 coordinates. F i r s t we solve the three equations given by (5.9). Thus 
t a k i n g 

B = ( C D — ( x 1 ) 2 ) 1 ' 2 , (5.10) 

as obtained f r o m (2.3) and (5.4) and in t roduc ing t w o new variables given by 

G=C(CD~ ( x ] ) T 1 / 2 . 5 = D ( C D - ( x 1 ) 2 ) - 1 ' 2 . 

the equations (5.9) resume the f o r m 

Gn ~ CT44 + o-j /x 1 - (o-S — l ) " 1 [crío-! 5, — CT484) + Ô (a2 - <j2)] 

- <?44 + 5 , /x 1 - (CTS - i r 1 [c, (a, 5, - a 4 S ¿ + a ( 5 , 2 - 5 4
2 ) 

Equations (5.12) correspond to t w o non-linear interacting cy l indrical waves. 
I t is d i f f i cu l t to get the most general so lut ion o f the equation (5.12). However 
we make some simpli fy ing assumptions. As such we assume that 

a = <?f{vf\ 5 = (5.13) 

where p is a constant and \j / is a funct ion satisfying 

(5.11) 

- 0 , 

= 0. 
(5.12) 
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Y u - ¥ 4 4 + Vjx1 = °- (5-14) 

Equations (5.12) i n view o f (5.13) and (5.14) reduce to 

If" - 2/f'Kf2 - 0 ] ( ¥ i 2 - W) = 0, (5.15) 
where a dash overhead denotes di f ferentiat ion w i t h respect to I n view o f (5.15) 
we have two cases : 

a) V - W= 0 or b) / " - 2ff'f(P - 1) = 0. (5.16) 

By inspecting (5.16) a) i t is evident that y is funct ion o f (xl — xA) or (x1 + x4), 
w h i c h i n combinat ion w i t h (5.14) implies that y is a constant. This is a t r i v i a l 
case. 

O n the other hand (5.16) b) on integrat ion yields / ' = C o t h (Ky), where 
K is a constant. Consequently (5.10), (5.11) and (5.13) i n this case present the 
values o f B, C, D i n the f o r m 

C = x1 e* Cosh (Ky), D - xl e~9 Cosh (Ky), B = x1 Sinh (5.17) 

where \j/ is given by (5.14). A p p l y i n g (5.17) t w o o f the remaining equations, i.e. 
(5.7) and (5.8) transform to 

L x - (K2!4) x1 ( Y , 2 + V4 2) + 4TU (Y? + V?) - 1/4 {xYl> « l g ) 

L 4 = (K2I2) x1 y , x|/4 + 8TCX 1 Vv V4 . 

Equations (5.6) and (5.14) whi ch determine V and \j/ respectively, serve as 
the integrabi l i ty condi t ion o f (5.18). 

There are in f in i te number o f possible combinations o f V and y that can 
be used to integrate the equation (5.18) and thus to generate a so lut ion o f the 
zero-mass meson f i e ld equation. However , i f we restrict ourselves to the case 
when V and \f/ are functional ly related then (5.6) and (5.14) y ie ld 

y = aV+b, (5.19) 

where a and b are constants. I n view o f (5.19) equation (5.14) reduces to (5.6) 
w h i c h determines the f o r m o f the scalar f i e l d V. N o w m a k i n g the subst i tut ion 

L + (1 /4) l og x1 = M, . a n d V — Q fd, (5.20) 

where d2 — (Ka2l2 + 8%) is a constant, equat ion (5.6) and (5.18) resume the f o r m 

6 N - 6 4 4 + 61/^ = 0 , (5.21) 

Mi=(l/2)x1(Ql
2 + e4

z)t (5.22) 

M4 = x1 9, G4 . (5.23) 

The integrabil i ty condi t ion o f (5.22) and (5.23) is satisfied by v ir tue o f (5.21). 
Hence whenever \\f is k n o w n f r o m (5.21), V is determined f r o m (5.20), B, C, D 
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and L are obtained f r o m (5.17), (5.20), (5.22) and (5.23) i n terms o f w h i c h 
can be w r i t t e n i n the f o r m 

V = (a I \/K(a2i2) + 8ÎC) G + b, (5.24) 

where 0 is given by (5.21). 

Consider n o w the cyl indrical ly symmetric Einstein-Rosen metric [ u ] 
d s 2 = eM-o ^dx4y2 _ (dxiy^ _ ^1)2 e - e ^ 2 ) 2 _ / ( 5 2 5 ) 

where M and 0 are functions o f x1 and x4, x' (i = 1,2,3,4) correspond to r, 
<j>, z, t. The empty space f i e l d equations o f Einstein's theory corresponding to 
(5.25) reduce to (5.21), (5.22) and (5.23). Thus we established the f o l l o w i n g 
result : 

" F o r every so lut ion o f (5.21) - (5.23) corresponding to the Einstein-Rosen 
metric (5.25) and representing empty space-time i n Einstein's theory o f grav i ­
t a t i o n , we have a so lut ion f o r a more general case given by (2.1), (5.17), (5.20), 
(5.24), 0 and M remaining the same, whi ch represent coupled gravi tat ional and 
zero-mass meson f ields. 

6. A non-singular solution of (1.1) and (1.2). Einstein and Rosen [ n ] and 
Rosen [ 1 2 ] have obtained solutions o f the wave equations o f the type (5.21) cor­
responding to progressive or stationary gravitat ional waves. These solutions 
conta in s ingularity along the axis o f z, presumably representing the source o f 
the gravitat ional waves. Later Bonnor [ i 3 ] obtained a non-singular so lut ion 
o f (5.21) by adopt ing the procedure applied by Synge [ I 4 j . Bonnor has shown 
that equations (5.21) - (5.23) have a non-singular solut ion given by 

0 = 2 s¿2 c (p + s/p^TW2 (P2 + q2rl/2 , 

Mr=-2ê ( x 1 ) 2 (pz - q2) (p2 + g2)~z + (6.1) 

+ (c2lm2) [{(x1)2 - (x4)2 - m 2 } (p2 + q2)-"2 + 1], 

where p = (x1)2 — (x4)2 + m2, q = 2mx4, c and m being arb i t rary constants. 
Therefore, corresponding to a non-singular so lut ion o f Einstein's empty space 
f i e l d equations given by (5.25) and (6.1), we have a so lut ion for the more gen­
eral case given by (2.1), (5.17), (5.19), (5.20) and (6.1), w h i c h is also non-singular 
i n the sense o f B o n n o r [ 1 3 ] . 
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O Z E T 

B u çalışmada 

G i j ^ R i j - ^ g i j R = - ^ T i j 

ve 
gij V.;j = 0 

denklemlerinin, Kompaneets tarafından kullanılan bir metrik altında istik­
rarlı ve zamana bağlı bazı çözümleri incelenmektedir. 


