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PROJECTIVE CURVATURE COLLINEATTON I N SYMMETRIC 
FINSLER SPACE 

H.D. PAN D E - A. K U M A R - V.J. D U B E Y 

I n this paper it has been investigated the different cases under which a 
special conformai motion is a projective curvature collineation. 

1. INTRODUCTION 

Let us consider an n-dimensional Finsler space Fn [ ' J 0 equipped with the 
positively homogeneous metric function F(x, x) of degree one in its directional 
arguments. The fundamental metric tensors g,j (x, x) and giJ (xt x) are symmet
ric in their indices and are defined by 

gii(x,x)^l-.^jFHx,x) (1.1) 

and 

gugik = Sjk, (1.2) 

where 8 / are Kronecker deltas. Mishra [ 2 ] has defined the projective covari-
ant derivative of a vector field X' (x, x) with the help of projective connection 
parameter ïl'hk (xy x) as follows : 

n * » = a* - (3* * 0 n * r * * T + x" n < M , ( i .3) 

where U'llk (x, x) is positively homogeneous function being defined by 

n'A J f c<*, i ) M &hk - - - - j — (25V, <? T*)r + G\kd2> • 0.4) 
{n + 1) 

The following identities hold : 

x" = a„ n ' f t Y x* = o, n<llk ** = n ' A . (1.5) 

The commutation formula [ 2 ] for the projective covariant derivative of a tensor 
field Tj (x, x) is expressed by 

where 

0 The numbers in square brackets refer to the references given at the end of the paper, 

•> ZAhk) ^fti + Akh and 2^[Afc] = Ahk ~ Akh • 
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Q'U*, * ) ^ 2 { a i / ( i i ' ^ - (3 Y n ' m ) IT , , , x° + n ^ } . (1.7) 

The projective entities Q'J/:K satisfy the following identities [ 2 ] : 

a) Q'KM = 0, b) e W d = 0, c) Q'M = QJK , d) Q'jkh = Bj QL

KK . (1.8) 

The contractions of Q'j/lk are given by 

a) Qk = Q'ki, b) 0 / c - QJk xJ\ c) 3 ; Qk = QJk and d) 2Qm = Q'< w . (1.9) 

WeyFs curvature tensor can also be written in terms of Berwald's and projec
tive entities as follows [ 2 ] 

WJU, = Q%, ~ " ~ r ~ —" {(n + 1) QJlk - HM - H L K < J > + 
(n2 - 1) 

+ (» - 1) 3y ¿1* ^ - * a ^ \ , [ / J 5 ' A I

3 ) , (1.10) 

where H'jhk(x,x) are Berwald's curvature tensor fields being defined by 

' H'jhk (x, x) = 2 {3 E / C G'A ] y - (G' T f [ „) G T

f c i , * + (TM G ' 4 ] r } (1.11) 

and Weyl's curvature tensor field ^ / ( / f (x, x) is given by 

(x* *) = X'w + , ) {5;/' JT T i ty + # 3A ff\A, + 
in + 1) 

+ 2 8 ' [ , ( / / < / I > , i + a / ( ] a , / / ) } . ( i . i 2 ) 

We consider the infinitesimal points transformation 

x' = xl + v!(x) at, (1.13) 

where v!(x) is any vector field and dt is an infinitesimal constant. The Lie-deriv
ative of any tensor field Tj(xyx) and the connection parameter R'jk is given 
by 

£v Tj< (x, x) = r J m v* - T/< v'm) + Th' v \ i m + (3, Tf) v\ s ) ) x* (1.14) 

and 

£v W,k (x, x) = v\lm m + Qfhik v" + TL'Jkh v\(s)i x*. (1.15) 

The following commutation formula holds for the operators £v and ((/c)) : 

& 5t*» - (£« r f o ( ( J t ) ) = r / & n ' A A - l y £» n'v,-- (3* Tf) £v n»k,x> (1.16) 

and the connection coefficients are related with respect to those operators by 

2 £v n ' , [ A ( ( ; ) ) i = £v Qfm + 2 (£v IP„,;y) Wk]sh xm . (1.17) 

a ) The indices in < > are free from symmetric and skew symmetric parts. 
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The conformal transformation in a Finsler space Fn is characterized by 

g,i = ^gu* 0.18) 

where a ~ a (x) is a scalar point function and g„- are the components of a 
covariant metric tensor in a conformal Finsler space Fn. I n a conformal 
Finsler space, we have 

G\x, x) = G'(x, x) J* or,, (1.19) 

which gives 

Gl!(x,x)^Gl!

i~Bh-as (1.20) 

G',*ix,x) = G'kk-B*hkGt (1.21) 

and 

G , A T (*, * ) = G'A f t Y - 5 ' V r CT, , (1.22) 

where Bhk (x, x)^L — F2 g,lk — xh .\k is positively homogeneous of degree two 
2 

in its directional argument. The function Bhk{x,x) satisfies the following iden
tities : 

Bk

,s ^ èk &', B'%, m dk bh B>*, B«hk, dk dr dk B", 

^llky^^0JB%kxk = Bl!-. (1.23) 

Under the conformal change U'Jk (x, x) is given by 

n% (x, x) = TL'Jk\B"jk ~ ] (2Ô' 0 B \ ) r + # B\k]) \ . (1.24) 
( (n + 1) ) 

Definition 2.1 (Projective affine motion (Pande and Kumar [ 4 ] ) ) . A n Fn is 
said to admit a projective affine motion provided there exists a vector field 
v' such that 

114 = 0. (2.1) 

Definition 2.2 (Projective curvature collineation (Pande and Kumar [ 8 ] ) ) . 
A n Fn is said to admit a projective curvature collineation i f there exists a vector 
v' such that 

£v Q'/lJk = 0. (2.2) 

Definition 2.3 (Projective Ricci collineation (Pande and Kumar [ a ] ) ) . A n 
Fn is said to admit a Ricci projective curvature collineation i f there exists a 
vector v' such that 
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£v Qhk = 0. (2.3) 

The variation of U.'Jk(x,x) under the conformal transformation is ir ' A and 
that under infinitesimal point transformation (1.13) is £v U'jk. The two trans
formations will coincide i f the corresponding variations are the same. Thus we 
have : 

Theorem 2.1 (Pande and Kumar [ 7 ] ) . A necessary and sufficient condi
tion that the infinitesimal change (1.13) be a special conformal motion is that 

£vH lik 
1 

(« + l ) 

Thus for a special conformal, we also have 

1 

( l ^ B ^ + x ' B ^ J . (2.4) 

£vH hky 
Dis . 

( » + 1) 
kh 

(2.5) 

We shall now study the different cases under which a special conformal 
motion is a projective curvature collineation. Let us suppose that the space 
admits a special conformal motion then by using equations (1.17) and (2.4), we 
get 

<*.[<(*)> jB''./]A 
1 

< « + 1) 

1 

(* + 1) 

— XY Wr!lyB'"ki (2.6) 

I f the special conformal motion admits a projective curvature collineation then 
in view of (2.2), the above equation reduces to 

1 

( « + 1) 

' ^ ' (« + D 
Thus we have the following theorem : 

+ 60i)i = 0. (2.7) 
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Theorem 2.2. A necessary condition for a special conformai motion to be 
a projective curvature collineation is that the equation (2.7) holds. 

Since the operators of Lie-derivative and the operation of contraction are 
commutative, therefore, with the help of equations (2.2) and (2.6), we obtain 

(« + 1) à B"J)m - Br*yJ V - 8/ - B t \ m = 0. (2.8) 

Theorem 2.3. A necessary and sufficient condition that a special confor
mai motion in a Finsler space be a projective curvature collineation is that 
(2.8) holds. 

3. SPECIAL PROJECTIVE SYMMETRIC F I N S L E R SPACE 

Definition 3.1 (Pande and Kumar [ 7 ] ) . I f the entity Q'HJK (x, x) satisfies 
the relation 

0WY» = 0> (3.1) 
then such a space is known as special projective symmetric Finsler space being 
denoted by Fn*. The following relations are satisfied in Fn* : 

a) eWm)) = 0 ' b> 0 W = 0- 0-2) 

The commutation formula (1.16) can be written for Q'j(x, x) as follows which 
after using the equation (3.2b) yields 

- = QJ" ^ - Qi £v n"kJ ~ (a, Q/) £v n v * • (3.3) 

Substituting the value of £v TL'kh from (2.4) in the above equation, we get 

QJ' B\h - Qji B\j - (3A Qj) B\„ -

1 { 6 / ( V &>,h + 5/ JT>rk + i< B\hk) - Qi (8,/< B"yJ + 

+ 5 / 2P'Y f t + ** n f t ) " f 3* ¡2/) <h" + 5»* + 

Thus, we have the following theorems : 

(3.4) 

Theorem 3.1. A necessary condition that a projective symmetric space Fn 
admits a special conformai motion is that equation (3.4) holds. 

Theorem 3.2. The necessary condition that the projective affine motion 
is satisfied in Fn is that (£v Qj\(ky) = 0 holds. Since a Finsler space is said 
to be isotropic i f 
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Wh

x - 0. (3.5) 

Therefore from equation (1.10), we have 

(« 2 - 1) ( 

+ (n - 1) 3,- BLK H - x° SjH\slk^ 5',(] . (3.6) 

Taking Lie-derivative of the above equation and using the fact that the opera

tors tv and dk are commutative, we get 

2 ( 

(n2 — 1) ( 

+ («-!) Bj BLK

 £ V 1 1 - X S BJ £ V ^"Wj ^ l • (3.7) 

Now i f the space admits a special Ricci collineation (i.e. £vH/lk = 0) and pro
jective Ricci collineation (i.e. £v Qhk — 0) then from above equation, we get 

£v QiJkh = 0. (3.8) 

Thus we have : 

Theorem 3.3. I n an isotropic Finsler space every special and projective 
Ricci collineation is a special curvature collineation. 
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Ö Z E T 

Bu çalışmada, özel bir konform hareketin bir projektif eğrilik kolİneasyonu 
olduğu çeşitli haller incelenmektedir. 


