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ON WAVYE SOLUTIONS OF GAUGE INVARIANT GENERALIZATION
OF FIELD THEORIES WITH ASYMMETRIC FUNDAMENTAL TENSOR

K.B. LAL - MUSTAQEEM

In this paper wave solutions of gauge-invariant generalizations of field
theories with asymmetric fundamental tensor have been obtained.

-1, Introduction. Combining the unifield field theories of Weyl [¥] and
Einstein [3], Buchdahl ([*], [?]) has developed a gauge-invariant theory based
on an asymmetric covariant tensor g;; and a covariant vector K| reIating these
to an asymmetric linear connection I'*,; in such a way that this theory can be
regarded equivalently as ‘gauge-invariant generalization of Einstein’s non-

symmetric theory’ or ‘the asymmetric generalization of Weyl's theory’.

In Buchdahl’s theory [?] the asymmetric tensor g = h;+ f;; (where
h;; is the symmetric part of g;; which coincides with the fundamental tensor
of the metric of the space-time and f; is the skew-symmetric part of g,), the
vector K; and the linear connection I'%; of gauge-invariant theory are defined
by

Ly gy + L8 — 8ya=0, C (1.1

T gsj + Tgljngs — &k, =0, | S '(l..'2)
D=Ly — ¥ (1.3)

where L7, is the linear connection of Einstein’s non-syminettic theory [°]. The
indices 7, j, k,... take the values 1,2,3,4 and a comma (,) before an index 7 denotes
partial differentiation with respect to x'. The simplest field equations as given
by Buchdahl [?] are '

I=T%—0, (1.4)
5

G;=P,;— kit by + Yg;s + ¥y 2y k=0, (L.5)
+ ¥ +-

where P;; is defined by

Py= Ly, + Py {LSLS.J' + LSS_J"- i+ Ly Ly — Ly Ly, (1.6)
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A semi-colon () denotes covariant differentiation with respect to L%, the sign
‘4’ , ‘—’ or ‘o' below an index fixes the position of covariant index i in the
connection as L';, L, or L ; and a bar (-—) and a hook (~) below the indices
denote the symmetry and skew-symmetry respectively between those indices.
Tensors G;; and Py; are the hermitian tensors of gauge-invariant and Einstein’s
usual asymmietric theory respectively.

Further Buchdahl [%] has considered the field equations (1.4) and (l.5)
in a static spherically symmetric space-time, Recently Lal and Singh [3] have
obtained the solutions of these field equationsin a cylindrically symmetric space-
time. In the present paper we consider these field equations in a space-time
represented by the metric ([*], ["]

dst = — dx® — dy* — dz* + dt* + 24 dzdt + 2B dxdy. (L.7)

The non-symmetric tensor g;; [’] is given by -

-1 B p —p

. B —1 o 1
) = R {1.8
(gu') _ —p — —l ) A )

P o A 1

where 4 = A(z,t) and B = B (x, ¥} and p, o are functions of (z—f).

Equation (1.1} is the first equation of FEinstein’s non-symmetric unified
field theory and it has been solved in [7], whose solution gives various compo-
nents of the non-symmetric connection coefficients of Einstein’s unified field
theory which together with %, gives connection coefficienis in gauge-invari-
ant theory.

~ 2. Solation of Equation (1.2). Mishra [?] has proved that v*; can be put
in the form

ok = HE, - St - Ukb'f , o (2.1}

where
| Ukyy = 200 S fon s | 2.2)
Hey o= 19 (ke gyl by — ke higdf2 . (2.3)
Sk = Y = F Ky + 20" 1 g _ (2.4)

a) K=Ky + 2y "k >
b Ky = O, fy + fepfyy — ko fidi2

(2.5
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where A%, the reciprocal of. k;;, are used to raise the indices of a tensor. Elimi-
nating U*; between (2.2) and (2.4), as given in [7], we get

Sjik - K’ij.fc + zfi1 fj]m Skim + zfil Sj]]m f:’cm » (26)

where .
S = fuch QD
From (1.8) and (2.3) the non-vanishing components of H%;(= Hk;) are
HY, = {k, — BQk B+ k)} /2l — BY,
H2,, = {k, — BQk, B+ k)} [ 2(1 — BY,
Py e {fy + A2k A KDY 21+ 47,
HY, = {k4 + AQk, A — k) [2(1 -+ 4%,
H?,=-—H) =—H, =H = %_HZS4 == (k; B .—]- k) 2(1 — BY),
1
M= Hy= o Hy == Hhy= 6B k)20 —8), Q8)

1 .
H = H)=—H,=—H,= B gHZJZZ (kyA—Fk)/2(1+ 4%,

1. .
-H411 =H'), = HY, = H334: o ?Hl‘lz =k d + k) 2L+ A7),

HYy= H?)y = ky[2, H313:Hf14 :lk‘ifz,
H'\ = HY =kj2,  Hy=HYy =k,
B, = H, = H?,= H,= H';;=H% = ', = H%, =0.

From (1.8) and (2.5b) the non-vanishing components of K, (= — Kj,) are

K, =Ky, =pk, Kpy,=—K,, =0k,, K,,, = —olk, - k)/2,
Koy=— Ky = Ky = — Ky = {0k, + phy) /2, Kyyy = p,

Ky = — plly + k) (2, Kiyg — Kypy = plley — k) 2, Kpyy = 0ky,  (29)
Kppy = Ky = 0ty — k) |2, Ky = — Kipy = (0 — 0k} /2,

K= —phkys Kyyy = — ok, Ky =0 for all  i=j:
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" Using (1.8), (2.8) and (2.9) in (2.5a) the non-vanishing components of
K’ (= — K') are

K= — K= Bp +0) (e, B+ k) /201 = BY,

Kpy=—K,p=8Bc+p)k, B+ k)/2(1 — BY,
Ky == K'\py=— (B +p) (e, B+ k) [ 200 — ),
Ky =—Kyy=—Bp-+o)ll, B+ k)/2(1l — BY),

Kipy=—Bp+0) {(ky+k)+ Ak, — k)} /201 + £,

K’y = (Bo + p) {(ky + k) + A, — k) } /201 + 47,

Ky =p(1 — A) ey A + k) /200 + A7), | : (2.10)
K= — (1 + Ay A+ k)20 + 43, ‘
Kipy=—pll = )k, 4 — k) [ 21 + 47,

Kiou=p(0+ Dk, 4A—k)/20 + 4,

Ky =0(l — )yl 4+ 1) /201 + 4%,

Kyy= —0(l+ ) (g A + k)] 21 + 47,
Ky = — ol — A) ey d — ) 21 + 43,

Ky = 0(l +.A) ey 4 — k)20 + A7),
Kpy=—0—D{ple,B+k)+olk,Btk)}/2l—5),
K'yy = (1 + 4 {p(k, B+ k) + olk, B —|—lk,_)}/2:(l -B).

From (1.8) and (2.7) the components of f/ are given by

e p—d)
(14 4% 1+ 4)

_O‘(I—I—A) __G(l—‘A)_
A+4  d+4

0 0

0 0
‘ “ @10
Bo+p)  (Bpto) _
-5 (-8

(Botp  (Boto)
1—8)  (Q1-=5BY)

0 T 0
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Using (2.10) and (2.11) in (2.6) we get 24 simultaneous equations. Solving
these equations the 24 independent components of §,, will be given by

Sau=—8u=Bp+ o)k, B+ k)/2(1 — BY,

Sorz = = Spp = (BS + p)(ky, B+ k) /21 — B,

Sipp =~ 8= —(Bo+p)lk, B+ k) /21 — BY),

Sy = = Sy = — Bp +0) Gy B+ K) /20 — B,

Sias = — (Bp + 0) { Gy + k) + Alky — k) } /21 + 49,

Sipy = (Bo + p) { Uy + k) + Alky —~ k) } /2(1 + 4%,

Sipy=p0 — A (ky 4+ k) /201 + A%,

Spg = —p(L + Ak, A+ k)21 + 4%,

Sasy = (1 — A) ey A + kY[ 2L + .8, |

Sy =—0o(l + A (A + k) 21 + 4%, ' (2.12)
Sy =—p(l — Ak, 4 — k) /2(1 + 4%,

Sy = plL+ A ey 4 — k) [ 2(1 + A,
Sy = (1 + A) (e, 4 — k)] 2(1 + 42y,
Sy = —o(l — Ay (k, A — k) [2(1 £+ A7),
Spr =~ — A {pk, B+ k) + ok, B+k)} /20t — B,
Siu=0+AD{pksB+k)+otk B+k)} /2l — B,
Spps = Sip = Sy = Sy = 0.
Therefore the components of Sk, = A¥' S, are
Sty =0 {ly + k) + Ale; — k)Y /201 + 4D,
8%y = = p {lky + k) + Alhy — k)} [2(t + 47,
Sl,= — 8, = —olk, B+ k) /Al — B,
Sy = — 8%, = P(kJ_B + k&) /20 - BY,
Sy =S4y = — pl, 4 + k) /21 + 4%, |
Sy = Sty =plk, A — k) 21 + 47, ' (2.13)
Sty = — 8, =0k, B+ k)/2(1 — BY,
82y =~ 8%, = —plk, B+ k)20l — B,
§hy= S8, =—0alk, 4+ k)2l + 4%,
8%y = 8ty = ok, A — k) /2L + A7),
$% = 8% = {p(k, B+ k) + ok, B+k)}/2(l — By,
S, =8, = 8,=58,=0. '
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Using (1.8) and (2.13) in (2.2) we find that all the components of Uk, are
zero, Therefore using (2.8) and (2.13) in (2.1) the components of vk, are given
by

v, = [ {k, — BQk, Bk} /201 — B, — (i, B+k)[Al — B,
(ky d— k) [2(1+ 42, (kA + k)21 + 43],
v =[G B-+k) /22— B, {k,— Bk, B+k)} /2l — B,
(kg A — k)20 + 4%,  (kyAd+ k) /201 + 4],
v =[— U B+ k) /21 — B, — (k B+ k)2 — B, (2.14)
{ky 4 4 Qe 4+ RV 2L+ A4, O 4+ k) [ 21+ 491,
v, = [0, B+ k) /20 —BY, (k, B+ k)/201 — B,
ey A~ k)ALt 4D, (kb A @k A — k)Y 2L+ 4D],
e = [k, B+ 1) /2l — BY 0 {(ey + k) + Ak, — k) 2L+ 4,

2

U, B+ k) /21— B F p {(ky + k) -+ Ak — k) /21 + A7),
— B, d— k)21 + 4%, —BU,A+k);21 + 49],

similar expressions for v, %, . v& . vk, v%, are omitted for brevity’s sake.

30 4 32 4z 43
Thus the solutions of equation ([.2} in the space-time (I.7) are given by
(2.14). '

3. Selution of Equation (1.4). Using the components of L*; from ["] and
vk, from (2.14) in equation (1.4} we find that when i= 1! and 2, equations

T, = 0 give
k, + k) F Ak, —k)=0, - G.1)

while when {=3 and 4, equaﬁons 'y, =0 give

Bo+ )+ {pt, B+ ky+ok B+k)} /(1 —B)Y—0,  (32)

where
24 p?
Boy (14"
. o)
B 24 o? 24 p? 2dps 2’
DG Y U Sl S | U VR S
(_(H‘AZ))( Q) ( )

and p=— B, /(1 — B}, v:——B:,_l/(l — B%).
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Thus equations (3.1) and (3.2) are necessary conditions in order that Buch-
dahl’s gauge-invariant field equation (1.4} be satisfied.

4. Temsors P,; and G,;. The gauge-invariant Einstein tensor G,;, as given
by Buchdahl [*], is
Gy=Py—(k;+ ks — 2]‘1 L) —29% ke + Y ‘+ 4.1
+ L Y — L7 ¥ — L7 Y"Im + 170 Y i -
Using the components of Lf; from. [’] into (1.6) we get the components
of P; as follows: K
Py=—p, = Buv+24u(BMp - L)/ + A 1
AL M2 (1 + A — Q4] (1 + AP (My),,
P,—=—v,—Buv+24v(Mp+ BLW/( + A3 +
ALV AR QA+ AT,
Py— =, B+ V) 20 uy— Aoy —
— 4 (M u? + 2BLM pv + L2 v) [ m —
—2B{Mp*+ Buv(L+ M)+ LV} [{1—B)—
MZS%jB‘LV)% 2 ;Mi
¢ a-8 § { 0—-8 Y,
Pyi=g,—P@+vV—20%1v A9y ¥
+ 4M?*put + 2BLM v + L2V [ m — - .
—2B{ My +Buv(L+M)+LV}/(1 —B)
o B g OM L
-5 4 "0 oa—m 3,
Py — Py = By + uv + 442 LM uv [(1 + 452 —
~ A0+ A {@V), + Mw,)
Py =Py=(49), + B @ +v) + 200y —ov+
+ 44 (M?u? 4+ 2BLM uv + L* v [m,
Py=—Ji+Jdy, Py=Jpt+J;,
Py=Jd+Jd,, P41,:T'I;1.+J=,

'

Ppy=—d+Js, Py=J+Js,

P24=Jz+;‘fﬁ s. P4z‘: _Jz.‘f“]m

where
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L=potop, M=cotpp, og=A,/(L+ 49, y=4A,/(+ 49,
m=(+4H(1 — B, ‘
J=0m,+@w,U—-—Bapv,
Jy=@v), +Bv),—U0—Bagv,
Jy=p[M{(l—ADde + 0+ Hy}/(+ 4D+

+MIA+ A+ ([ —AHM]A+ 4%),],
Jy=u[M{U—DHo—(+4)Ay}/(1+ 4 —

— DM+ 4, — M](+49) ],
Jo=v[L{ - DA+ 0+ D}/ + 4+

F @A+ AN+ (O — AL+ 4%),],
Jo=v[L{( —Do—(+AAy}/( + 47 -

S+ DL+ A, — L]+ 4],
ZAPG)

246 24 p7 G5 24po

@+0+A3)@+U+Aa)(g+a+mﬂ
and the Indices 1,2,3,4 after a letter denote partial differentiation with respect
te x, y,z and ¢ respectively.

*(D—F'BU)(*B—I-

The components of Ls,, are given by
Ly=8p, L}y=n, Ly=v, I, =8By,
Ly=L1'y =2Mp+ BLv)[( — BY,
Dy =Dy = 2(BMp+ Lv) /(1 BY,
Dy=Ady, L433 =W, |
Dy=—9¢, L'yy=4¢, . _ (4.3)

Dy=—-L,=—0+H)Mu/(l + 43,
L4y =— L = — (= AMp /(1 1+ 42,
Ly = Lhy=— 1+ DLvjU + 4%,

Liyy=— LY = —(1 —ALv/(l | 4Y).
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Substituting from equations (2.14), (3.1), (3.2), (4.3) and the components
of L¥,; from [’] in equation (4.1); we find the components of G;; as follows

3 ‘ k? _
G, =P, +§— 2'k|,| + ﬁzl — {.B(kl B+ k)2 — BZ)}.1 —_

ko AMyQ4 A B2

— {k B+k)2(1—B%)}, — [k, —BQk B+k,)} -

14

Iy g

+ kB k) - Bv/lerALv/(l F A% 4 p(l - 2B)
1— B
iy : _ AT 2
¥ (oA —ky) - Ale+w) (ky k) n Jo—BQk, B-1-ky)* + (k, Bk
(1447 4(1—B%
B p A k)
A1 — By A Ay
3 | 24Lvk,
Goa = Pos 1y = a2 ok, B+ k) o+ T;\—’ Akz -+ (4.4

e, d— k) {Alg+w)— Gy + kti) \
+ {2(1 +Az)——~*— ’ {(kB+k,)/2(1 —B)}  —
B(Zk B+k)}t+ B+ k)Y
401 — B
o'k, A — kY {k,— B(2k,B+ k) } (Bv + 2k2)
(1 + A% - 21— BY)
(ey B+ k) (2, —2v—By)  (k, B+ Ky
21 —By 21 — By
Mutk, B+ k).~ Lv {k, — BQk, B+ k) }
m

— (BB + k) (20— BY), 4 ks

+ +

+ 4

Gio=Gy =P, — Bl —(k, + k) ke, 3 .B(k‘ + k) 2Kk,

4 2
 BlA—R) (A0 k) o
201+ A PGB
B 1 k130 — By ARG BLY) Ry + BMWY
m
LB k) F kBt k) | kBt k) (Bt k)
2l — BY) 2(1 — B2

kA DA+ B 4Bk, - '
41 — B> '
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similar equations for G,,, G,,, Gy, Gys Gy Gy s Goyy Goys Gy, Guyy Gy
and G,, are omifted for brevity’s sake, where :

J o= 7‘ 87 (k4 gk.})
. (az t)g (1 + 4% g

d
( K )3(164 ka)
=19 :
az ot {1+ 49
I — ( 3 a ) (k4 —k3) g
? az  at 3 L+ )
. 1 ( 2 3 )( ol A—1F)
4 —g T 2 3
oz [ 0+ g

7, — z Uey A — k) (s + k) [ (1 + A7)

5. Solution of Equation (1.5). Using (4.4) in (1.5), we get

2
k*

3 : i
Pu + I1 o E"kl,l - {B(."c]B—I—kQ/2(l - Bz)},l + 2 . .

{k,— Bk, B+k,)} (K, —|—AM||/(1—A2)+Bp/2}

— {(le—{—kz)/2(lﬁB2}} - Ui
(kJB +ks) {ky, — Bvj2 + ALy f(1 + 4% +p(l — 282)}
1— 8. -
n (kyd—Fky) {A(e+vy) — (k3+k4)} {k,—B(2kiB+k2)27}i + (e B+k)
2(14-4% 41— B??
_GBrRY | pPleA— k)
21 — 32)2 AL A ’
k 2 24Lv k,
P, + 1 .t'c22 + -+ 2|,L (ky B+ k) + - . +A2 + . (5.1)

4 KA k) {d@ +w) — (kT k)3 N -
21 + 4% {(sz} k]) /2(1 ‘ Bz')},l _

— BRk,B+k)} 6B+ k)P

— {B(K 201 — 32 i,
{BU, B+ k) [ 2( )Y+ M1 — By

_ kA k) L€(2kzﬂ_+’ﬁ)}wv—+2kﬁ' +
(1 + A% A1 - BY -
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n (e,B'+ k) 2k, —2v — Bp)  (k,B+ k) 4
2(1 — BY) 2(1 — B%?

4 A B+ k) — Ly (K BORE LRI

ki k, 3 B2+ k7 2k k
P, — Bl — (e, + Ky ) 4+ - Bk, +}_)B—i_ 0 Rar S

_ Bl A — k) {Alp + ) — G, H A}

kB L)AL B
20 4 4 {0 B LI (20 B}, +

AB {k(Mp £ BLY) + Ly + BMp }
m
u(k,B+ k) +vikB+k) n (kB + k) (k,B + ’ﬁL _
2(1 — B?) 21 — BY?
(k2 + k) (1 + BY + 4Bk, k,
41 — By

+ {(sz + k]) /2(1 - Bz) }.2 -

_|_

=0, etc.
There are various possibilities undér which the solution of field equation
(1.5) may be considered. However we shall consider the solution in case when
k, =k, =0, k, and k, are functions o-f z—1), (5.2)
A=Az —1), B=B(x—y). ‘ 53
With this choice of k;, 4 and B, equation (3.2) is identically satisfied.
Using (5.2) and (5.3), equations (5.1) reduce to

P 20, A — k)P
P, =t Pk A — k)

B 4(1 + A2
P 2k, A — k.Y
'PZZ — .12, + G,(442.2.3), R
- B ( + 47

3 ks’
Py =?k3)3+ " ; = { Ak, A — k) 201 + A7), —

_ _ o kA — k) (kg.A + 3k, + 44 T)
{Ue,d — k)] 20 4- 4D}, + o +A2)

B s
P, = k44+ ‘4 LA — k) /2(1+A2)}3

— { Ak, A — k) [20 + 4D}, ~ Weyd — k) {4 — A key + 4k} )

41 + 47
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— . 2
PﬂﬁﬁpIer(kA k) {pAte, A —k, + 4)) (3+A)Mv} 54
21 | A% .
P, — oI+ pld — k) {(1 = A) A, = Ak, A — )} My(K,d — k) ’
201 + 4% 1| A
p o= PP P+ M)A kA —k) Mvlkd | 2k)
“‘ B T2 4 A% e
p.—PPa U DA A k) Myl —k) | Buk,
# B 201 + 422 14+ 4% 2 7
R TN wk3) B
P, P, =
23 +7 32 l + A2
Py P = — 2014 G(k A—k){Akd —k) —201—H 4} :
- 21 4 4% :
p _ _OP (kAﬁkz,){c(lJrA)A /(1+A2)+uvp}
“ B 201 + 49
N " Lv {(k A —ka) d + 5A2) + k,A( +A2)}
21 + 4y’
p 5Py _ ol + A) Ak, A — ) (1 + A)Lvk,
2 B 1 Ay 144
_— ' kik (k4 — k)
P34 = (k3,4 + k4.3) + 15— “.'274* + 2;1 +‘ A:)z
and .
(Bp+ o) L=(Bo+pM,
where

I, =

2

a2 (kA—kgg and p_ 3 A=k (kY
9z | (I + 4% >oq (1 + 4% '

Thus the solutions of Buchdahl’s field equations are given by equations
(1.8), 3.1), (5.2), (5.3) and (5.4). '

When k; == 0, we have the solutions of Einstein’s strong field equations -
discussed in [7].
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OZET

Bu g¢ahsmada, temel tensorli asimetrik olan alan kuramlarinin invaryant
oliimki genellegtirmelerinin dalga ¢Bzlimleri elde edilmektedir.




