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Sommary : In [i] J. Antoni and T. Salat defined the concept of
A-continuity for real functions, In [9] it was intreduced some new concepts
of continuity for real functions and studied the relations between different
concepts of continﬁity. In the present paper authors have generalized this

“concept of centinuity of real functions by taking a sequence of matrices
= (@ (1)) of complex numbers and have taken some new results.

REEL FONKSIYONLARIN «7-SUREKLILIGI HAKKINDA

Ozet : Bu caligmada, 1980 vilinda J. Anteni ve T, Salat tarafindan
reel fonksiyonlar igin tamimlanmus olan A-sireklilik kavrami, kompleks
elemanlt bir A? = (any (7)) matris dizisi alinarak genellestirilmekte ve bazi
yeni sonuglar elde edilmektedir.

1. INTRODUCTION

Let /, and ¢ respectively denote the Banach spaces of bounded and convergent
sequences x  (x,) with the usual norm || x || = sup | x,|. A sequence xely is

almost convergent (see Lorentz, [3]). Banach limits of x cqincide. Let ¢ denote
the space of almost convergent sequences (see Lorentz, [3]).

Let 4] be a one-to-one mapping of the set of posﬂwe integers into itself such
that of (n) # n for all positive integers # and p where of (n) = o (or~! (n)),

2=1,2,.... A continuous linear functional ¢ on the space of complex bounded
sequences is an invariant mean or a o-mean, if ¢ (x) > 0 when the sequence
x = (x,) has x, = 0 for all n, (1,1, 1,...) =1 and ¢ (xsy) = @ (x) for all

bounded sequences x. -
Let ¥, be the set of all bounded sequences all of whose invariant means are

equal (see, Schaefer [10]). In case o (%) = n--1, the o-means are classical Banach
limits on /i and ¥V, is the set of almost convergent sequemnces (see, Lorentz

13D

If x = (x,), write 7x% = (x,(y) - It is easy to show that
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Ve=1{xcls: lim ¢,, (x) ==L, uniformly in #, L = o-lim x}
~ where
tmn (x) — (xn + Txn + + Tm xn) /(m+1)
and
Lt (x) =0.

Let A = (a,) be an infinite matrix of real numbers and x — (x;) be a
sequence of real numbers. The sequence (4 (x),) defined by

AG), = D ay %, i (1)
. k=l .

is called the A-transform of x whenever the above series converges for n = 1, 2,....
The sequence x is said to be 4-summable to x, if the sequence (A(x),) converges.
to x,. A is called conservative if xec implies (A4 (x),)ec. 4 is called regular
if it is conservative and preserves the limit of each convergent sequence.

2. PRELIMINARIES

A function f: R~ R is called C-continuous at a point x;, € R, if
(C,1)im f(x,) = f(x,) whenever (C,1)-lim x,=x, (see, problem 4216 [8])
where (C,1) is the first Cesaro mean and (C,1)}lim x, = x, means that

* +x, +...+ x, .

1

X (r—>e0). @)

In the paper [7] the following result is proved:
Let A be a regular matrix and f:R — R a function. If 4-lim f(x,) exists in

R whenever (x,) converges, then f is a continuous function on R.

In connection with the result from [8] the following question arises : Is it
possible to generalize the mentioned result by replacing the Cesaro matrix by
the another regular matrix? Thé answer of this question was given by Antoni
and Salat [1].

They defined the A-continuity of real functions in the following manner:
Let A be a regular matrix. We shall say that the function f: R — R is
A-continuous at the point x, eR, if the following statament is true :

A-lim x, = xy = A-lim fi(x,) = f(x,).

Now we are ready to begin.
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Let .o denote the sequence of matrices 4’ = (a,(f)) of real numbers, We

write for any seqlience x = (x,), 4 (x) = Z ay (()x, if it exists for each n
. & : A
and ;. We write

A (x) = (4! (x))w=I , -ﬁfx = (4 (x))_r‘n'=1 .

We define the identity matrix I by
a, =1 @m=k) for all i, =0.(rn k)

for all i, so that & x=x in the case & = I. A sequence x is said to be summable
by the method (&) to the complex number 5 if lim 4! (x) = s, uniformly in 7.

The method (&) is said to be conservative, if the &/-transform of (x,) is
convergent uniformly in 4, when (x,) e c. It is called regular if the s¥-transform
of (x,) is convergent uniformly in i to the limit of (x,) for each x = (x,) eec.

3. We shall now establish the following definitio_ﬁs and theorems:

Before giving the main characterization, we need to state a few definitions.

Definition 1. Let (s) be a regular method and x = (x,) be a sequence
in R, We shall say that the function f:R —-R is ./-continuous at the point
x,eR if the following statament is true:

oHlim x, = x; = &-lim f(x) =f(x,).

Definition 2. Let (o) be a regular method. We shall say that the method
(«/) has the property L{a) if there exists a sequence (n.),m, =90 or 1
(k =1,2,..)) for which &-lim n, = a.

o
In the case q,, () = —j:i Z a(co’ (n),k), &f-continuity reduces to
i ,

J=0
nti
invariant A-continuity (see, Savas [9]), if @, (f)=%z ay , then &f-con-
i+ i
J==n .
tiunuity reduces to almost A-continuity (see, Oztiirk [6]). Of course, where
ay (i) = a,, for all i, then &f-continuity reduces to A-continuity (see, [1]).

In [2] Buck has defined that a sequence is convergent if there is a regular
method which sums each of its subsequences. Therefore, replacing the ordinary
convergence by the so called &/ -convergence we obtain the following corollary:

Corollary 1. If a fonction f: R — R is «&/-continuous at x, &R, then f is
continuous at the same point. :
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. The SOlllthI'l of Cauchy functional equation says that if a function is addi-
tive and is continuous at least at one point then it is a linear function. Followmg
the above result we record the following observation:

Theorem 1. Let (&) be a regular method with property Z (a) for a number
a, a # 0,1 and let £: R — R be an &/-continuous function at each point of R.
Then f is a linear function.

The proof is easy and we omit it

“ We can also write that if f is continuous and linear then f is of the forin
f(x) =% x for some real number- 1 (see, Mehdi [5]). '

Theorem 2. Let (&) be a regular methodand F: R — R has the followmg
property: there e)usts such a point x,¢R that the followmg 1mp11cat1on
A-lim x, = x, = f(x,) = f(x;) ' B
is valid. Then ' | '
| (é) f is a continuous fuhction;
if fuﬁher the m:fhod (&f’)_ has thé property L(a), a # 0,1, then .
(b) f is a linear function;
if further the method (&) is translative, then
‘(c) f is a constant function,
Proof. (a) Since & is regular
X, = x, = &-limx, = x, . ‘.
Hence, we get from (3) that
Xy > Xy = f(x,) = f(x,).
(b) The assertion (3)y implies the following:
C Wlimx, = x, => A-limf(x) = f(x,) .
Since .o is regular and has the property L(a), we get from Theorem 1 that £ is linear,

(c) Let a,beR (a+ b) and consider the sequence (x,) =(a,b,a,b,..).
Since & has the property L(a) and is translative, we get

o

o
a+b=1(a+ b lim Z ay (7), uniformly in 7

Hi fo=1

= lim 2 ay (0) (% + ¥¢pq), uniformly in i

"ok=I

o
el
I
e
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) ) 2
= lim Z @y (0) x4 lim Z a,. () X4y, uniformly in 7
= | "okt o o

w0
=2 lim Z a,, (7) x; , uniformly in 7
M . .
=1

Hence,

& -lim x, = a.42~ b x, (say).

" Therefore by assumption ‘
a-+b

(fes)) = (f(a),f(_b),f(a),f(b),...)-»f( ! ) = f(xp),
and this is not possible unless ‘ _
S@) = fb). | | @
. Hence, it follows from (4) and from (b) that f is ¢ constant function.
If we take " - _ ‘
a, (i) = L rZ a(of(n), k) |
nik i+1 s .
. =0
and
1 n+i
Ay () = m Z iy
J=n

in the above results fespectively, we get the following results:

Note that f: BR—> R is called invariant A-continuous at x,eR if
o-lim A(f(x)) = f(x,) whenever o-im (A4x) = x, (see, Savag [9]).

CorsHlary 2. Let 4 be a regular matrix and f/: R — R be an invariant
A-continuous function at a point x, e R. Then f is continuous at the point x, .

Covollary 3. Let 4 be a regular matrix with property L{a) for a number
a, a+ 0,1 and let /: B — R be an invariant A-continuous function at aeach
point of R. Then f is a linear function.

Cornllary 4. Let 4 be a regular matrix and f: R—R be an almost 4-con-
tinuous function at a point x, e R, Then f is continuous at the point x, .

Corollzry 5. Let 4 be a regular matrix with property I.(a) for a number
a, a # 0,1 and let f: R— R be an almost A-continuous function at each point
of R. Then f is a lnear function.
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