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S O M E T H E O R E M S O N A F F I N E M O T I O N I N A R E C U R R E N T 
F I N S L E R S P A C E 

A . K U M A R 

I n this paper i t has been investigated the case ysvs = 0 occured when 
(f>h T ^ 3 gradient vector and hence completed authors earlier results on affine 

motions i n recurrent Finsler space. 

1. Introduction. L e t us consider an 72-dimensional aff inel ly connected and 
non- f lat Finsler space Fn [6] 1 1 having symmetric Cartan's connection coefficient 
Tllk*'(x, x). The covariant derivative o f any tensor f i e ld T/(x, x) w i t h respect t o 

Thk*'(x> *) i s s i v e n b y 

Pj u = a* T/ - i TJ ak' + Tf r i t * ' - TJ r A * s 2 1 . (1.1) 

The wel l k n o w n commutat i on f o r m u l a invo lv ing the Cartan's covariant deriv
ative is given by 

2 T*i | l m = - dy J T R T J T # + Tf K'shk - TJ K>Jllk
 3 ) , (1.2) 

where 

(*> •*) ^ 2 O i * V - a , W " t ? t l + i v ' r v ' } ( i . 3 ) 

is called Cartan's curvature tensor f i e ld and satisfies the f o l l owing identities [ 6 ] : 

K'hJk + Kljki + K'kAj = 0, 0 -4) 

KhJ=Kihji (1.5) 

a n d 

* U 0 -6) 

Let us consider an i n f i n i t i s i m a l po in t t ransformat ion 

"x* = x* + v1 (x) dt, (1.7) 

') Numbers i n square brackets refer to the references given at the end of the paper. 
*> dk = d/?xk and 3h~d/dxh. 
3) 2A[hk\ = Akk — Akh. 
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where v' (x) is any vector f i e ld and dt is an in f in i tes imal po int constant. I n view 
o f the above po in t t rans format ion and Cartan's covariant derivative the L i e -
derivatives o f T/ and rhk*' are given by 

£v T/ = T'iU,v" - 7 > < u + Th'v\j + 3 , T/v"^x" (1.8) 

and 

£v r , ^ = * ' , j k - K<jkh v» + i rj,/ v>\ T x( (1.9) 

respectively. 

I n an Fn, i f the Cartan's curvature tensor f i e ld K'/lJk satisfies the re lat ion 

* W = Y , * W O-io) 
where y s ( x ) ^ s a n v vector f i e l d , then the space is called recurrent Finsler space 
o f f i r s t order and ds is called recurrence vector f i e ld . 

In a recurrent Finsler space, when we consider an inf initesimal affine m o 
t i o n o f the general f o r m [ 4 ] : 

xl = x' + v* (x) dt, v< | h = $h (x) « ' , (1.11) 

there exists a case characterized by 

(j)s vs = const. (1-12) 

under the assumptions 

a) Khs w = 0 and b ) ( T i + & ) »* * 0. (1.13) 

I n view o f the equation (1.12), we can f i n d 

( 0 A U - ^ U ) Y , « S = O . (1.14) 

F r o m this re lat ion we can have here t w o cases : 

a ) — 0 and b) <f>h = gradient vector. (1-15) 

The present author has already shown these facts i n his paper [ 4 ] and , under 
ysvs^0 discussed about (1.15b) deeply, but he has kept m u m about the 
former case (1.15a) occured when 4>h ^ gradient vector. So i n this short paper 
we shall t r y to investigate this case and b r i n g our long study on aff ine mot ions 
i n recurrent Finsler space to a close. 

2. Characteristic condition. I f a recurrent Finsler space admits an i n f i n i 
tesimal af f ine m o t i o n (1.7), w i t h respect to the vector f i e l d v{(x), we have 
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a) r,ft*' = 0 i.e. b) v^jk = K>mv>-+dsrJk*iv\x-< (2.1) 

and its integrabi l i ty condi t ion : 

£«'J^*A = 0 - (2-2) 

I n the present case, we assume (2.1) and (2.2) under w h i c h we devise to f i n d the 
characteristic cond i t i on for the affine m o t i o n (1.11) w i t h (1.15a). 

By virtue o f the de f in i t i on (1.8), the Lie-derivative o f the Cartan's curva
ture tensor f i e ld Kl

h]k (x, x) can be wr i t ten as 

£t> K-„jk = K ' M S S * ~ »' I A + *\ k + vs\ j + K ' M S ^| K + 

+ 'daK^ffux\ (2-3) 

I n view o f the c ommutat i on f o rmula (1.2) and the equations (1.10), (1.11) and 
(2.1b) we f i n d 

£v = Y* * * U - K"hjk v< & + K'SJk vs 4>h + K\sk tf fa + K'hh if fa = 0 (2.4) 

= Y, «* K'hik ~~ v i (<f>h\jk ~ 4>h\ki) H- fa (v'\ jk — vi\id) ~ fa * 'W + 4>k v'\bj = 0 

= Y , Km - v' (4>h\jk - <f>h{k]) + 0> V - V'uu) -

- 4>i (fat\k + 4>h 4>k)vi + <f>k (4}/,\j + fa fa)v' = 0 

- ys v° K'm - (fay + fa fa) u + (faM + fa fa) v< = 0 

= y, v K'h}k - vl {(fay + fa, fa)lk - (faAk + fa, fa)u j = o. 

Consequently, i f (1.15a) w i l l be the case the last f o rmula yields 

($h\J + *A <f>j) I * " (^Aifc + <Ph 4>k) \J • (2-5) 

A n d , i f we have (2.5), we can have 

Y , ^ - ^ W = 0 . (2.6) 

Since the space under consideration is a non - f la t one, therefore, the above 
equation reduces t o (1.15a). I n this way, we h a v e : 

Conclusion 2.1a. I n a general recurrent Finsler space, when the equa
t i o n o f aff ine m o t i o n (2.1a) is integrable, i n order that the m o t i o n (1.11) has 
a f o r m satisfying (1.15a), i t is necessary and sufficient that we have the c o m m u 
tative cond i t i on (2.5). 

Conclusion 2.1b. I n a general recurrent Finsler space, i n order that the 
equation (2.1a) o f aff ine m o t i o n (1.11) w i t h (1.15a) is integrable, i t is necessary 
and suff ic ient that we have the condit ion (2.5). 
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3. Continued discussion. I n an aff inel ly connected Finsler space, the 
Bianchi 's second ident i ty f o r Cartan's curvature tensor K'hjk takes the f o r m : 

* W + * W + * W = o. (3.1) 

I n view o f basic de f in i t i on (1.10), the above equality reduces to 

T s Kl
/ljk + T j tfV, + Y* = 0 • < 3 - 2 ) 

Transvecting the above ident i ty by vs and t a k i n g care o f the hypothesis (1.15a), 
we f i n d 

tJKl
hkav'^rkKl

&JsVt (3.3) 

where we have used (1.6). 

I n view o f the basic assumption (2.ab), the last f ormula can be re -wr i t ten 
as 

tj (»'IM: - 3, A t * ' **) = Y* (»fift/ - 3. ru*' * k **) • ( 3 - 4 ) 

Remembering the latter par t o f (1.11), the above equality yields 

tj i^h\k + 4>h 4>k)v'' = tk + <t>h 4>j) • (3-5) 

Neglecting the non-zero v' (x) f r o m the above f o rmula , we obta in 

yj (sP/,]k + fa $k) = tk ifa\j + 4>h 4>i) • (3-6) 

Conversely, i f we have (3.6), m u l t i p l y i t by v' and not ing (1.11), we have (3.4) 
i.e. (3.3). I n view o f (3.2) and (3.3), we get (2.6) f r o m w h i c h we have (1.15a). 

Thus , we have : 

Conclusion 3.1. W h e n a recurrent Finsler space admits an aff ine m o t i o n 
o f the general recurrent f o r m (1.11), i n order to have (1.15a) always, i t is neces
sary and sufficient that we have (3.6). Thus u p o n the same fact, we have ob
tained t w o conclusions (2.1) and (3.1). I n what follows we shall discuss about 
the m u t u a l re lat ion existing between these conclusions. F o r this purpose we 
shall be given our study f r o m the second conclusion, i.e. (3.6). 

The recurrent Finsler space under consideration is not a symmetric one, 
say ys # 0, so according to the assumption (3.6), we can suppose a suitable 
vector B h such that 

4>h\k + 4>h4>k = BhVk- . (3-7> 

I n t r o d u c i n g the latter part o f the basic condi t ion (1.11) i n t o the above equat ion , 
we f i n d 
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» W = (3.8) 

Di f f e rent ia t ing (3.2) covariantly w i t h respect to xm i n the sense o f Cartan and 
using the fundamental assumption (1.10) and the equality (3.2) itself, we get 

Y,W K'uk + tj\m
 K'hk* + Vk\m

 Kihsj = 0 • (3-9) 

O n the other hand, t a k i n g the covariant derivative o f the basic supposit ion (1.15a) 
w i t h respect to xm and t a k i n g notice o f the latter part o f (1.11) and (1.15a) itself, 
we obtain 

Y*m* + V**rm = 0 (3.10) 
or 

Y , | m « ' = 0 . (3.11) 

N o w , transvecting the equality (3.1) by and not ing the relations (2.1b) and (3.11), 
we have 

Y , i f f l (v'w a„ r , / f v\ xi) = r j l m (v>]hs - bn r h r v\ * * ) . (3.12) 

By v ir tue o f the equations (1.11) and (3.8), the last f o rmula takes t h e . f o r m : 

(Y,l„, tj - yJlm T i ) Bk = 0 , ' (3.13) 

where we have neglected the non-zero v'(x). 

I n view o f the above equality, we can f i n d here two cases : 

a) B„ = 0 and b ) ys\m Yj ~ Yj\,„ ys. (3.14) 

4. Essentia! discussion. The above a l l discussions stand only on the 
assumption (1.15a) derived f r o m §h v>< = const, under (^hlk^^kli^- I n the present 
case o f (1.15a), we shall conversely show t h a t cph vh = const, holds good. 

N o w , i f (3.14a) w i l l be the case, f r o m (3.7), we can have 

(<]>h\k+<l>h4>k)vh = (Bhv><)7k = 0, i.e. <f>hvh = const. (4.1) 

F o r the n o n vanishing property o f vh the above f o r m u l a reduces to 

<JW + 0 , A = O. . (4.2) 

I n v iew o f the last f o r m u l a we can get (1.15b). However, under ^ f ^ c o n s t , 
w e can consider only a case i n w h i c h we have <}>^k ^ 4>k\h and (1.15a), so (3.14a) 
must be an exceptional condi t ion . 

Then let us consider n o w (3.14b). I n this case, at f i r s t , we have to test also 
the fact : (f>h vh = const. Before the discussion o f this fact, we shall f i n d a few 
i m p o r t a n t conditions. I n such a case, we can suppose the existence o f a covar i 
ant vector Ek such as 
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Y * i * = Y * £ * . (4-3) 

N o w , i n view o f the latter part o f (1.11), comparing the equations (2.1b) and 
(3.8), we can deduce 

K'jM, vh = Bj yk v'. (4.4) 

Di f ferent iat ing the above formula covariantly w i t h respect to xm and using the 
fundamental de f in i t ion (1.10) and the latter part o f (1.11), we get 

(Xm + 4 J Kjn »* = B)\m Ik »' + B} j k \ m v' + Bj yk fa„ » ' . (4.5) 

W i t h the help o f the equations (4.3) and (4.4), the last f o r m u l a can be re -wr i t t en 
as 

(Ym +4>J Bj J k vl + BJ}m r * v' + Bj yk Em v1 + Bj yk 4>m v'. (4.6) 

N o w , neglecting the non-zero terms YA- a n < i v ' f r o m the last f o rmula , we f i n d 

BJha = {ym~BJBj. (4.7) 

By v ir tue o f the equations (3.7), (4.3) and (4.7), we can deduce the f o l l owing 
interesting re lat ion : 

W>AI* + 0* **) U = (Bh yk) LN, = ( Y „ - JEJ Bh yk + Bh Y k Em (4.8) 

or 

(0Alft + ^Jfc)|,.. = * A Y * Y F F L - (4.9) 

This yields the condit ion (2.5). I n view o f (3.7), the above equality can be re
w r i t t e n as 

(fa + fat fa) L M = Y F F L (fat\k + fat fa) • (4.10) 

N o w , we shall discuss about the condit ion 0 A v A = const.. As the author has 
shown i n [ 4 ] , when we consider an affine m o t i o n o f recurrent f o r m (1.11), 
we have always 

a) £vfa = 0, b) £ I » Y a = 0 and c) £v fa]k = ( £ « fa) ] k = 0 . (4.11) 

Next , operating the b o t h sides o f (3.7) by £v and using the last identities, we 
get 

yk£vBh = Q or £vBh = 0. (4.12> 

I n view o f the fundamental f o rmula (1.8) and the latter part o f (1.11), the last 
relation can be w r i t t e n as 

£v Bh = BMk t>* + Bs v*Ul Bh\k + Bs v* fa = 0 . (4.13> 

W i t h the help o f (1.8) and (4.11b), we can have 
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Y A I A ^ + Y . ^ A ^ O - (4.14) 

B y v i r tue o f basic condit ion (1.15a), the above result takes the f o r m : 

YAI*»* = 0 . (4.15) 

Transvecting the f o r m u l a (4.3) by vk and t a k i n g notice o f the above result, we 
get 

y h E k v k ^ § , i.e. Ek vk = 0 . (4.16) 

Next , let us m u l t i p l y the equation (4.7) by v'" and using the assumption (1.15a) 
and (4.16), we obtain 

% , y " = ° - (4-17) 

Hence, when we have (1.15a), we can get an i m p o r t a n t property : 

<i>jBhvh = 0 or Bliv'l^--0. (4.18) 

Thus , transvecting the f o r m u l a (3.7) by vh and not ing (1.11) and the above rela
t i o n , we f i n d 

^ A l * * * + < M * « * = 0 , (4.19) 

i.e. 

(</>/, v%c = 0 o r <l>k v'' = const.. (4.20) 

This completes the p r o o f o f <phvh = const.. 

N o w under (3.14b), i.e. (4.3) and (3.7) fo l lowed f r om (3.6) respectively we 
have f ound the condi t ion (4.10). A n d w i t h the help o f the equation we can de
duce 

(<Pi,\k - <f>k\h> U = Y M (<Ph\k - <Pk\l) • (4.21) 

Namely i n the present case (4.20) and (1.15a) we are able to say that the 
antisymmetric tensor (4>h\k •-- <pk\h) is no t a zero tensor but a recurrent one w i t h 
respect to the given vector ym i n the .space. 

Consequently, i n order to avoid getting ($lx\k — 4>k\,) appearing i n (1.15b) 
t h a t is, to get (1.15a) purely , i t is sufficient to assume the non-paral le l property 
o f (4>hUc - (j>kU) instead o f K'kjk v" f 0 g iv ing 

(0/,l/( - ^ i / , ) ^ > O , i.e. <f>ll]k* 4>k]h. (4.22) 

Next , we have f ound i n the above discussions that (2.5) and (4.10) f o l l owed 
f r o m (3.6) and (3.7) may be proved conversely by use o f a set o f (2.5) and (4.10). 
Hence (3.6) and the set o f (2.6) and (4.10) are equivalent recurrent aff ine 
mot ions . 

I n this way we can state ; 
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Conclusion 4.1. I n a non-symmetric and non - f la t recurrent i n a d m i t t i n g 
affine m o t i o n , i n order that we have a recurrent af f ine m o t i o n (1.11) having 
(1.12) and satisfying (1.15a), i t is necessary and sufficient that we put , i n the 
space, the conditions (2.5) and (4.10), where (4>h\k — <pk\h) should be assumed 
to be a non-paral le l tensor i n the space. 

Namely , comparing these conclusions for (1.15a), we can see that the con
d i t i on (3.6) is more f r u i t f u l than the condit ion (2.5), so our pursued condi t ion 
is (3.6), w i t h an addi t ional condit ion being (<j>h\k — <f>k\h) a non-paral le l tensor. 

Remark. The author expresses his sincere thanks to Professor K . T a k a n o 
for the valuable help taken f r o m his papers i n w r i t i n g the series o f papers o n 
aff ine m o t i o n . 
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O Z E T 

B u çalışmada (f>h ran gradiyent vektöründen farklı olduğu ys vs = 0 h a l i 
incelenmekte ve böylece yazarın tekrarlı Finsler uzayındaki a f in hareket

lere dair, evvelce elde etmiş olduğu sonuçlar tamamlanmaktadır. 


