
Istanbul Ürnv. Fen Fak. Mec. Seri A, 4 3 ( 1 9 7 8 ) , 1-11 1 

O N T H E G E O M E T R I C MEANS O F P R O D U C T S O F E N T I R E FUNCTIONS 
O F S L O W G R O W T H 

S . K . V A I S H ' ) - G . S . S R I V A S T A V A 

I D this paper it has been considered the geometric means of the products 
of two entire functions and obtained some of their properties. The results 
can easily be extended to any finite number of entire functions. Some results 
of Jain and Chugh can be obtained as particular cases of the results 

obtained here. 

1. Introduction. Throughout this paper we shall assume/, (z) , / 2 (z) ,...,fin(z) 
are m entire functions, other than polynomials, of orders zero. L e t / j (z), f2 (z),..., 

fm(z) be of logarithmic orders p,*, p 2 * p m * and lower logarithmic orders 
A (* > ^ 2 * ^-m* respectively. For an entire function, say f{ (z), of this nature, the 
logarithmic order p,* and lower logarithmic order A,,* are defined as [ 5j : 

i ; m
 S U P log log Pi* , . 1 * - n * , n n hm _ • '— = , 1 < V ^ p* < oo , (1.1) 

m l log log r Aj 

where M(t\fv) = max |/j(z)|. 
| z | = r 

The geometric mean of / , (z) f2 (z) ... fm (z), for|z| = r, has been defined 
as [\ p. 144] : 

In (1-2) 

= exp J log ] / , (re'°)f2(re*) ...fm (re*) \ di 

0 

Let us introduce the following mean values o f / j ( z ) / 2 ( z ) . . . / „ , (z) : 

8* (r>fif2 •••/J= exp 

and 

8 + p J xs log G (x, f]f2... /„,) dx 
0 

0.3) 
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exp 

* ( r , / l / 2 - / * , ) = 

5 + 1 
<1.4> 

_(log/-) B + T j x-'(\oZxf\ogG(x,fJ2...f„)dx 

where 0 < 5 < °o, 

Using Jensen's formula [ l , p.2] in (1.2), we have 

log G ir,fj2 ... fj = log \f, (0) f2 (0) ... fm (0) I + 
(1.5) 

(*,/,) + n ( * f / 2 ) + ... + * ( * , / J 
dx 
x 

where n(r,f^, n(r,f2)n(r,fn) represent the number of zeros of / , (z),/ 2(z) 
fm(z), respectively in |zj < r and / , (0) * 0, / 2 (0) * 0 (0) ^ 0. 

I n this paper, we have considered the geometric means of the products of 
two entire functions only and have obtained some of their properties. The results 
can easily be extended to any finite number of entire functions. Some results 
of Jain and Chugh ( [ 2 , p.98], [ 3, p.22]) can be obtained as particular cases 
of the results obtained here. 

2. We prove : 

Theorem 1. I f 

and 

then 

lim sup ' ° g l 0 g <*'M* = A, 
r->» log log r 

, j m s u p log log g. (r,f,fi) = B 

r-» log log r 

log log r 

(2.1) 

(2.2). 

(2.3> 

A = B = C = max ( p / , p2*) . 

Proof. Let M ( r , / i ) and M(r,f^) denote, respectively the maximum moduli! 
of / , (z) and f2 (z) for | z [ = r, then in view of lemma on p. 311 f 6] , (1.2) gives 

log G ( r , / ; / 2 ) ^ i o g r 1 

0 

^ l o g t M i / - , / , ) ^ ^ ) ] . 

— f \fl(rei0)f2(re»)\dQ 
2TZ J 

(2.4> 
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Again, let f(z) be regular in | z \ ^ R and let z = re'0, 0 < r < R, then 
Poisson-Jensen formula gives 

2% J R2- 2Rr cos (0 - 9) + r 2 . | * (re* - a„) 
0 n 

where are the zeros of / ( z ) inside the circle | z j ^ R. Since each term in 
2 is positive, for / ( z ) = / , (z) f2 (z), this yields 

log W I < ± f ^ - ^ l o g l / i ^ ^ l ^ . 
1 1 2 1 2rc J ^ - a / i r c o s i e - ^ + r 2 

0 

Choosing z in such a manner that 

l o g t M O - ^ i A i ^ ) ! ] 
loglM (re*)\M(r,f2)] R~r 

.according as p a* ^ p 2* or p,* < p 2*. Taking = 2r, this gives 

| l o g [ M ( r , / , ) ! / 2 ( ^ 

l o g G ( 2 r , / j / 2 ) > . (2.5) 

y l o g f l / . ^ l M O - , ^ ) ] 

Taking logarithms on both sides of (2.4) and (2.5), proceeding to limits as /'-»oo 
-and combining the results thus obtained, we get 

A = m a x ( P l * , p 2 * ) . 

Further, since log G{r,fxf2) is an increasing function of r we have 
r 

log gAr,f,Q = ^ ~ j xs\ogG(x,fJ2)dx^\ogG{r,fJ2), 
0 

which leads to B < A. Also, 
Zr 

l o g i B ( 2 r , / 1 / 2 ) = - ^ ± l - f x* log Gfrfifjdx 

0 

2r 

> C 2 ^ j x5\ogG(x,fJ2)dx 
r 

2s+l — 1 

which leads to B ^ A. Thus, we obtain 
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A = B = max (p,* , p*2) . (2.6) 
Again, we have 

r 

log g s * ( r , / , / 2 ) ^ 5 + 1 f x-i(logxf log G(x, A fjdx 
1 

< log G(r, fj2). 

This gives C < A. Also 
r-

log ft V > / i fi) > / , 5 + , 6
1

+ , / " ^ dog * ) 5 log C (x, / , fj rfx 
(log/-) + l J 

r 

^ ( 2 ^ - J ) log G(r, fifj. 

This gives C ^ A. Hence 

,4 = - C . = max (p,* , p 2 * ) . (2.7) 

(2.6) and (2.7) complete the proof of theorem 1. 

Theorem 2. Let n(r,f^ and n(r,f2) denote the number of zeros of / j (z) and 
/ 2 (z ) , respectively in | z | < r and /,(0) *t 0, / 2 (0) ^ 0 ; then 

l im s u p i o g [ ^ / , ) + ^ / 2 ) 3 
t ->« log log /• 

where ^ is defined by (2.1). 
This theorem can easily be proved with the help of (1.5) and (2.1). 

Corollary 1. I f / 2 (z ) = 1, we get the following results due to Jain and 
Chugh ( [ 2 , p. 9 8 ] , [3, p. 22]) as particular cases of the theorems 1 and 2 : 

r log log G ( r , / , ) 
l im sup - • • — = P l * 

log log r 
and 

3. I f 

l im rop]og"fr'-g=Pl«-l. 
r-co log log r 

n(r,fd +.«(;%/3) l im inf —-,Ji/ 1 " , J 2 ' > 1 , (2.8) 
r̂ ™ (log r)"Iog log r 

then 
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l i m i n f K»g*.*0-. / . /J > ^ ± L  
( l o g r ) " + I log log r (u + 1)<5 + u + 2) 

and i f 

l im sup "ir'f') + < 1, 
r ' » (log /')" log log /• 

(2.9) 

(2.10) 

then 

l i m s u p ^ g f t ' ^ / . / z ) ^ 5 + J _ 
( l og / - ) u + 1 l og l ogr ( « + l ) ( 8 + « + 2) 

where u ^ 0. 

Proof. From (2.8), we have for any E > 0 and > r 0 , 

n (/•,/,) 4- > 0 - E) (log /•)" log log r. 

Substituting this in (1.5), we get 

log C C / . / J > 0 - E ) (l°g log log,- ( 1 + o ( 1 ) ) 

u + 1 

Substituting for log G(r, / , / 2 ) from (2.12) in (1.4), we get 

log g , * ( f . / , / 2 ) > u - « ) ( ° + i ) a o g r r - i ° g i ° g r ( 1 + o ( 1 ) ) ( 2 1 3 ) 

(w + 1) (5 + u + 2) 

Dividing both sides of (2.13) by (log i - ) " + 1 log log r and taking limits as °° , 
(2.9) follows. 

Again, from (2.10), we have for any E > 0 and /•> /* „ , 

«('%/,) + "Ov/D < ( ! + £ ) Cog r ) " log log r, 

which together with (1.5) gives 

log <?(,-,/, / 2 ) < ( ' + 0 - 0 ° g r ) - l o g l o g , ( 1 + „ ( 1 ) } + 0 ( 1 ) . ( 2 . 1 4 ) 

« 4 - 1 

Substituting this in (1.4), we get 

l o g ? 6 * ( , , / , / 2 ) < ( ' + , 0 ( 5 + ' ) ( l o g r ) - l o g l o g r ( 1 + o ( 1 ) ) + 0 ( 1 ) _ 
(u + 1) (8 + u + 2) 

from which (2.11) follows immediately. 

This completes the proof of theorem 3. . 
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Corollary 2. We f ind 

(log /•)"+' log log /• u + 1 
provided (2.8) holds, and 

r log G O " , / , / , ) , 1 
lim sup — — ^ — , 

(log r)"+l log log r u + 1 
provided (2.10) holds. 

These results are immediate consequence of (2.12) and (2.14), respectively. 

Theorem 4. For a class of entire functions for which 

l im j , j i g g J ° g f a * f r - / . / j = M , 
r— log log r 

and log log G(r, / , / 2 ) is an increasing convex function of log r, we have 

log G(r,fJ2) 
l i m

 S U P l Q g 3 g ^ f r / i / z ) = J i m sup i o g .log£8* ( f , / l / 2 > 

inf log log r r-»« inf log log /• 

where log 3 x = log log log x. 

The proof of this theorem is based on the following lemma : 

Lemma 1. Under hypothesis of the theorem, (log i-)*5"1"1 log G(r,/ , / . ; ) is an 
increasing convex function of (log r)B+i log gs* (r,fif2). 

Proof. We have 

mogrf+nogG^M il(^>y+nogG(r,flf2)] 

d [(log r) 8 +' l o g g e r , / , / , ) ] J _ { ( l o g r f + i , o g f t * (,. ^ ^ 

(5 + 1) (log r)s log G ( r , / , / 2 ) + r (log r) 6 +* [G<« ( r , / , / 3 ) / G ( r , / t fj] 

= 1 + 

(5 + 1) (log r ) 8 log G i r , / , / ^ 

r (log r)G™ ( r , / , / 2 )  
( 5 + l ) 6 ( r , / , / 2 ) log G ( r , / , / 2 ) 

which increases with r, for large values of r, under the hypothesis that 
log log G(r, /, f2) is an increasing convex function of log r. 
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Proof of theorem 4. We have 

l o g [ ( l o g r ) s + U o g f t * ( r , / l / 2 ) ] = ( S + 1) f — 
J x (log x) 
1 

log GixJifo 
log g* (xJJz) 

dX , 

since numerator on the right-hand side is the differential coefficient of the de
nominator. From lemma 1, log G(r, ff2) / log ft* (r, / , / 2 ) is an increasing 
function of r and hence, 

log i ( l o g r ) 8 + n o g f t * ( r , / ; / 2 ) ] < 

< 
(5 + 1) log G ( r , / , . / : ) 

log ft*('-,/i/2) 

r 

f dx 
x log x 

+ 0(1) , r > r n 

(5 + 1) log G(r,ft f2) 

log ft* (r,Af2) 
(log l o g r ) ( l - 0 ( 1 ) ) + 0(1). 

Taking logarithms on both sides, dividing by log log r and- taking limits as 
oo, we get 

log log GO-,/,/2) 

l i m
 S U P l o g 3 g S

A ('•,/•/,) < I i m
 S U P L l o g g , * ( f , / i/ 2 )J 

^ » inf log log /• inf log log r 

since l im inf log l o g f t * ( / , 
log log r 

Again, we have 

r • 

log [(log r 2 ) s + 1 log ft* ( r 2 , / ^ j > ( 5 + 1) j 
log G (x, fi f J 

x (log x) log ft* (x,fj2) 
dx 

Consequently, 
l O g f t * ^ , / ! ^ ) 

Tog G ( r , / , / 2 ) ~ 
log 

l i m
 S U P l o g 3 g , * ( i - , / i / 2 ) ^ U m

 S U P L logg 5
A O y / j / J 

inf log log r ^ r ^ inf log log r 

This proves theorem 4. 

3. Let us set : 

r*« inf 0og7-)p*~' • P * 
(3.1) 
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l im S U P toggfr/'/J « a* , (3.2) 
in f (log rf b* to 

l im S U P j o g g - f r ' / ' / J = c * , (3.3) 
r-»» inf (log /-)p* rf* 

and 

l im S U P l o g ^ ^ 4 ^ ) = ^ , (3.4) 
inf (log r ) p * 

where p* = m a x ( P l * , p.*) . We prove here the following results : 

Theorem 5. We f ind 

(i) 

00 
(iii) 

(iv) 

p ^ 2(-s+p*+ims+1)p* - q* < 2 p i / i 5 + 1 > f l * , (v) 

( p * - - 1) a* < p*p* a* - 6* ^ (p* - 1) p*p* - 1 a* , 

( p * - - 1) p* ^ p*p* 6* — a* (p* - 1) p*p*' - i p* ( 

a* = 2 c* - </*, 

b* = 2rf* -

and 
b* < 2 ( H P * + , ) / c 5 + 1 ) g * — _p* ^ 2 p*/(a+i)&* , ( v i ) 

Proof. We know that 

I 

in ( r p * , / , ) + n ( r p *, / 2 ) ] log r 3s —?— /* [» (*,/,) + n (x , / 2 ) ] 
P*—1 J 

Adding —^— log G (r, ftf2) on both sides, we get 
p * - l 

1 l o g - G ^ / ^ + t n ^ / ^ + B i r ^ ^ M l o g r > 
p * - l 

^ ^ _ l 0 g G ( r p * , / , / 2 ) . 

Similarly, we get 

(3.5) 

1 log G(r, f fj + [n (/-,/,) + n (r,f2)] log r ^ - J — log G ( r p * , / , f2). (3.6) 
P * - i " v ' " p * - l 
Dividing (3.5) and (3.6) by (log r)p\ taking limits as r-*°o and using (3.1) 
and (3.2), the results (i) and (ii) follow. Further, we have 
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21/(6+1),. 

l o g G ( 2 W " + « r j ; / ? ) > ^ ^ J x'logGfrfJJdx. 
r 

Adding log ft (r, f{ f2) on both sides, this gives 

log gArJxft + log G ( 2 « B + » r , fj2) > 2 l o g f t (2^+» r,fxf2). (3.7) 

I n a similar manner, we get 

l o g f t ( r , fxft + log G(r, fj2) ^2 logg&W+Vr.fJ). (3.8) 

Dividing (3.7) and (3.8) by (log rf*, taking limits as r -> °o and using (3.2) and 
{3.3), the results (iii) and (iv) follow. 

Also, we have 
.1 / ( 8+1) 

log G ( r ^ l ) , ft f2) > / |
8 + . 1

M /* *"* (log x ) 5 log G (*,/, / 2 ) rf*, 
( l o g r ) B + 1 y 

r 

or 

log ft* (r, / , f2) + log G ( r 2 V ( 5 + , ) , / , / 2 ) ^ 2 log ft* ( r 2 V ( S + I ) , / j / 2 ) . (3.9) 

Similarly, we get 

log ft* </-,/, A ) + log G (r, fx f2) < 2 log ft* ( r 2 l / ( 5 + 1 ) , / , f2). (3.10) 

The results (v) and (vi) follow from (3.9) and (3.10), on proceeding to limits as 
r-^> 1 » , in view of (3.2) and (3.4). 

Theorem 6. We f ind 

P * < 5 + 1 > < l i m inf fcgft'fr/'/J ^ 
p*(5 + p * + l ) i — (log i f 

< H m s u p 1 - ^ ^ ^ ^ ^ ^ " * < 5 + 1 > , (logrr p*(5 + p * + l ) 

where p* = max (p^ , p 2*). 

Proof. From (3.1), we have for any e > 0 and r > r0, 

( P * ~ E ) (logrr" 1 < « ( r , / , ) + B ( r , / 2 ) < (a* + E ) ( l ogr) p ^ 1 . (3.11) 

Therefore, from (1.5), we get for r > r0 

log G ( r , / t / 2 ) > E J U ° g ^ (1 - 0 ( 1 ) ) (3.12) 
p* 

and 
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l ogG (r,fxf2) < ( a * + £ ) ( t ° g ? r (1 - 0 ( 1 ) ) + 0(i) . (3.13) 
P 

Further, from (1.4), we have 
. r 

log g* (r, fx f2) = 5 + 1 / x-1 (log x ) 5 log G (x, fx f2) dx + 0(1) . (3.14) 
(log /•) + 1 J 

Substituting for log G ( r . / j / a ) from (3.12) and (3.13) in (3.14), we get for r>r0, 

^ ^ ^ " ^ ^ V - ^ y ( 3 ,5 ) p* (5 +• p* + 1) 
and 

log , „ * ( r J J 2 ) < ( a * + f l + , 1 ) ( ' ; f r ) ' ' d - o (D) + 0 (1) . (3.16) p* (5 + p* + 1) 

Dividing (3.15) and (3.16) by (logf') p* and taking limits as r-»<x=, the result follows. 

Corollary 3. We have 

P * (log/")0* — ( l o g r r • P * 

This easily follows from (3.12) and (3.13). 
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Ö Z E T 

B u çalışmada iki tam fonksiyon çarpımının geometrik ortalaması gözönü-
ne alınmakta ve bunların bazı özelikleri elde edilmektedir. Elde edilen bu 
sonuçlar, herhangi sonlu sayıda tam fonksiyona kolayca teşmil edilebilir. 
Jain ve Chugh'un bazı sonuçları, yukarıdaki sonuçların özel halleri olarak 

elde edilebilir. 
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