
P R O J E C T I V E A F F I N E M O T I O N IN A PRF„-SPACE, IV 

A. K U M A R 

In this paper an infinitesimal special projective affine motion in a 
PRF„-space is studied. 

1. Introduction. Let us consider an n-dimensional affinely connected and 
non flat Finsler space i ^ P j 1 * having symmetric Berwald's connection coefficient 
G'jk(x, x). The covariant derivative of any tensor field T'j(x, x) in the sense 
of Berwald with respect to xk is given by 

T'M) = dk Vj - dm T'j G"\k i * + T°j a s k - F , G*jk . (1.1) 

The commutation formula involving the above covariant derivative is 
given by 

, 2 V j m m = ~dy T'j H \ + T*j HU - T'A H°M »• 3>, (1.2) 

where 

H',,k (*, *m 2 {dlk G'jy, - G\hV G"kl + G'<hV G'kU} (1.3) 

is called Berwald's curvature tensor field and satisfies the following relation [*] : 

H'u^Hv,'- (1.4) 

^';,A- + ^ + ^ = 0 ' (1.5) 

and 

Hl

hjk = ~H<hkj. (1.6) 

Let us consider an infinitesimal point transformation 

A"' = x1 -f- y'(x) dt, (1.7) 

') Numbers in square brackets refer to the references at the end of the paper. 

2 A[i,k] = A/,k — Akh 
a > a, = 3/3*' and 3, == 3/3*'. 
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where v' (x) is any vector field and dt is an infinitesimal point constant. In view 
of the above point transformation and Berwald's covariant derivative, we have 
the following well known results [ 2J ; 

£v Vj = V m v* - T'-j v ' ( / ( ) + r h v V , + 3, T'j v * M (1.8) 

and 

£v G'jk = v W > - Hl

M v* + G'sjk yKr) x-f, (1.9) 

where G'sjk = ds G'Jk and £v denotes Lie - operator. We have also the following 
well known commutation formula : 

£y(rM))-(£vT<j)(ll) = 0. (1.10) 

I n an Fn - space, i f the Berwald's curvature tensor satisfies the relation 

where Xs is any covariant vector field, then the space is called projective 
recurrent Finsler space of first order or PRF n - space. 

The gradient vector of PRF i ( - space is given by 

A. 

In a previous paper we have concluded as follows : 

I f a PRFH-space admits an infinitesimal affine motion x = x' - f v' (x) dt, 
we have Xs v5' = 0, say the function X being a Lie invariant one. 

This fact wi l l be revised concretely and eloquently in the following 
manner: I t is well known that when Fn admits a projective affine motion 
characterized by 

£ v G ' A = 0 (1.13) 

then the two operations, that is, Lie derivation £v and covariant differentiation 
(j) are commutative with each other. Then let us operate £v to the both sides 
of the fundamental and starting condition (1.11) of PRFn-space, we get 

(£v H<hjX) = (£v X.) H'hjk + Xs £v H',* , (1.14) 

where we have used the equation (1.10). 

The integrability condition of the projective affine motion (1.13) is given 
by 

£ v # ' ^ = 0 . (1.15) 
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I n this way, with the help of the above formula, the equation (1.14) takes the 
form 

(£yXJH'kjk = 0, (1.16) 

which for the non-flatness property of the space reduces to 

£vX, = 0 . (1.17) 

However, from the above equation in the present gradient case, we have 

Klm> ~ ^mW • (1-18) 

The above formula can be also written as 

= 0 , < U 9 > 
i.e. 

Xs v 1 = c or £v X = c, c = arbitrary const. (1.20) 

2. Some Appendices to the Recurrent Motion. The present author has 
already studies on the projective affine motion in PRF„-space [ 6 ] , In the same 
paper, I have pursued the concrete form of such a motion and obtained the 
following two cases : 

a) x A + v A = 0 and b) H t o v - = 0 . (2.1) 

But, I have, throughout the sections, only taken up the former case. And, in fact, 
differentiating (2.1b) covariantly with respect to x'" we can see 

(K + VjHhsv' = 0. (2.2) 

Thus, (Xm + y m ) may be taken arbitrarily. I n this meaning, the former case 
means only a special case contained in (2.1b). Thus, we know that, in order to 
discuss generally the projective recurrent affine motion in a PRF„-space, we 
must take up the case where (2.1b) holds good. We shall consider this general 
case in the following lines. I n view of the equation (1.4), the relation (2.1b) can 
also be written as 

H'wV^O. (2.3) 

•Contracting the Bianchi's first identity (1.5) fpr H'hjk{x,x) with respect to the 
indices / and ky we obtain 

X'M^-H'M-H'M. (2.4) 

Transvecting the above result by v-* and taking care of the equation (2.3) 
we find 
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# ' M V > + f f ' t t J W = 0 . (2.5) 

By virtue of the equations (1.6), (1.9) and (1.13), the last formula reduces to 

- t f O « v ' + v' ( f ) f t ) = 0 . (2.6) 

Being v ' ( i l ) = \\tlt v'', we have 

v W > = (V, vOy,. (2.7) 

I n view of the above relation, the formula (2.6) can be written as 

*0*v' = <y,v%,. (2.8) 

On the other hand we have the following relation : 

^(A) = Y f t V . (2.9) 

I n this way, taking the covariant derivative of (2.8) with respect to xnt and using 
the equations (1.11) and (2.9), we get 

(Kn + V„) ffJ* V = <V, v % ( ) { n ( ) . (2.10) 

Now, eliminating the term Hjb vj with the help of the equations (2.8) and (2.10), 
we obtain 

(K + V j <V, = (V, VOOB ( W , ) • (2.11) 

By virtue of the symmetric properties of the connection coefficient G'Jk we can 
conclude 

( ^ v O w c ^ C V . n - O t t ) - (2.12) 

Consequently with the help of the equations (2.11) and (2.12), we can have 

(h + V*) fo, v % £ ) = (XA + V*) (¥ , v0(« • (2.13) 

In view of the equations (2.1b) and (2.8), we can construct 

(V, v0 t t , v" = (#„,„ v"') v* = v") v'" = 0 . (2.14) 

Thus, transvecting the equation (2.13) by v* and taking care of last formula, we 
have 

+ v 0 f t ) = 0 . (2.15) 

In this way, we can obtain here two cases : 

a) (XA + v k ) v * = 0 or b) v* = const. (2.16) 

Thus, from the last equation, we can say : 
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I f a PRFn-space admits a projective affine motion of recurrent form then 
there exist the following two interesting fields : 

(i) A case of ( V + y,) v* = 0 
(2.17) 

(ii) A case of \[/ f i v'' ~ constant. 

I f we take especially y,, = — Xh so as to satisfy (2.16a), we can develop the 
existence theory written in [ 6 ] . Thus, we know that there are able to exist three 
categories of projective recurrent affine motions such as 

(A) x' = xl + v'' (x) dt, v'y) = tyj V , ipA v?' = const., 

(B) x' - x! + v'' (x) dt, y\n - yj v'", (y,, + X,) v" = 0 , 

(C) x' = x' + v!' (x) dt, v ' w = v<, (v|//( + Xj) = 0 

being derived from (B) formally. I n Chapter 5, we shall try to make the concrete 
relation existing between (B) and (C) clear. 

3. Study osi the Case (A). 

§1 . Necessary conditions. I n this case we have 

V A v !' = const. (3.1) 

Differentiating this condition covariantly with respect to xs and using the 
condition (A) , we find 

V A W V A + ^ V . V ^ - O . (3.2) 

In view of the equations (1.9), (1.13) and the condition (A), we can get 

H'jkn v* = (V; vOto) = Vm V + ¥ ; Vk V . (3.3) 

By virtue of the fact H'h]k v-1 v^ = 0, transvecting the last formula by vk, we 
obtain 

VA«v* + i|/yV*v* = 0 . (3.4) 

Thus comparing the last result with (3.2), we find 

fe)-¥Aa>)v* = ° - (3.5) 

I n an affinely connected Flt the second Bianchi's identity for Berwald's curvature 
tensor field -H'/jic (x> t a kes the form 

^ W ) + # W y > + H'lism = 0 . (3.6) 

By virtue of the definition (1.11) the last equation can be written as 
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K Whjk v* + H'hks v* Xj + Whsj Xkv>< = 0. (3.7) 

Interchanging the indices h, s and /' cyclically of the above equation, we get two 
more similar relations. Adding all these equations with (3.7) and taking care 
of the formulae (1.5) and (1.6), we have 

{H'M v* - WJHK v*) Xs + (H'SLLK v* - H'HIK v* ) kj + 

+ < ^ v * - i / U v * ) X / i = 0 . (3.8) 

I n view of the equations (1.9) and (1.13), the above formula reduces to 

K WQ,) m ~ v'w (;,)) + h <v'w (A) - V L'(//) w) + 

+ ^ ( v i o - ) G ) ~ v ' ( s ) a ) ) = 0 . (3.9) 

By virtue of the conditions (a) the last equation can be written as 

K (V>,U) - W v* + Xj (ym - ¥/,(,)) V + Xh (yJ(t) - \vsU)) V" - 0 . (3.10) 

Now contracting the above relation with respect to the indices i and h, we have 

v * M y y W - Y , ( j ) ) = 0, (3 .H) 

where we have used (3.5). 

Wi th the help of the last equations, we find here the following conditions : 

(i) A.AvA = 0 or (ii) VA,) = V i o) - ( 3 - 1 2 > 

Thus we can state : 

When a PRF^-space admits a projective affine motion of recurrent form 
the condition (3.1) is necessitated. But, in such a case, we have the following : 

(A) ' ^ v * = 0 

(B) ' Defining vector (x) of the motion should be gradient vector. 

§2. The case of \\fj = gradient vector. 

I n such a case, the form of the motion is given by 

x' = x' + v' (x) dt, v''(,-) — v' , X|//(x) = gradient vector. (3.13) 

On the other hand, let us introduce the following commutator : 

. . ^ ' A ^ ( v ' o - ) W - v V ) a ) ) . (3.14) 

By virtue of the equation (3.13), the above formula takes the form 

M'jk = v ' ' + VJ v'oa - Vfcco v ' ' + Vfc v 'u> = 0 > ( 3 A 5> 

where we have used the gradient property of i.e. 
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Furthermore, in view of the commutation formula (1.2) and the relation (3.15), 
the equation (3.14) may be replaced by 

ff'*/*v* = 0 . (3.17) 

By the general theory of fields of parallel vectors [ 4 ] , the last equation 
shows that v' (x) determines a field of parallel vector. Consequently the motion 
characterized by (3.13) is not a pure recurrent motion, but a contra-motion in 
the general sense. 

Now i f (3.13) denotes exactly a projective affine motion, it has to satisfy 
the integrability condition 

£v Whjk = H'^ V K - H*lljk v f

( î ) + H'& v*to, + Wm v * w + 

+ H'teVto + à, H'lijk vM x-< = 0 (3.18) 

of the equation (3.13). 

By virtue of the equation (3.13) the last formula takes the form 

K V S MM - H*hjk ¥ j V + H'sjk ¥ / , v s + H'hsk Wj y + Whh yfk v* = 0 . (3.19) 

But, in view of the equation (3.17), the above relation can be written like 

K V H1»* ~ H'M V* V + Hlh& VJ V* + H'a v* V* = 0 . (3.20) 

Contracting the above formula with respect to the indices / and h, we find 

^ v * ^ + V y f f t a V = 0 , (3.21) 

where we have used (1.4). 

Now, our present theory is based on the condition (2.1b). Therefore, the 
last relation yields 

X , v * / ^ = 0 . (3.22) 

Being Xs v" # 0, the last formula can also be written as 

HHJ = 0 . (3.23) 

From the above discussions, first of all, we have : 

Theorem 3.1. I f a PRFfJ-space admits a special recurrent motion or 
contra-motion in the general sense of the form derived from (A) : 

xl = x* -f v'' (x) dt, v' 0-j = \f} V , y m = vfkUy 

with Xs vs # 0, the space has a property given by the equation (3.23). 
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4. Study on the case (B). For this case the starting condition is given by 

Transvecting the integrability condition (3.19) of projective affine motion by 
v'c and taking care of the condition (B) and (4.1), we get 

- v J (¥MJ) V + ¥/, ¥ j v') - ys V (y A W v s + \fh v 1) + 

+ ¥ / , V S (ysU) V + Y.i ¥,/ V*) + v s ( \ | i A ( s ) V + yA V) + (4.2) 

+ ¥* v* (VAO) V' + ¥/, ¥ j vO = 0 , 

where we have also used 

H<h}k v* = \|/ ( / ( ) o) - G'„„- V * ( t ) * Y = ( V a v'") u, = yhU) v ; + y,, V y v'' . (4.3) 

After little simplification the formula (4.2) may be replaced by 

~ V* v s \ | / A t 0 V + yA v* \|fj(7) V + Vj V v A ( l ) V + yk vA \|/, v* v* = 0 . (4.4) 

Commutating the last formula with respect to the indices h and j , we find 

- ¥ , V (¥;,<;) - ¥/( / , ) ) + ¥ / , ( ¥ , ( / ) ~ ¥ / ( . ) ) V S + ¥./ (¥/,( ,) ~ ¥ , ( / , ) ) V* - 0 , (4.5) 

where we have neglected the non-vanishing v' (x). 

Contracting the relation (3.10) with respect to the indices i and s and noting 
the condition (4.1), we obtain 

- ¥ , v 1 (¥ A ( 7) - ¥;(/,)) ~ h (¥/,(*) - ¥.(/,)) v s - Xh (¥S U") - ¥;u)) v s = 0 . (4.6) 

On the other hand subtracting the above formula from (4.5), we find 

(¥; + fcy) (¥«,) ~ W V S + (¥„ + O t o - Y/w) V = 0 . (4.7) 

Let us put 

Now when and only when Es ^ 0, there exists a suitable proportional 
scalar function a(x) such that 

(¥ A + ^ , )v* = 0 . (4.1) 

E * = (¥/ (w - ¥,0,)) v " . (4.8) 

(v, + ^ ) - a(x) ^ (4.9) 

where Es satisfies the relation 

Es Vs = 0 . (4.10) 

By virtue of the equations (2.1b) and (4.8), we can have 
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Ea V J = { ( ¥ / , V % } - \fh v*w - (y, V % > + ¥ j v* { / ( ) } V S 

= {v \w W ^ xh, v" - v* & ) w + y a ¥/, V'} v s

 i 

= (v* ( f t ) U ) - v * w <„>) V = (v™ H\,SL) v'' 

- ( f l « , V - ) V ^ ( f f M , v O V - = 0 , 

where we have used (1.4) and the commutation formula (1.2). 

This completes the proof of the condition (4.10). Being Es given, as 
above, by 

E, = H*UHhiF = HmtTF, (4.12) 

we can derive 

E&> = (h + Wk)Ea. (4-13) 

In view of the definition (4.9), the last result can be written as 

E m = aEkE,. (4.14) 

Thus, by virtue of the equations (4.1) and (4.10), the last formula yields 

Es(k)^ = 0. (4.15) 

On the other hand, with the help of the equations (2.8) and (4.12), we can find 

Esy = (^mMm)^y- (4.i6) 

By virtue of the identity (\ym V"\s) v" — 0, the above formula reduces to (4.10). 
Furthermore, for a projective affine motion, we have always 

£ v ^ ^ ^ ) j ) v " ' + ^ , v " ' ( j ) = 0 (4.17) 

or 

£v Xs = (KM + K ¥ , ) V" = 0 . (4.18) 

Introducing the value of Xs from the formula (4.9) into the above equation, 
we get 

(a E, - y,) ( f f l ) V" + (a Em ~ y J v'" = a 0 n ) Es V + a Es(lll) v m -

v M + a Em y, V" - y „ , y s v'M = 0 

Es £v a (x) + a Es(ni) V" - (y i ( m ) v'" + y,„ y, V") + a Em y, v"' = 0 . (4.19) 

Hereupon, i f we take care of the equations (3.3), (4.10) and (4.15), we can 
obtain a remarkable property : 

Es £v a (x) = 0 . (4.20) 
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From the above equation, in case of (4.1), we find 

£ v a ( i ) = 0 . (4.21) 

5. Stand Point of the Paper I I (Recurrent Case). The author has already 
studied the existence of projective recurrent affine motion in a PRFn-space i n 
[ 6 ] . I n that paper the basic property for this condition was 

( y A + >.*) = <). (5.1) 

Here, we shall write down a diagram of the main course discussed in that 
paper [ 6 ] : 

(V* + W = 0 -> Hh* V = 0 - * Uhs - X„ p, or Xh v* = 0 , (5.2) 

where ps means a suitable gradient vector defined by 

P. = - P(,) = - 3, P > P = p(jf) (5.3) 
P P 

and also satisfies the following relations : 

a) p, v* = 0 and b) P a W = pA p s . (5.4) 

Now, we have introduced a vector Es and this has taken the form 

4 = ( V „ v ' 0 ( s ) = e , , (5.5) 

where 

E ML y A v* . (5.6) 

Hence Es denotes a gradient vector. 

I n view of the equations (4.10), (4.14), (5.5) and the gradience property of 
ph (x) and Eh we can conclude that Eb is a vector very similar to p / ( . 

Now let us remember the assumption of the integrability conditions o f 
projective affine motion : 

£v H'HJK = ~ Y W,LJK - ¥ , V H')LJK + ¥ / l v* H'S}K + 

+ Vj V H'MC + V* V H'HJS = 0 . (5.7) 

Contracting the above equation with respect to the indices i and k we find 

- V i v* HHL + xfk v« ffj = 0 , (5.8) 

where we have used the equations (1.4), (2.1b) and (4.1). By virtue of the 
equation (4.12) the last formula reduces to 
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Now in the present case, ysvs denotes a non-constant scalar function e (x). 
Then we shall assume the resolvability of Hhj of the form 

Hllj-XilEj, (5.10) 

Furthermore substituting the value of Xh from the above equation into the 
formula (4.1), we get 

y V* + V*) v* = 0 (5.11) 

or 

(1 + e ) ¥ / , v » = 0 . (5.12) 

Being (1 + e ) # 0, so we have \|//( v'' = 0, this contradicts our assumption. I n 
the second step, we try to resolve Hhj in the form 

Hhj = hHj> (5.13) 

where 

a) TU^-^-E] and b) r i , - ( r ) =-n,-T],. (5.14) 

With the help of the equations (5.10) and (5.13), comparing the forms of 
Hhj, we have 

H h J ^ ^ h E j = x J - I Ej) (5.15) 

(YA + U ^ (5.16) 

or 

1 

say, we are trying to have (\|/A + Xh) = 0 for a non-zero Es, That is, we want 
to get a set which we have showed in the diagram : 

v'u> = — h v ' » H/,j = h > I \ M = *\j • (5.17) 

I f this is possible because of (4.10), we obtain 

r)hv*' = 0. (5.18) 

Such a case has been really the main part in the paper [ 6 ] in question. We shall 
assume this fact and seek for a necessary condition for this case hidden in our 
theory. 
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The formula (5.14a) can also be rewritten as 

E, (5.19) 

Differentiating the above formula covariantly with respect to x" and taking 
care of the equations (5.4), (5.14b) and (5.19) itself, we find 

E m = ~ E^j-e^j-q^ -Es-iiJ~{efQ-r\j=~Es'i\j-\-Es'i]j = 0. (5.20) 

On the other hand, from (4.14), we can say that in order that the present 
theory contains the main theory of the paper [ s ] i t is necessary that we have 
a = 0, furthermore, a = 0 satisfies (4.21) certainly, hence it is reasonable to 
consider such a case. 

Conversely, i f a = 0, we get (\|/,, + X,) — 0 and the paper [ 6J comes in 
front of us. 

Thus we can state here : 

Theorem 5.1. In order that a projective recurrent affine motion, in a 
PRF^-space 

admitted under assumptions (2.1b) and (4.1) becomes a main motion of the same 
kind : 

it is necessary and sufficient that we have a(x) = 0, where a(x) denotes a 
proportional factor such that 

h + ¥/, = a(x) Hsh v* and £v a(x) = 0 . 

6. Appendices to Chapter 3. A t the end of Chapter 3, the author has 
omitted to say some conclusions. I n case of \\tj = non-gradient vector, we can 
state Theorem 6.1. When X|/ / ( v'' = constant and x ^ is not a gradient vector, the 
PRFn-space is able to admit a projective recurrent motion of the form 

x' = x' + v'" (x) dt, v ' 0 ( ) = v! with Xh v'1 = 0 . 

A l l process of calculation developed in §1 and §2 of Chapter 3 holds 
similarly when xj/,- is replaced by — Xj formally. Hence we have : 

Theorem 6.1. I n the existence theory of special recurrent affine motion 
of the form 

x = x1 -f- V (x) dt, v f

( / ( ) = \|fA v'", 

x> = x* + v ; (x) dt, v'"0 0 = - Xk V", Hu = K "HJ ' = v\j 

x

! = .x> 4 y'" (x) dt, v'a) + Xh V" = 0 , (6.1) 

i f we put an additional condition 
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Xh vA = const. (6.2) 

we can obtain naturally the following two independent categories of the motion 

= y + v ' (x) rfr, v ' t t ) + X A v , = 0 (6.3) 

satisfying 

h v* # 0 , Xm = Xm and Hh} - 0 , (6.4) 

x' = x ' + V (x) dt, v ' w + X„ v'' = 0 (6.5) 

satisfying 

Xh v ; ' = 0 . (6.6) 

These two results appeared actually in the paper [ 6 ] . The former occurs 
when ps = 0. Jn the forthcoming paper we shall go into details about these two 
motions and revise some points in the paper [ 6 ] . 

R E F E R E N C E S 

t'l RUND, H. 

[»] YANO, K. 

[ s] TAKANO, K. 

[*] EISENHART, L.P. 
[*] K U M A R , A. 
t°] KUMAR, A. 
f ] K U M A R , A, 

The differential geometry of Finsler space, Springer-Verlag 
(1959). 
The theory of Lie-derivatives and its application, Amsterdam 
(1957). 
Affine motion in non-Riemanman K*-space IV, Tensor, N.S., 
11 (1961), 245-253. 
Non Riemannian Geometry, New York (1950). 
Projective affine motion in a PRF„-space (communicated). 
Projective affine motion in a PRF„-space I I (communicated). 
Projective affine motion in a PRF„-space IU (communicated). 

. DEPARTMENT O F APPLIED SCIENCES 
MADAN MOHAN MALAVIYA E N G I N E E R I N G C O L L E G E 
PIN. 2730J0 U.P. G O R A K H P U R 
INDIA 

Ö Z E T 

Bu çalışmada bir PRF„ - uzayındalii Özel bir infinitezimal hareket 
incelenmektedir. 


