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ON THE GEOMETRIC MEANS OF PRODUCTS OF ENTIRE FUNCTIONS
OF SLOW GROWTH

S, K. VAISH ") - G. 5. SRIVASTAVA

In this paper it has been considered the geometric means of the products

of two entire functions and obtained some of their properties. The results

can easily be extended to any finite number of entire functions. Some results

of Jain and Chugh can be obtained as particular cases of the results
obtained here.

1. Introduction. Throughout this paper we shall assume f (), f,(2) ,.... £, (2)
are m entire functions, other than polynomials, of orders zero. Let f; (2), £, (z),...,
[ @) be of logarithmic orders p,*, p,*,...,p,* and lower logarithmic orders
AL AE ., A,,* tespectively. For an entire function, say f; (z), of this nature, the
logarithmic order p,* and lower logarithmic order A,* are defined as [5]:

f SUP log log MG.f) _ p*
rva il log log r At

SIS *FS<prgoes, (1.1)
where M(r, f;) = max |f,(2)].
|z|=r

The geometric mean of f,(2) f;(2) ... f,, (@), for|z| = #, has been defined
as [%, p.144]:
G fife - S =
2n (1.2)
1 . . . ’
= exp [E f log | f; (r€®) £, (re™®) ... [, (re™) | O ] .
0

Let us introduce the folldwing mean valﬁes of @@ ...[,@):

. : s 0 4
gs(r,ﬁfz---fm)=exp{ [ logG(x,m--.f:,,)dx] )
) .

and
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gﬁ* (r:flfi "'-f;'n) =

. (1.4
341 _
= exp [@;ﬁ f xV(log x)° log G(x, fi.f5 - f>n) dx] ,
i
where 0 <C8 < o0,
Using Jensen's formula [*, p.2] in (1.2), we have
log G, fif 2 - fod = log |/, (0) L(0) ... £, (O) | +

: ’ (1.5)

+f}mm+mmnm+mﬁqﬁ,
X
4]

where n(r, [}, n(r, f3),.... n(r, f,) represent the number of zeros of f] (2), fi(z}....,
(@), respectively in |z| < r and £, (0) 2 0, £, (0) = 0,....f,, (0) = 0.

In this paper, we have considered the geometric means of the products of
two entire functions only and have obtained some of their properties. The results
can easily be extended to any finite number of entire functions. Some results
of Jain and Chugh. ([% p.98], [, p.22]) can be obtained as particular cases
of the results obtained here.

2. We prove :
Theorem 1. If
p log log G{r, f, 1% _

lim su A, - (2.1
oo log logr
lim sup log log g5 (o /i /) _ B o 2.2)
rom log log r '

and

*

lim sup log log & (n/,/) C, (2.3
rre log log r

then

A= B=C—max B*p*).

Proof. Let M(r, f}) and M(r, f.) denote, respectively the maximum modulii
of f;(2) and f,(z) for |z | =r, then in view of lemma on p. 311 [¢], (1.2) gives.

2
log G(r.f, f3) < log [ﬁ f [f, (re’®) £, (re'®) | d_@]
' ’ 0

ey
< log [M(r, £1) M(r,f9)] .
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Again, let f(z) be regular in |z| < R and let z =re®,8 <r < R, then
Poisson-Jensen formula gives :

2r -
1 * R —mlo R&® R — g pe®
2n R?— 2Rrcos(® — @)+ % . : f R(rel® — ay)
o p

where a, are the zeros of f(z) inside the circle |z | < R. Since each term in
X is positive, for f(z) = f,{2) fr(2), this yields

2r
1 (R? — r) log |/, (Re™) /3 (Re'™) |
1 g —
8 lfl(z)fz @< 2 R*—2Rrcos (B — @) + 2 4

0

Choosing z in such a manner that
log [ M(r, 1) |12 (re®)! ] R+"
log [ |f, ke 1M (r, 13) ]

according as p;* = p,* or p* < p,*. Taking R = 2r, this gives

10 G(R, 1, 1)

1 .
3 log[M(r, £} 11, (re™)
logG@rfif) > . @.5)
—;log[ Lfi ™) | M (. 1) ]
‘Taking logarithms on both sides of (2.4) and (2.5), proceeding to limits as r—> oo
and combining the results thus obtained, we get

4 = max (p;*, p,*) .

Further, since log G{r, f| f3) is an increasing function of r we have

541

pott

log g, (. /1) = .[fmwuﬁmasmuﬁﬁm,

o
‘which leads to B < A. Also,
2r

841
log 80 Cr i) = 0 sy [ A IoB G fify d
0
2r
541 By .
> 2 f x" log G(x, £, f3) dx
20+ 1
> S log G /i 1,

‘which leads to B > A, Thus, we obtain
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A = B = max (p,*, p*)). 2.6)

Again, we have

log 5% (r, /1 f3) = ——1 f x~1 (log %)° log G(x, /1 f3) d

(logr)°tt
1

< log GO, f, /).
This gives C € A. Also

e

f x71 (log x)° log G (x, f; ;) dx
= 2°* — Dlog G, /, 1) -

This gives C = A. Hence '
A ="C=max (p,*, p;*). (2.7)

511

lo 1, > —
g & 0", £, 1) (l()gr)s“

(2.6) and (2.7) complete the proof of theorem 1.

Theorem 2. Let a(r, f1) and a(r, f3) denote the number of zeros of f;(z) and
f(2), respectively in {z{ < r and f£(0) # 0, f5(0) # 0; then

fim sup 228 [, )+
roo log log r -7

where A is defined by (2.1). ,
This theorem can easily be proved with the help of (1.5) and (2.1).
Corollary 1. If fy(z) =1, we get the following results due to Jain and

Chugh ([2, p. 98], [*, p. 22]) as particular cases of the theorems 1 and 2 :
log log G(r.f) . . |

lim sup =p;
row log log r

and
lim sup log n(r, /1) _ po* — 1.
o log log r

Theorem 3. If

fim inf 2D EREH)

‘ , | 28
roo (log " log log r @8

then
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log &*(r 113 541

lim inf > — 2.9)
roroo (fog )" loglogr ™ (u+ DB +u+2)
and if
lim sup S/ E S} ' T @10)
[ (log 1" log logr
then
N
lim sup log £:* (1., /) < 5+ 1 ) 2.1
e (log r)Y**ttloglogr w4+ DB +u+2)
where u = 0.
Froof, From (2.8), we have for any € > 0 and r > rg,
n(r,f1) -+ nlr, j5) > (1 — €) (log #)* Vlog log .
Substituting this in (1.5), we get
1 —¢) (fog Y log logr
log Gr, £ > 0~ O eelog logr oy 2.12)

u+1
Substituting for log G(r, £, f5) from (2.12) in (1.4), we get

{1 —&) (B + Dlogr**loglogr
@+ DGE+u+2)

log g% (v, f1.0D) > (1 +o)). (2.13)

Dividing both sides of (2.13) by (log r)**1log log r an_f_:l tgking limits as #— oo,
(2.9) follows. '
Again, from (2.10), we have for any € > 0 and r > r,,
n(rf) + nir, 3 < (1 +¢) (log 1 log log r,
which together with (1.5) gives

(I +e){log ) loglogr
T |

Substituting this in (1.4),'we get

A4o@))+0(1). (@14)

log G(rf, f) <

1+ g (5. + 1) (log )" loglogr
@+ DG+ut2)

from which (2.11) follows immediately.

loggs* (r /. f2) < (I + o(1)) + 0(1),

This completes the proof of theorem . 3.
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Corollary 2. We find

lim jof 0B GG AH ]

Freo (log #y*tllog log r  u+1 ’
provided (2.8) holds, and

r

llﬂl sup lOg G(i‘, f]f?) < 1

e (log r"ttlog log r = :—]—T ’
provided (2.10) holds.

These results are immediate consequence of (2.12) and (2.14), respecﬁvely.

Theorem 4. For a class of entire functions for which

. .
lim inf log log g:* (, 1./ _
o log log r

oo,

and log log G(r, £, f3) is an increasing convex function of log r, we have

lim P 1088t (0 Sif) gy 9P| loggnt (1 £)
roo Inf log log r ro Inf log log »

¥

where logy x = log log log x.

The proof of this theorem is based on the following lemma :

Lemma 1. Under hypothesis of the theorem, (log »*tlog G(r, f; /) is an
increasing convex function of (log »)°** log g;* (r. f1 £

Proof. We have _

d ;
dlogr)"  log G (rfuf)] _ dr LU0EN ! loB Gl fiS)]
dlllogn* ! logg /i)l L [ (log N** 1 log gs* (r, f; /)]
dr

_ (3 + 1) (log N° log G (r, 13 13) -+ r log )°+ [GD (r, f; SIG (r, £1 f]
G+ Ddog N’ log G(r, £,.1)

rlogr) GV (r, /1 1))

(5 + I)G(I’,f].fz) lOg G(rs ‘flf2)

which increases with r, for large values of r, under the hypothesis that
log log G(r, f, f,) is an increasing convex function of log r.
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Proof of theorem 4. We have

. | " log GG fify)
log[(log N*tlogg:* (r, f1 /D)1= + 1) ! dx,
_ - ) 1.[ x (log x) log g,* (x, f, f2)

since numerator on the right-hand side is the differential coefficient of the de-
nominator. From lemma 1, log G(r, f, f3) [log gs* (r, f, £,) is an increasing
function of r and hence, :

log [(log N®*tlog g,* (r, £, /)] <

G+ ) log G(r, £, £) f dx
log g:* (r, /1 f2) xlog x

_ B+ 1)1ogG (1 f,
log £5* (/1 £5)

Taking logarithms on both sides, dividing by log log r and taking limits as
F—>oo, we get

+0), r>r,

5 (log logr) (1 — (1)) + 0(1) .

mg[MgG&hnﬁl}
sup

lim SUP log, g™ (r, /1 /3) log g:* (r,.f1 /)

. < lim .. ’
r+a Inf log log » = rl,T mnf log log r
%
since lim inf log log gs* (r, /1.7 _
rroo log ]Og r

Again, we have

| C log GO /i)
lwm%ﬂWH%gﬂ&ﬂﬁn>m+nj“ .
’ .. J x(logx)log g (x, f1 fY)
=61+ l)wlog 2.
: log g:*(r, /1./2)
Consequently,
log {M]
lim 9P 1og3 " @ 1 /) o g SUP log g.* (v, f1./3)
rew inf log log r 7 pew inf log log r

This proves theorem 4.
3. Let us set:

lim sup n(r, /) + n(n.f) _ U.*I., N ) | G.0)
rew Inf {log ry*F. p¥ . . L.
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oS EGESS) _a 3.2

rw inf (log r)™* b*
= .
lim SUP logg: (W fif) _ e* (3.3)
row Inf (logr o d*
and ‘

* *
lim SUP logg,* (n/, /) P , (3.4)
row inf (log #* q* :

where p* = max (p,*, p,*). We prove here the following results :

Theorem 5. We find

(p* — Da* < p*™a* — b* < (p* — D p* 7l a*, (0

(p* — D B* < p* 0% —a* < (p* — D p* T B, (i)

at=2c¢% —d*, - (iii)

b¥ =2d* — ¥, C(iv)

a* < 20PN G pE g o DR/ (BHD) g (v)
and o _

b L 2CHPHDIGHD gx _ pr D OB x| (vi)

Proof. We know that

o*

@™ . f) +n¢™, fHllogr = + f [n (e, f) + n (6, )] “®
pr—1 *

log G (r, f1 /2 on both sides, we get

Adding

1--
pF—

(108 G (/i f) + [ G F) e, f)llog r >
(3.5)

1
= log GG, f1 /).
- pt—1 .

Similarly, we get
L 1og G £ )+ 1 f) + nn S ogr < —— 105G fif). ()

p*—1 pr—

Dividing (3.5) and (3.6) by (log #)°, taking limits ‘as r— o0 and using (3.1)
and (3.2), the results (i) and (ii) follow. Further, we have
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2]1’(_5‘1‘1),.

f K log G (x, £, f) dx .
v
Adding log g; (r, fi fp) on both sides, this gives

log g5{r, /i) + log GV, £, £) = 2logg, QY0 rfif). (.7
Tn a similar manner, we get
log g5 (r, £, £) + log G (r, /1/2) <2 logg, QY0 r, £, £). (3.8)

Dividing (3.7) and (3.8) by (log r)™, taking limits as r - oo and using (3.2) and
{3.3), the results (iii) and (iv) follow.

Also, we have

841

log G (211(5+1) ",f; f;) > o
r

Lale+D)

f xt (log %)° log G (x.f, ) dx,

¥

41

log & rzl"(ﬂﬂ), >z
g Gy fif) = (log )"

or . ,
logg:* (r, fify) + log G2/ | 11 £) 2 2 log g2 27, £, £). (3.9)
Similarly, we get

log g.* (r, f1f) + log G (r, 1.7 < 2log 2:.* ¢2*° ™, f,.1). (3.10)

The results (v) and (vi) follow from (3.9) and (3.10), on proceeding to limits as
r—» ca, in view of (3.2) and (3.4).

Theoremn 6. We find

PO Dy por 1088 GAS)
p*@ +p*+ 1) Foo (log »°*
< Hm  sup log g5* (r, 1.£) < a* (6 -+ 1)
~
"~ (og 1) p*(5+ p* + 1)

where p* = max (p,*, p;®).

Proof. From (3.1), we have for any € > Oand r > r,,
B* — &) (log N** ' < n(r, ) + (. f) < (@* + &) (log )* . @3.1D
Therefore, from (1.5), we get for r > 1,

N T

(1 —e@)) (3.12)

and
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log G ( £, /) < L5 F 2:‘03 G ey 4 0CL) (3.13)

Further, from (1.4), we have

log g,* , /i fy =~ >+ 1 j ¥ (log %) log G x, £ £ dx + 0(1) . (3.14)
(lOg J‘) +1 . .

Substituting for tog G (v, f; /) from (3.12) and (3.13) in-(3.14), we get for r>r,,

(B* — ) (6 + 1) log )"
PGt )

loggs* (n f1f) > (= o)), - (3.15)

and

(o* + )&+ (log H**
log g5* (. f, £,) < ! o) +0(). @16
0g g:* (1, f, 12) 05 Gt pF 1 1) ( o(l) +00) (3.16)

‘Dividing (3:15) and (3.16) by (fog )°* and taking limits as r— oo, the result follows.
Coroliary 3. We have

tog G(r, /\ 1) < a¥

& . ] . A
B_ = lim infw < Iim sup & —.
pr o (og* e (og i~ p*

This easily follows from (3.12) and (3.13).
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INDIA

OZET

Bu ¢alismada iki tam fonksiyon ¢arpiminin geometrik ortalamasi gézonii-
ne alinmakta ve bunlarmm baz &zelikleri elde edilmektedir. Elde edilen bu

sonuglar, herhangi sonlu sayida

tam fonksiyona kolayca tesmil edilebilir.

Jain ve Chugh’un baz sonuglan, yukardaki sonuglarin dzel halleri olarak
elde edilebilir.




