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ON A TYPE OF A SEMI-SYMMETRIC METRIC
CONNECTION ON A RIEMANNIAN MANIFOLD
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Summary : We define a Jinear connection on a Riemannian manifold
which is semi-symmetric T-recurrent connection and study some properties
of the curvature tensor, Ricci tensor and conformal curvature tensor with -
respect to semi-symmetric ®-recurrent connection,

BIR RIEMANN MANIFOLDU UZERINDE
YARI SIMETRIK BIiR METRIK BAGLANTI TiPi HAKKINDA

Ozet : Bu calismada, bir Riemann manifoldu tizerinde yar simetrik
ve **m-recurrent’ oJan bir lineer baglanti tanimlanmakta ve egrilik tensori,
Ricci tenséril ve konform egrilik tensériintin yari simetrik *“*w-recurrent™ bag-
Jantiya gore bazi Gzelikleri incelenmektedir.

INTRODUCTION

Let M™ be an n-dimensional Riemannian manifold of c¢lass C* endowed
with a Riemannian metric g and let V be the Levi-Civita connection on M,

Let V be a linear connection defined on M™ The torsion tensor T'(X, Y) of
V is given by

TX, ¥)=V, ¥ -V, X — [X, ¥] (1
where X and Y are arbitrary vector fields. If the torsion tensor T is of the form
TX, )=z} X—n()Y @

where 7 is a 1-form, then V is called a semi-symmetric connection [1]. The

.connection V is called a metric connection if
Vg=0. (&)

A semi-symemetric connection V with torsion tensor T(X, ¥Y)=x(¥) X—-n(X) ¥
is defined as a semi-symmetric g-recurrent connection if

(Vym) () = 4X) =(Y) “
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for arbitrary vector fields X and ¥, where A4 is a non-zero 1-form and @ is a
vector field satisfying g (X, Q) = 4 (X).

The present paper deals with a Riemannian manifold admitting a semi-
symmetric nm-recurrent connection which is also a metric connection. In Section 1
of the present paper an expression for the curvature tensor R (X, ¥) Z, the Ricci

tensor S (¥, Z) and the scalar curvature r of the connection V have been de-
duced. In Section 2, a necessary and sufficient condition has been deduced for

the Ricci tensor of the semi-symmetric metric st-recurrent connection V to be
symmetric. Also a necessary and sufficient condition has been deduced for the

Ricci tensor V to be skew-symmetric. Further, it is shown that the Ricci tensor

S of V is symmetric if and only if the curvaturé tensor R of V satisfies [irst
Bianchi identity. In Section 3, it is shown that the conformal curvature tensors

for V and V are equal. Also it is shown that if the curvature tensor of V vanishes
then the manifold is conformally flat.

1. Preliminavies. It is known [2] that for a semi-symmetric metric connec-
tion V
Ve ¥ =V Y4 a(Y) X —g(x, )P . (1.1)
where P is a vector fleld defined by g (X, P)=n(X) for every vector field X.
Let R(X, Y)Z =V, V, Z — VYVXZf~ Vix, 11 Z and
RXVNZ=V,Vy Z—Vu V2 - Vix nZ
be the curvature tensors of the connections V and V respectwely Then by virtue
of (1.1) we get .
RN Z=Ty (Vo Z 1 1(2) ¥ — g(¥, Z) P} — Vo (Vo Z + n(Z) X —
—&8X, Z) Pt —{Vix vy 2+ n(Z) [X, Y] — g([X, Y], Z) P}
or _
R VNZ=VyVy Z A a(Vy £)X —g(X,V, Z)P +Xn(Z) Y +
+ @) (VY oD X —g(X, )P} — Vyg (T, 2) P —
(1, Z) (Vg P+a(P)X —g (X, P) P} —Vy Vo Z —m(Vy Z) ¥ -
+eTVy DP— YD) X —n(@){Vy X+ n(X) ¥ —
sV, )P} +V,g(X.2)P +g(X, 2){Vy P+ n(P) Y —
— gL PP} —VixnZ—n(Z)[X, Y] +g(X, Y], Z) P

or
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R, NZ—RXVNZ+{Vym) @)Y —a(@)n(X) ¥ +
+a(PgX. DY} —{(Vy) (DX + 2@ n(¥) X —
— @) g (Y, 2) X} — g (Y, 2)(Vx P) + 2 (X, Z) (Vy P) +
+8 (X, D nX)P g (X, Z)n(¥) P,
From (4) and (1.1) it follows that
‘ (Vem) () — n(X)n(Y) +n(P)g (X, ¥) = A(X) n(Y). (1.3)
From (1.1) we also get

(1.2)

VyP —n(P)X =V, P — n(X)P. (1.4
Since (Vy2)(Y,Z) =0, we get (Vog) (P, Z) =0
or
Vo (Z) —a(Vy Z) —g(Ve P, Z) =0

or )

(VXﬂ)Z_g('\:iXP3Z) =0
or '

AX)n(Z) =g (Vx P, Z)

or

AX)g(P,Z)=g(Vy P, Z)

ie.,
VyP = A(X) P. (L.5)
From (1.4) and (1.5) it follows that
AXYP—a(PAX=VxP—1n(X)P. (L.6)

By virtue of (1.3) and (1.6) we get from (1.2) |
RX,NZ=RX,NZ+aP){g(Y, )X —g(X.Z) Y} +
+ AXY{n(Z) Y — g(Y, Z) P} — .n
— AM {n(D X — g (X, Z) P},
Then from (1.7) we have
R(X, Y, Z, WYy=R(X, Y, Z, W)+
+ n(P) {g (¥, D) g (X, W) — g (X, Z) g (Y, W)} +
+ A {n (D) g (Y, W) — g(Y, Z) g (P, W)} —
—AM @) g X, W) —g(X, Z)g (P, W]

(1.8)

where
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R{(X,Y,Z, W)= g(R(X, Y) Z, W).

Let S(X,¥) and S(X,Y) be the Ricci tensors of the connections V and V
respectively. Also let r and r be the scalar curvature of the connections V and
V respectively, Putting X = W = ¢; in (1.8) where {¢;}, i=1,2,..., n is an
orthonormal basis of the tangent space at a point and 1 is summed for 1 <7i=n
we get

SEZ2) =8, Z) + @~ DraP)g(¥, Z) — (n — ) n{Z) A(Y) —

(1.9)
Again putting Y=2= e; in {1.9) we get
r=rdnp—DrP)—2@ —1) AP). (1.10)

Thus the curvature tensor, Ricci tensor and the scalar curvature of V is given
by (1.8), (1.9) and (1.10) respectively.

2. By virtue of (1.9) we get
SN=8SZN+0-DnP)gZ ¥)— @~ n¥)4(Z) —

@1
—g(Z, ) A(P).
From (1.9) and (2.1) we get
S(Y,2)—SZ, )= @ —2) [n(Y) A(Z) — n(Z) A(Y)]. (2.2)
If §(X, ¥) is symmetric the left hand side of (2.2) vanishes and we get
1Y) A(Z) = ={(Z) A(Y) (n = 3). 2.3)

Hence we can state the following theorem:

Theorem 1. A necessary and sufficient condition for the Ricci tensor of

the semi-symmetric metric w-recurrent connection V to be symmetric is that the
relation {2.3) holds.

Again, for n=2, from (2.2) we have S(X, ¥) is symmetric. This leads to the
following theorem:

Theorem 2. If a Riemannian manifold of dimension 2 admits a semi-symmet-

ric metric m-recurrent connection V then the Ricci tensor of V is symmetric.
From (1.9) and (2.1) we get
S, 7) + 82, ¥) = 25(%, 2) +22(Y, Z) [(1 — D) n(P) — AP)] —
— (- D (@) AD) + 7(Y) A,
If S(X, ¥) is skew-symmetl;ic the left hand side of (2.4) vanishes and we get

(2.4)
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=2 n(2) 4(1) +=(1) 4@)] —
2 | (2.5
—g(X2)[(n— Dn(P) — AP
On the other hand, if S(¥, Z) is given by (2.5), then from (2.4) we get
S(Y,Z)+S(Z,¥)=0.
Thus we have the following theorem :

S(Y,Z) =

Theorem 3. If a Riemannian manifold of dimension n(n = 3) admits a
semi-symmetric metric x-recurrent connection V, then a necessary and sufficient

condition for the Ricci tensor of V to be skew-symmetric is that the Ricci
tensor of the Levi-Civita connection V is given by (2.5).

From (1.8) we have
R(X,Y,Z, W)+ R(Y, X, Z, W)= 0. (2.6)
Using (1.8) and the first Bianchi identity with respect to the Levi-Civita connec-
tion, we have

RWX,Y,Z, W)+ R(Y,Z, X, W)+ R(Z,X, ¥, W) =
=g(¥, W[4 n(Z) — A@)n(X)] +
+e@Z W) [AT)n(X) — AX) n(Y)] +
+ g (X, W) [4(Z) 5 (¥) — 4 (¥) n(2)]
We call (2.7) as the first Bianchi identity with respect to semi-symmetric

X))

n-recurrent metric connection V.
In particular, if the Ricci tensor S is symmetric then (2.7) reduces to
RX,Y,Z, W)+ R(Y,Z,X, W)+ R(Z, X, Y, W) =0, (2.8)
Hence from (2.7) and Theorem 1 we get

Theorem 4. The Ricci tensor of M" with respect to the semi-symmetric

r-recurrent metric connection V is symmetric if and only if the condition (2.8)
holds.

3. Conformal curvature tensor. Let C(X, ¥, Z, U) and C (X, ¥, Z, U) be the

covariant conformal curvature tensors of the connections V and V respectively.
Then

C(x,Y,Z,U)=R(X,Y,2Z,U) — —IE[E(Y, Z)g (X, U) —
n—
— S22, ) +e(Y, DS V) —g(XZ2)S(Y, )} + (3.1

n—1#-—2) [2
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Applying (1.8), (1.9) and (1.10) in (3.1) it follows that
CX.Y,Z, W =C(X, Y, Z, U). (3.2)

Thus we have the following theorem :

Theorem 5. If a Riemannian manifold admits a semi-symmetric metric
n-recirrent connection then its conformal curvature tensor is same as the con-
formal curvature temsor of the manifold.

MNow suppose that the Ricci tensor of the semi-symmetric metric g-recurrent

connection V vanishes,
That is,
S, V)=0, (3.3)
Hence '
r=0. (3.4)
Applying (3,3) and (3.4) in (3.1) we get
CW,Y,Z,U)=R(X, 7, Z U). (3.5)
Hence from Theorem 5 and (3.3) it follows that V
CX,Y,Z,U)=R(X, Y,z U). (3.6)

Thus we have the following theorem :

Theorem ¢. If a Riemannian manifold admits a semi-symmetric metric
w-recurrent connection V whose Ricel tensor vanishes, then the curvature tensor

of tie connection V is qual to the conformal curvature tensor of the manifold.
If the curvature tensor of the semi-symmetric metric m-recurrent connection
V vanishes, then the Ricci tensor also vanishes. From (3.6) we have
CX,Y.Z,U)=R(X, Y, Z U).
But by hypothesis
R(Y,Y,Z U)=0.
Therefore,
CX,Y,Z U)=0.
Hence we can state the following corollary :
Ceroliary, If a2 Riemannian manifold admits a semi-symmetric metric

q-recurrent connection whose curvature tensor vanishes, then the manifold is
conformally flat.
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