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O N W A V E S O L U T I O N S O F C O U P L E D E L E C T R O M A G N E T I C A N D 
Z E R O - R E S T - M A S S S C A L A R F I E L D S I N A G E N E R A L I Z E D P E R E S 

S P A C E - T I M E 

KRISHNA BIHAR! L A L - A M I R A L I ANSARI 

In this paper it has been proposed to find the plane wave-like solutions of 
the general relativistic field equations for regions of space containing 

electromagnetic fields and a scalar zero-rest-mass-meson field. 

Recently La] and Pandey f 1 ] 1 5 have investigated the wave solutions o f 
the f ie ld equations o f general relat ivi ty containing electromagnetic fields i n a 
generalized Peres space-time. 

1. Introduction. M a n y authors have t r ied to f i n d the solutions o f relativ
istic f i e l d equations i n the presence o f scalar meson f ie ld i n the hope that they 
may be useful i n future. This p rob lem has been mentioned br ief ly by Brahma-
chary p ] . Scalar fields associated w i t h a meson o f zero-rest-mass have also been 
considered by Bergmann and Le ipn ik [ 3 ] and BuchdahJ [ 4 ] . Janis et al [ 5 ] 
have presented a solut ion o f the coupled zero-rest-mass scalar f i e ld and gravi
ta t ional f i e ld i n the spherically symmetric case. Penney [ 6 ] and Gautreau [ 7 ] 
have solved the same f ie ld equations i n axially symmetric static case and fo l low
ing Erez and Rozen [ 8 ] Penney [ 6 ] reduced the axially symmetric solutions 
to spherical symmetry. L a i and Singh [ 9 ] have found cylindrical wave solu
tions o f the coupled zero-rest-mass scalar f i e l d and gravitat ional f i e ld . Recently 
Singh [ 1 0 ] and Patel [ n ] have obtained plane symmetric solutions o f the 
f i e ld equations corresponding to zero-rest-mass scalar fields. 

L a i and Pandey [*] considered a space t ime whose metric is given by 

ds2 ^ ~ A d x 2 - B dy2 - (1 - E) dz2 - 2E dz dt + (1 + E) dt2 (1.1) 

as a generalization o f Peres metric by assuming that A and B are functions o f 
z, t and E is any funct ion o f x, y, z, t and obtained the wave l ike solutions o f the 
f i e ld equations o f general relativity. I n the present paper, t ak ing the l ine element 
(1.1) we f i n d the wave l ike solutions o f the f i e ld equations o f general relat ivi ty 
for regions o f space containing the electromagnetic f i e ld and a scalar zero-rest-
mass-meson f ie ld . These equations according to G.Stephenson [ 1 2 ] are 

L) Numbers in brackets refer to the references at the end of the paper. 
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Gu = Ku ~ J Su K = - 8 v i.Eu + MtJ), 

{jJx 

(1.2) 

(1.3) 

(1.4) 

(1.5) 

where K,} is the Ricc i tensor, Fu is the electromagnetic f i e l d tensor, F i s a zero-
rest-mass-scalar f i e ld . Ejj and JVff-/ are the electromagnetic energy-momentum 
tensor and energy m o m e n t u m tensor o f the zero-rest-mass-scalar-meson f ie ld 
respectively defined by 

1 
M- • = V • V • 
l r l t J r ,i r ,3 

(1.6) 

(1.7) 

A comma and a semi-colon fo l lowed by an index denote part ia l and covariant 
differentiations respectively. 

2. Calculations o f G ( 7- and M y . The non-vanishing components o f elec
tromagnetic energy tensor E-tj as obtained i n [*] are 

E34 = E44=p*/B + <j*!A. (2.1) 

The non-vanishing components o f GiJ for the metric (1.1) are given by 

Git - ~ {A/2) [(B33 ~ B44) I B - (B* - B4

2) i2B* + R ^ 

+ (E3 + E4) (B3 -\-BA)!B + EHfB~E(B3 + B4f / 2B>] . 

G13 = - < ? „ = (1/2) (E13 + EH) - (1/4) E.P, 

G12 = - ( 5 /2 ) [ 6 4 3 3 - A44) IA - (A* - A*) !2A*±R + 

+ (E3.+ E4) (A3 + AJ/A + EN/A-E(A3 + A4f / 2A2] , 

G13 = - G 2 4 - (1/2) ( £ 2 3 + ^ ) + (1/4) £ 2 P, 

G 3 4 = A3412A + BM12B -\- U - (A3 A4 f 4A2 + B3B4j 4B2)-

-E{E, + E4)QiA~E3T+E4S~E(A33-A44)l2A~ 

- E(B33 - B44)/2B + E(A3* ~ A&f4A* + E(B* - B4

2) / 4 2 ? 2 -

- E(A3B3-A4B4)I4AB~E* (A3+A4) (Br\-B4) / 4 ^ 5 (£2/2) W , 

(2.2) 
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G 3 3 = < ^ 4 4 / 2̂ 4 + B441 IB) + E(A33 - A44) / 2A + E(B33 - B44)/2B~ 
~U~ (A4

2I4A2+B4

2/4B2)-E(A3

2~A2)/4A2-E(B?-B4

2)/4B2^ 
-(E3+EJ (2-E)Q/4+E3S+(E4+2E3)T-(l~E) (A3B3~A4B4)/4AB~ 
-E(l-E) (A3+A4) {B3+B4)/4AB-E{\-E) W/2. 

G44 = (A33/2A±B33/2B) + E{A33~A^/2A + E(B33-B^/2B-U-
-{A3

2/4A2^-B2/4B2)~E{A2-A2)/4A2~E{B^~B2)/4B2^ 
+ ( £ , + £ 4 ) ( 2+£ ) a / 4 - ( £ ' 3 + 2 £ 4 ) S ' - £ 4 r + (\+E)(A3B3~A4B4)/4AB+ 
+£(1 + £ ) ( ¿ , + ¿ 4 ) ( A , + 5 4 ) / 4 , 4 . f l + £ ( l +E) W/2, 

where 

* = {A3 + - (*3 + B4)/B , Q = 043 + + ( ^ 3 + 

* = £ 3 3 + 2 £ 3 4 + E44, S= A3/4A + 5 3 /45, T = AJ4A + £ 4 / 4B , 

U^{\/2)(En/A+E21/B), N^(A33+2A34 + A44), H = (2?33 + 25 3 4 + i?4 4) 

and 

JF = iV/,4 + H/B - ( ¿ 3 + ^ 4 ) 2 / 2 ^ 2 - ( B 3 + 5 4) 2/2 JS 2. 

The non-vanishing components o f M f J - are 

Mn = F / / 2 - L4 / 25) V 2 - >4£ K 3 F 4 - ^ (F, 3

2 F 4

2 ) / 2 -
-AE(V,2+VA

2)/2, 

Mn = F x F 2 , Mi3 = F , F 3 , M i 4 = K , F 4 , 

^22 = ^,22 / 2 - F t

2 - B E V3 VA - B(F3

2 - F 4

2 ) / 2 -
-BE(V,*+ VJ)/2, 

M2,= VI2VI3 , M 2 4 - K 2 F 4 , 

> (2.3) 
M,3 = (1 - £ ) ( F t l

2 / .4 + F 2

2 / 5) / 2 + (1 + E 2 ) (V2 + F 4

2 ) / 2 -
- ^ ( 1 - £ ) F , 3 F , 4 - - E F 4

2 , 
M 3 4 = - + F/ /5) /2 + (1 - E 2) F 3 F 4 - £ ( F 3

2 - Vj)/2 -
- £ ( F 3

2 + F 4

2 ) / 2 , 
i ^ 4 4 = 0 + E)(VA

2/A + F 2

2 / 5) / 2 + (1 + E2) ( F 3

2 + F 4

2 ) / 2 + 

+ £ ( 1 + - E ) F 3 F 4 H - £ F 3

2 . 

3. Solutions o f equations (1.2) and (1.5), The f i e ld equations (1.3) and (1.4) 
have already been solved by L a i and Pandey [* ] . U s i n g (1.1) i n the f i e l d 
equation (1.5), we get , 

t i ^ . n + V,3((l + F)A3/2 + EAJ2) - f VA{EA3/2 - (1 - E)AJ2)}/A+ 

+ iV,12+Vi3({\+E)B3/2 + EB4/2)+VA(EB3/2-{\-E)B4/2)}lB± (3.1) 

+ ( ^ , 3 3 - ^ . 4 4 ) + ( ^ 3 + £ 4 ) + V J + ^ ( ^ , 3 3 + 2^.34 + Ku)] = 0 • 
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Us ing (2.2), (2.1) and (2.3) i n (1.2) we f i n d that for / = 1 and j = 2, equation 
(1.2) gives the cond i t ion 

VAVt2 = 0. (3.2) 

There are three possibilities namely (3.2) (i) Vx = 0 , K 2 # 0 , (3.2) (//) 
VA 0 and F 2 = 0 and (3.2) (Hi) VA = 0 , F 2 = 0 , w h i c h show that V is 
function, o f Z only. 

I n p ] we see that for (1.4) F*j = 0 and Fr] = 0 give the condi t ion 

(As + A4)/A = (B3 + 5 4 ) / 5 (3.3) 

and i 7 ; 3 ; = 0 and Ffj = 0 give the condi t ion 

Ap2 — BGl=0, (3.4) 

where the suffixes 1,2,3,4 denote pa r t i a l derivatives o f A, B, E, p and <s w i t h 
respect to x, y, z and t. 

Case L Le t quantities on either side o f equation (3.3) vanish separately. 
This gives on integrat ion 

a) A = A ( Z ) and b) B=B(Z). (3.5) 

U s i n g (2.1), (2.2), (3.2) (Hi) and (3.3) i n equation (1.2) we f i n d 

£ 3 3 + 2 £ 3 4 + i < 4 4 = 0 , (3.6) 

^ 1 3 + ^ 4 = 0 , ' (3.7) 

E23+E2i = 0, (3.8) 

-{ZfA+B/ B}/2 + u + '(?IA + JÉTf 5 ) / 4 + ( E 3 + EJ(A/A + B/ S) /4 = 

= 8 * [ ( p 2 / * + < J 2 M ) + ^ 2 J . (3-9) 

Integrat ing (3.6), (3.7) and (3.8) we f i n d that the f o r m o f E satisfying (3.6), 
(3.7) and (3.8) is given by 

a) E= (X + y + z)fi(z ~ t) + f2(x, y) f3(z - f ) (3.10) 

or , 

b) . £ = J F ( x , y , z - i ) + . z / ( z , - 0 . • 

Thus the plane wave l ike solutions o f the f i e ld equations (1.2) are com
posed o f gu giyen by (1.1) under t h é condi t ion (3.4), (3.9) and (3.10). 

U s i n g (3.2) (in) i n (3.1), i t is seen that under cond i t ion (3.5) i t is identically 
satisfied. -, s 
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Case U . L e t (A3 + A4)/A = (B3 + BJfB # 0. Different ia t ing i t par t ia l ly 
w i t h respect to z and ?, we get 

a) W M + A24)IA - (B33 + 3 3 4 ) / 5 = (A3 + A A (A J A - BJB)/A , (3.11) 

b ) ( ^ 3 4 + ^44>A4 ( ^ 3 4 + S44)iB = (A3 + (AJA - 5 4 / J 9 M . 

U s i n g (3.3) and (3.11) i n GH = - &it(E„ + (/ = 1,2) we have 

(A3 - AM A ~ (B3 - B4)/B = 0 . (3.12) 

F r o m (3.3) and (3.12) we have AJA = B3jB and AJA = BJB on integrat ion 
"which yields A / B — constant and by certain t ransformat ion i t can be 
reduced to 

A = B. (3.13) 

Thus using (2.1), (2.2), (3.13) and (3.2) (Hi) i n (1.2) we get 

a) ^ 3 3 - A44 + EN + ( ¿ 3 + A4) (E3 + E4) + AR - (A? ~ A2)/2A-

-E(Ai + Aiy/2A = 0, 

b) £ , , + £ , „ - 0 , 

<D £ ¡ 3 + ^ = 0 , 

d) - u. + 2 ^ 4 4 - A}\A - (A3

2 ~ A4

2)/2A - 2(E3 + EA) (A3 + / i 4 ) + 

+ £3 A3 + £ 4 ^ 4 + 2i? 3 A4 + £ ( ^ 3 + ^ 4 ) 2 / 2 ^ - 2 £ 7 V = i ( 3 _ 1 4 ) 

= - 1 6 7 t [ ( p 2 + a 2 ) + J 4 K 2 J , 

e) u + 2 ^ 3 4 - £ 3 ^ 4 + £ 4 ^ 3 - ^ 3 - ^ M = 16TC [ ( p 2 + a 2 ) + AV] , 

f ) u + 2 ^ 3 3 - A21A + {A2 - A2)f2A - f 2(E3 + £ 4 ) (> i 3 + ¿ 4 ¬

- £3 A3 - E4 A4 - 2E4A3 - E(A3 + . 4 4 ) 2 / 2 ^ + 2 EN= 

= - 1 6 w [ ( p 2 + o 2 ) + J 4 K 2 I > 

where 

u = £ n + £ 2 2 - E(E3 + £ 4 ) U 3 + ^ 4 ) + £ 2 L 4 3 + A4f!2A~ 

- 2 E ( A 3 3 - A 4 4 ) - 2 E 2 N . 

Solving (3.14) d), e) and f ) we f i n d 

2N~0!A)(A3i-A4)2=0. (3.15) 

I n order to f i n d a solut ion o f (1.2) i n this case i t is necessary to solve (3.15) 
a n d then (3.14) a), b) and c). Unfor tuna te ly at this stage, i t is no t possible to 
get a solut ion directly by integrat ing (3.15). 
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Hence i t should be remarked that i f we pu t A — emz ent i n (3.15), we get 
m + n — 0 and we can arrive at a solut ion satisfying A = B = kemiz-°, where 
k and m are constants. However this is a special case o f (3.5) and belongs to 
Case I . 

Lasfly we add that i n case we take (3.10) b) as the f o r m o f E, and take the 
func t ion / , to be zero; E w i l l be then Peres funct ion and we shall get the plane 
wave l ike solutions o f the general relativistic f i e ld equations for regions o f space-
t ime conta in ing electromagnetic fields and scalar zero-rest-mass-meson f ie ld . 
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Ö Z E T 

Bu çalışmada, elektromanyetik alanları ve bir kütlesiz mezon alanını 
(scalar zero-rest-mass-meson field) İçeren uzay bölgelerine ait genel 
rölativistik alan denklemlerinin düzlem dalgasal çözümlerinin bulunması 

problemi ele alınmaktadır. 


