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AN R-— @ RECURRENT FINSLER SPACE WITH NON-SYMMETRIC
CONNECTION

IL.D. PANDE - K.K. GUPTA

In the present paper it has been obtained necessary and sufficient condi-
tions for first order recurrency of curvature tensors R%; i and Rbj in a
Finsler space with non-symmetric connection Tijy .

1. Introduction. Let F.* be an #n-dimensional Finsler space having 2n-line
elements (x', X) (7, 7k,... etc. = 1,2,3,...,1) equipped with non-symmetric
connection IV; (x,X) based on non-symmetric metric tensor g; (x , X).

Let us write TV, as given below [*]P
e
. A |
Uiy = My, -+ > Ny (1L.D)

. 1 . .
where M*, and?}\!"j,rc are the symmetric and skew-symmetric parts of I,

respectively. Let us introduce another connection f‘ik (x, %) =0%;(x,X) and
define two types of co-variant derivatives :

i .
xt = 9% — (3, X) T, ¥ 4 X" T D (1.2)

[J

i . — ~
x; e 8; x’- — (am x") I""p;JEP —I— JH"I"'W-. (12)’

The duality in the nature of co-variant derivatives introduces two curvatu-
re tensors:

Rl = 1T — T — @ Ta) T 37 + (3, Tp) T 3% 1
+ T2, Iy — T2 Ty (1.3)
Eiik! = ar fijk - ak ffﬂ - (ém fifk) f‘mpr X7 (ém fiﬂ) fmpk xP +
TP T, — 17, 10, 13y

) The numbers in_ square brackets refer to the references given at the end of the paper.
7 9,==93fdx! , 0;==0/oxt
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It can be easily verified that both the co-variant derivatives of X' vanish,
fe. -
i i

)&"‘ = = ¢ N .
M 0 o (1.9
The following notations and abreviations will be extensively used in the
sequel.

Ry, = X" Ry (1.5a)
R,=3"R, (1.5b) .
R=R; : (1.5¢)
R",,,-k_= — Ry, Ry = — Ry, Ny = — Ny (1.5d)

Commutation formulae are as follows :

; ! A i . i i A 1 A ] - m .
a.'c (Tj- |;,) — (3 I T‘;) |4 . Ifm a.fc I‘rmh - Tlm alc r in (am TJJ) (ak I .Ph) X7
3 -k :

(1.6)
i i . . u . o i ,
Tjﬂ'| e T-}-! T (am TJ']) lerk + Tf ' lehk - Tmr R Ik -+ (Tj[m) nlch H
b t : 3
1.7

where N7y is defined in (1.1).

2. R — & Recurreat Fimsler space.

Definition 2.1. F,* will be called R — @ recurrent F* if its first
curvature tensor R*; satisfies the following condition

B : :
R-;E'-j: kil MRy (G #0), 2.1

-+

where X, is known as recurrence vector field,

Transvecting (2.1) with X' and using (1.4) and (l.5a), we find

h
RE, =M Ry 2.2)
++

Again transvecting (2.2) with %7 and using (1.4), (1.5b) we have

I
R =MRS 2.3)
+ .

&
Contracting Rf,,
+

with respect to the indices % and %, and using (1.5¢) we

get
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Ryi=MR. I 2.4
From (2.2), (2.3), (2.4), we conclude that R"; , R.* and R are also & recur-

rent of first order in an R — @ recurrent F,*. The converse of this statement
is not necessarily true: B '

Theorem 2.1. An R, — & recurrent F.* will be R — @ recurrent F* if
and only if the recurrence vector field satisfies

i
xP (ah R: k)l o (ah l.') R ik + A‘.’ xF ah - ‘Rm}k afr I ml + ‘lec ]'—‘mJI +
+++

+ Ry 0, T + (am R (3, ™) ‘tp_' 2.9

Proof. Let F* be R — @ recurrent,
Viz. .
i

Jkjr
I

RY =y Ry

Differentiating the above equation, partially with respect to x* and aljply-
ing the commutation formula (1.6) together with relations (1.4), (1.53), we
get

i ) ) . P
RI,- AT 7\'1 thjk = (ah 7”!) R’.f‘k + QLr x? 81; Ripjk — X7 © i R:jk) -
+++ + o+
;‘Rm}'f: ak ]'—‘imf + ‘Rr‘mk ab me.f + Rffm‘ah ka! +
+ (ém ‘Rfﬂ'c) (éfr le;l) X7, (26)

Now in R.é & re(‘:urreﬁan*’, left hand side of (2'.6) vanishes and hence
(2.5) holds good. ‘ ‘

When the connection coefficients I';, are homogenous of degree zero in
their directional arguments, then:

Theerem 2.2. In an R, — & recurrent F* the following identity is
satisfied :

Xp“i'”(ék Rjjk”) (8!1 A Ry Xh 4 hy X2 xR 3: ok - 2.7
+ Fr+

Proof. Transvecting (2.6) with x* and using (1.4), (1.5¢) we get
i i
R;kil »R ,k—(a,,k,)Rﬂcx”—F?L;x" r"'a Ry — XF ‘C”(Bk kaEl)
N + Fr+
_ ijk (ah ]_-im’) X -Rimk (ak I""j;) A + .Ri " (ah mk[ Xk

A+ (a Ry (8,, T, ) X7 %t
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Using homogeneity property of IV, and noting the fact that left hand
side of above identity vanishes in R, — & recurrent F,*, we get (2.7).

Theorem 2.3. The necessary and sufficient condition that an R_j" — &P

recurrent F.* will be an R — @ recurrent F.*, is that

(@, RE, ) = @) R + 1 38, By) — R 9, Ty -
+ +F

+ R T @ RY) (8 T"o) 7. @8)
Proof. Let F,* be Rf — & recurrent space, viz.
Rt =% R} (A)
+

‘Differentiating it partially with respect to X* and using (1.6), (1.5b), we
have, after a rearrangement of its members,

{ .

RIJ‘ 1t L Rik] =— X3 k R‘;‘,-j i 1) - Rj" e Fim! + -Rmi ék Fm}'f +
++ + 4+
+ @R @, T™,) 5 + (0, M) Rf + X, X3, Ry, . (2.9)

If F.* becomes R'; — @ recurrent, first member of (2.9) vanishes identi-
cally and we have the result (2.8).

When the connection coefficients I;, are homogeneous of degree zero in
their directional arguments, then :

Theorem 2.4. In an R — & recurrent F *, following identity is true :
. i . .
@, Ry 1) = @ A RS F - Ry #4359, By, @10)
+ o+t

Proof. Transvecting (2.9) with X* and after using (1.4) and (1.5b), we
have :

RY | =M Rf = — X630@, RE, 1) — R (@, T,) 3 +
+ : ‘ + 4+ .
+ Rmi (ak me.') xk -+ (ém 'Rii) (ak Fmpl) XP Xk +
+ (i A Ry ok Nk Bk 3y R, 2.11)

Now, in an R{ — & recurrent F,* first member of (2.11) vanishes, hence
using the homogeneity property of Iy , (2.11) takes the form of (2.10).
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Theorem 2.5. In an Rf — @ recurrent F,*, the relation
llii m ;\""“ + A"f NTlm) Rfi = (a‘r Rji) RYlm + RJ'T Riwm - (2'12)
"+
— _RTi RY

Hm
is always true.

Proof, Differentiating the relation given in (A), & co-variantly with respect
to X", we have after using (A), '
I

Rt

iltm
¥

=y ML) RS (2.13)
+

Subtracting the result obtained after interchanging the indices / and m in
{2.13) from (2.13), we have after using commutation formula {1.7) :

— (Ei1r RY) R'ym+ R Ry — R} Ry, + (Rt Ny =
‘ +

=y — M) RS- - . (2.14)
+ Rt -

From (2.14) and (A), we get (2.12), after a rearrangement of terms.

Theorem 2.6. In r — @ recurrent F,*, the Bianchi’s Identity - takes the
following form : ' '
3 i Rlyy P+ 3Ry NPy + X By, = 0, (2.1)
where ‘ o

Ely e 8t 3 (ém The) R™

Proof. From Theorem 2.1 in [%], we are given with the following Bianchi
Identity :

h h i
Ripie t Riay+ Ry + Elage=0. — (2.160)
+ + +
But as we know, .
] it
RJ;_M“ = R‘,.Fj ket R TP 4 Ri, TPy .17
+ + 4+ )

Applying (2.1), (2.17) can be rewritten as
h

Rt

PRI M Rhijk + Rkipk ijl + Rhiiﬂ I 217y
+

After changing the indices j, &, ! cyclically in (2.17)" we shall get two other
similar results, substitute all the results thus obtained in (2,16) and after using
{1.5d), we will get (2.15).

1
D Al o Ay + Ajps + Ak
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It is noteworthy that similar theorems as given above can be obtained when

we define R —© recurrent F,* as follows :

Y =i
RE =W Ry (u=0).

ik
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OZET

Bu caligmada, simetrik olmayan T? I baglacim haiz bir Finsler uzaymdaki
RP; . ve R® ik eprilik tensorlerinin birinci mertebeden tekrarlilifma dair
gerek ve yeter kosullar elde edilmektedir.




