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SOME THEOREMS ON AFFINE MOTION IN A RECURRENT
FINSLER SPACE

A. KUMAR

In this paper it has been investigated the case v v® — ) occured when
¢y <5 gradient vector and hence completed authors earlier results on affine
motions in recurrent Finsler space.

1. Imtroduction. Let us consider an n-dlmensional affineily connected and
non-flat Finsler space Fn[°]V having symmetric Cartan’s connection coefficient
T,.% (x, X). The covariant derivative of any tensor field 77/ (x, X) with respect to
% (x, X) is given by

. S i . N
Trf|k = ak T:f‘ — O TJ'I G.fcs+ Tfsrsk*r — T rffc* . (11)
‘"The well known commutation formula involving the Cartan’s covariant deriv-
ative is given by
i 2 - ] I K 3
2 Tri 1w — a‘Y I(ka x* + T'J's Kshk - Ts Kj'hk 5 (12)

where

Ky O, %) 882 {3y, Ty — 3, Ty® Goy + Dy T ) (1.3)

is called Cartan’s curvature tensor field and satisfies the following identities [%]:

Kipje + Kl + Kl =0, (1.4)

Ky = K (1.5)
and

Ky = — Kiy - ‘ (1.6)

Let us consider an infinitisimal point transformation

%= xi v (%) dt, .7

1) Numbers in square brackets refer to the references given at the end of the paper.
) 9, ==0fdxk and &, =0/0x"
) 24 = Ape— An -
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where » (x) is any vector field and d# is an infinitesimal point constant. In view
of the above point transformation and Cartan’s covariant derivative the Lie-
derivatives of 7 and I',*" are given by

£ T = T, 0h — Thol), + T,/oh; + én T vh X7 (1.8)
and
£0 Ty = ol — Ky v + 9, Ty o, &7 (1.9
respectively.
In an Fn, if the Cartan’s curvature tensor field K7, satisfies the relation
Ko ts = Yo Kl _ (1.10)

where v.(x) is any vector field, then the space is called recurrent Finsler space
of first order and 8, is called recurrence vector field.

In a recurrent Finsler space, when we consider an infinitesimal affine mo-
tion of the general form [*]:

=i 4 ol (x)dt, v, = ¢ ()0, (L.11)
there exists a case characterized by .
¢, ¥ == const. (1'.12)
under the assumptions
a) K, =10 and b) (v, +¢)v # 0. {1.13)
In view of the equation (1.12), we can find
Dute — Prrad vsv"=0. (1.14)
From this relation we can have here two cases:
a) v,v* =0 and b) ¢, = gradient vector. _ (1.15)

The present author has already shown these facts in his paper [*] and, under
v, v°# 0 discussed about (1.15b) deeply, but he has kept mum about the
former case (1.15a) occured when ¢, # gradient vector. So in this short paper
we shall try to investigate this case and bring our long study on affine motions
in recurrent Finsler space to a close.

2. Characteristic condition. If a recurrent Finsler space admits an infini-
tesimal affine motion (1.7), with respect to the vector field »'(x), we have
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| a) Iy =0 ie b) o) = K, + 3, Ty* v, %7 @1
and its integrability condition :
fo Ky, =0. 2.2)

In the present case, we assume (2.1) and (2.2) under which we devise to find the
characteristic condition for the affine motion (1.11) with {1.15a).

By virtue of the definition (1.8), the Lie-derivative of the Cartan’s curva-
ture tensor field K%, (x, X) can be written as

i _ i o LA { T . 3 R {
B K'pj = Kl 0" — Ko v+ K 0¥+ K 0%+ Ky 1+
. i 5T .
+ as Kl!z]kﬁgl T X (23)

In view of the commutation formula (1.2) and the equations (1.10), (1.11) and
(2.1b) we find

Lo Kipy = 1,0 Kl — Ko v, + Ky Py + K 0" + Ky ¥, =0 24
= 1,0 Ky — 0 (P — Ptes) A D3 @ s — 010) — b0+ by vy =0
= v, ¢ K — 0" (e — Do) + &4 O — ) —

— i+ Sy PV + b (g + Gy )" =0
= 1 Ky — (@5 + @5 ) 1k v+ (@ + &, ¢ v =0
= s vsKii,jk — {(‘%Ii + ¢ ¢j)|k - (_‘f’hlk + &, ¢h)lj} =0.
Consequently, if (1.15a) will be the case the last formula yields
@t 04D 1= D + o 15 2.5)
And, if we have (2.5), we can have '
v, 0" Ky = 0. 2.6)

Since the space under consideration is a non-flat one, therefore, the above
" equation reduces to (1.15a). In this way, we have:

Conclusion 2.1a. In a general recurrent Finsler space, when the equa-
tion of affine motion (2.1a) is integrable, in order that the motion (1.11) has
a form satisfying (1.15a), it is necessary and sufficient that we have the commu-
tative condition (2.3). :

Conclusion 2.1b. In a general recurrent Finsler space, in order that the
equation (2.1a) of affine motion (1.11) with (1.15a) is integrable, it is necessary
and sufTicient that we have the condition (2.5).
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3. Centimued discussion. In an affinefly connected Finsler space, the
Bianchi’s second identity for Cartan’s curvature tensor K7y, takes the form :

Kiiis + Klygesis + Klygjte = 0. (3.1)
In view of basic definition (1.10), the above equality reduces to
Yo Kipiee + T Ky + 1 Ky = 0. (3.2)

Transvecting the above identity by »* and taking care of the hypothesis (1.15a),
we find '

Yi Kihlcs ¥ = Yr Kih.fs v, (33)
where we have used (1.6).

In view of the basic assumption (2.ab), the last formula can be re-written
as

1 @y — By T 09, X7 = v @y — 3, I* i X7). 34

Remembering the latter part of (1.11), the above equality yields

Yildue -+ @p b v = v (Duy -+ ) - : (3.5
Neglecting the non-zero v (x) from the above formula, we obtain
Yi (‘Pk]k + ¢n i) = e (‘f’ku + ¢, 9)) . (3.6

Conversely, if we have (3.6), multiply it by » and hot'mg (1.11), we have (3.4)
i.e. (3.3). In view of (3.2).and (3.3), we get (2.6) from which we have (1.15a).

Thus, we have:

Conclusion 3.1. When a recurrent Finsler space admits an affine motion
of the general recurrent form (1.11), in order to have (1.15a) always, it is neces-
sary and sufficient that we have (3.6). Thus upon the same fact, we have ob-
tained two conclusions (2.1) and (3.1). In what follows we shall discuss about
the mutual relation existing between these conclusions. For this purpose we
shall be given our study from the second conclusion, i.e. (3.6).

The recurrent Finsler space under consideration is not a symmetric one,
say v, # 0, so according to the assumption (3.6), we can suppose a suitable
vector B, such that

¢fr|k + ¢'h (i)k = Bh Yi - . ) (37)

Introducing the latter part of the basic condition (1.11) into the above equation,
we find ' -
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v Ifrk Bfr Te ¥ (38)

Differentiating (3.2) covariantly with respect to x™ in the sense of Cartan and
using the fundamental assumption (1.10) and the equality (3.2) itself, we get

Yslm Kf}rfk + Y il Kihks + Vil Kik.s.f =0. (39)

On the other hand, taking the covariant derivative of the basic supposition (1.15a)
with respect to x™ and.taking notice of the latter part of (1.11) and (1.15a) itself,
we obtain

. Telm e ol Y — 0 . (3.10)
-Or

i

Yl ¥ = 0. (3.11)

Now, transvecting the equahty (3.1) by and noting the relations (2.1b) and (3.11),
we have

. Yslm ('vfl.v'rj - én ka*ivnl‘\’ XT) = Yilm (vifhs - én Iﬂhs‘kl 'vnh' xY) . (312)
By virtue of the equations (1.11) and (3.8), the last formula takes the. form :
ot Y5 Yt YD) B =0, (3.13)

where we have neglected the non-zero v’ (%).

In view of the above equality, we can find here two cases :

El) Bh =0 and b) Yotm Yi = Yilm Ys- (314)

4. Essential discussion. The above all discussions stand only on the
assumption (1.15a) derived from ¢, v" = const. under (¢,), #¢,;,). In the present
case of (1.15a), we shall conversely show that ¢, v* = const. holds good.

" Now, if (3.14a) will be the case, from (3.7), we can have

(D + P P v* = By v v, = 0, le ¢, v" = const. “.1
For the non vanishing property of »* the above formula reduces to
e+ b =0. ' 4.2)

In view of the last formula we can get (1.15b). However, under ¢, v+"=const ,
we can consider only a case in which we have ¢, # ¢, and (1.152), so (3.14a)
must be an exceptional condltlon

Then let us consider now (3. 14b) In th1s case, at fII'St we have to test also
the fact: ¢, v" = const. Before the discussion of this fact, we shall find a few
important conditions. In such a case, we can suppose the existence of a covari-
ant vector E, such as i
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Yae = Yi By - 4.3)

Now, in view of the latter part of (1.11), comparing the equations (2.1b) and
(3.8), we can deduce:

K'ffc]r v = BJ' Ye vl (44)

Differentiating the above formula covariantly with respect to x™ and using the
fundamental! definition (1.10) and the latter part of (1.11), we get

(an + ¢m) Kiﬂdr vh = Bf!m Y v + Bj Yiim 'vi + Bj Y& ‘;bm Uf‘ . (45)

With the help of the equations '(4.3) and (4.4), the last formula can be re-written
as

(v, t¢.) B Y v+ Bj), Yie vt By E v+ By vt (4.6)
Now, neglecting the non-zero terms v, and of from the last formula, we find
Bjy = (Trn - Em) B;. “.n

By virtue of the equations (3.7), (4.3) and (4.7), we can deduce the following
interesting relation :

(Paire + PP 1 = B Y 1e = (Yo — £) By v + By vy E (4.8)

or
(¢h|k + ¢Iz (bA) loe — Bh Yie Y (49)

This yields the condition (2.5). In view of (3.7), the above equality can be re-
written as

(d)k + ¢f[ (;bk) lm = Tm (qsh}k + ¢ft ¢k) . (4'10)

Now, we shall discuss about the condition ¢, v" = const.. As the author has
shown in ['], when we consider an affine motion of recurrent form (l.11),
we have always

a) fv¢, =0, b) fry,—=0 and ¢) ¢, = Evd) ), =0. @l11)

Next, operating the both sides of (3.7) by £v and using the last identities, we
get ' :

v v B, =0 or £v B, =0, @12y

In view of the fundamental formula (1.8) and the latter part of (1.11), the last
relation can be written as

£v By, = By v" + Bv'y, = By v* + B, = 0. .13)
With the help of (1.8) and (4.11b), we can have
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Talk vk + Ts v ¢h =0. (414)
By virtue of basic condition (l1.15a), the above result takes the form ; .
T =0. : 4.15)

Transvecting the formula {(4.3) by v* and taking notice of the above result, we
get

Y, E vf =0, ie. E, vk=0. @16

Next, let us multiply the equation (4.7) by v" and using the assumption (1.152)
and (4.16), we obtain

By, " =0" (@.17)

I
Hence, when we have (1.15a), we can get an important property :
¢;B,vh =0 or B, ov"=0. (4.18)

Thus, transvecting the formula (3.7) by " and noting (1.11) and the above rela-
tion, we find _
G " 1 by Pt =0, @.19
i.e.
(¢, v, =0 or ¢, v =const. (4.20)
This completes the proof of ¢, v" = const..
Now under (3.14b), i.e. (4.3) and (3.7) followed from (3.6) respectively we

have found the condition (4.10). And with the help of the equation we can de-
duce

(¢hlk - Qbk“,) bt = Ym (¢fl|k — ¢’k|,) ‘ (421)

Namely in the present case (4.20) and (1.15a) we are able to say that the
antisymmetric tensor (¢, - ¢,y,) is not a zero tensor but a recurrent one with
respect to the given vector v, in the space.

Consequently, in order to avoid getting (¢, == ¢.;) appearing in (1.15b)
that is, to get (1.15a) purely, it is sufficient to assume the non-parallel property
of (P, — hy,) instead of Ky ot # 0 giving

P — Pud v’ # 0, Le. ‘f’n]kﬁ’E Py - 4.22)

Next, we' have found in the above discussions that (2.5) and (4.10) followed
from (3.6) and (3.7) may be proved conversely by use of a set of (2.5) and (4.10).
Hence (3.6) and the set of (2.6) and (4.10) are equivalent recurrent affine
motions.

In this way we can state ;
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Conclusion 4.1, In a non-symmetric and non-flat recurrent in admitting
affine motion, in order that we have a recurrent affine motion {i.11) having
(1.12) and satisfying (1.15a), it is necessary and sufficient that we put, in the
space, the conditions {2.5) and (4.10), where {¢,, — ¢,,) should be assumed
to be a non-parallel tensor in the space.

Namely, comparing these conclusions for (1.15a), we can see that the con-
dition (3.6) is more fruitful than the condition (2.5), so our pursued condition
is (3.6), with an additional condition being (¢, — ¢,),) 2 non-parallel tensor.

Remark. The author expresses his sincere thanks to Professor K.Takano

for the valuable help taken from his papers in writing the series of papers on
affine motion.
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OZET

Bu ¢alismada ¢b nin gradiyent vektdriinden farkll oldugu Tsv% = 0 hali
incelenmekte ve bylece yazarin tekrarli Finsler uzayindaki afin hareket-
lere dair, evvelce elde etmis oldugu sonuglar tamamlanmaktadez.




