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Summary : In this paper a particular type of semi-symmetric metric 
connection on a Riemannian manifold satisfying certain condition on the 
Ricci tensor has been studied. : 

Friedmann and Schouten [1] introduced semi-symmetric connection. Y a n o 
[2] synthesized the no t ion o f semi-symmetric connection and a metric connection 
w i t h torsion [3 ] . H e also showed that a Riemannian mani fo ld admits a semi-
symmetric metric connection o f zero curvature tensor i f and only i f i t is 
conformally f l a t [ 2 ] . The object o f this paper is to study a Riemannian. mani fo ld 
which admits a semi-symmetric metric connection w i t h a certain f o r m o f Ricci¬
tensor. 

Consider an ,7-dimensional oricntable Riemannian mani fo ld w i t h a metric 
tensor g and its Lev i -Civ i ta connection V. We consider a l l geometric objects 
on M be sufficiently smooth. Denote arbi t rary vector fields on M by X, Y and 

Z . A linear connection V on M is said to be semi-symmetric metric connection 
[2] i f there exists a 1-form % such that the tors ion tensor T is given by 

B İ R R I E M A N N M A N İ F O L D U Ü Z E R İ N D E Y A R İ S İ M E T R İ K 

B İ R M E T R İ K B A Ğ L A N T I T İ P İ H A K K I N D A 

Özet : Bu çalışmada, Rİcci tensörü belirli bir koşulu gerçekleyen bir 
Riemann manifoldu üzerinde özel bir yarı simetrik metrik bağlantı tipi ince­
lenmektedir. 

I N T R O D U C T I O N 

T(X, Y) = j t ( F ) X -%{X) Y (D 
and 

F o r such a metric connection [2] 

(2) 

1980 Mathematics subject classification (AMS): Primary 53C05 



68 U. C. D E - B. K . D E 

where J; is a vector f ie ld such that g(^,X) = n(X). We denote the curvature 

tensor, Ricc i tensor o f type (0, 2), the scalar curvature and the Wey] conformal 

curvature tensor o f M w i t h respect to V by K, r, C respectively. A bar over 

them refers to V*. W e k n o w that [2] 

K(X, 7 ) Z = K(X, Y) Z - a(Y, Z) X + a(X, Z) 7 -
(3> 

-g(Y,Z)AX+g(X,Z)AY 

where 

a (X, Y) = (Vxn)Y-n (X) n (Y) + n <£) g {X, Y) (4> 

AX - V * « - n (X) % + l^-jj % © X. (5) 

I n this connection we recall that S(X, Y) = ^ K(X, V,-, Vt, Y) where 

{ Vj] is an o r t h o n o r m a l basis o f the tangent space at each po in t o f the manifold 
M. 

C{X, Y) Z =K(X, Y) Z - j - f(Y, Z) X -l(X, Z) 7 + 

+ g(Y,Z)LX~g(X,Z)LY 

where 

l(X, Y) = l—S(X, 7 ) + - r g(X> Y) (7> 

n—2 2(n — 1) («—2) 

and 

g(LX, Y)=1{X,Y). (8) 

1. I n this section we deal w i t h the impl ica t ion o f the prescr ipt ion 

S = (p S + \\fg, where (p and \|/ are real functions on M. 

i . I f S — cp S - f \\f g, where tp, y are stated earlier then 

(1 ~(p)S(X, Y) = (n-2)a(X, Y) + (a + y) g (X, 7 ) (A> 

(1 - V ) r = 2 ( n - l ) d i v £ + (n - 1) (n - 2) n © + n (B> 

a ( X 7 ) - (<p - l)l(X, 7 ) - ¥ g(2T, 7 ) (C> 
2(n - 1) 

V j r S = n ( A 0 $ - ( - i - W ) Z - ( l - 9 ) ^ - L - X 
\ 2 J 2 ( / i — 1) 

(D> 

where a is the trace o f A and « > 3 . 
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L F r o m (3) we can wri te 

g[K(X, Y)Z, W] = g[K(X, Y)Z, W] -g[a(Y,Z)X, W] + 

+ g [ a ( X , Z ) Y, W]-g[g(Y,Z)AX, W] + (1.1) 

+ g{g(XtZ)AY,W]. 

Put t ing X = W i n (1.1) we get 

g [k(X, Y) Z,X]^g [lc (X, Z) Y, X] - g [a (Y, Z) X, X] + 

+ g[a{X,Z) Y,X] -g[g(Y,Z)AX,X] + (1.2) 

+ g\g(X,Z)AY,X]. 

Let us take X =Vt, then (1.2) becomes 

g \K{Vt, Y) Z, Vi] = g [K{V, ,Y)Z,VA~g [a (Y, Z) V\, V,] + 

+ g [a ( K , , Z ) F, F,] - g [g (Y, Z)AV,-, V,] + (1.3) 

+ g[g[V!,Z)AY, Vi]. 

Hence f r o m (1.3) we get 

S(Y, Z) = S(Y, Z) ~ n a ( F , Z ) + 2 a ( F , Z ) - a g ( F , Z ) . (1.4) 

N o w f r o m the given hypothesis we have 

(1 - <p) S (Y, Z) = (n - 2) a (Y, Z) + (a + v) S <% Z ) . (1-5) 

This completes the p r o o f o f ( A ) . 

Us ing the relat ion (4) we get f r o m ( A ) 

(l~-q>)S(X,Y) = 

= (n-2) <yX n) (7) % (X) K ( F ) -j ^ - K g (X , F ) 

+ (a±y)g(X, Y) (1.6) 

- (« - 2) g ( F , V * i ; ) - g ( X , $) g(Y, 5) + F ) 

+ ^div £ + i — - ^ T: g)j g ( X , F ) + Xifg(X, F ) . 

Put t ing X ~ F = Vi i n (1.6) we get 

(1 - «p)r « 2 ( n — l ) d i v £ + (n - 1) (n — 2) jc ( Q 

This completes the p r o o f o f (B) . 

Pu t t i ng X = Y = Vi i n ( A ) gives 

(1 - q > ) r = ( f l - 2 ) a + (fl+v)/i. (1.7) 
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Using ( A ) and (1.7) i n (7) we get 

t(x9Y)=*-
1 

n - 2 

1 

1 
{(» - 2) a { X F ) + (a + y ) g (X, F ) } 

1 - ( p 

{(« - 2) a + (« + y ) «} 
(1.8) 

2 ( n - 1 ) ( „ - 2) 

N o w f r o m (1.8) we have 

a (AT, F ) = ( ( p - 1 ) / ( X , F ) # ( X , F ) . 
2 ( n - l ) 

This completes the p r o o f o f (C). 

F r o m (8) we can wr i te . 

*((q> - 1 ) L J U ) =(<P - 1) / (AT,$) . 

N o w using (C) we get f r o m (1.9) 

2 ( » - l ) 

Us ing (4) i n (1.10) we have 

. n ( ( 9 - l ) L * ) « ( V * j i ) l ; - 7 c ( * ) w f t ) + — n f t ) « ( A T ) + ¥ 

2 2(72 — 1) 

(1.9) 

(1.10) 

T I ( Z ) . (1.11) 

I n vir tue o f (1.11) we can wri te 

(<p - l)LX = - , x ( X ) ^ + — n&)X-\ ^ X, 
2 2(n~l) 

i.e., 

Vx^=n(X)^~~na)X-(l -v)LX- V JT. 
2 2 (w — 1) 

This completes the p r o o f o f ( D ) . 

N o w using (C) i n (3) we get 

K(X, Y)Z = K(X, Y) Z (cp - 1 ) / ( F , Z ) -
2 ( « - l ) 

i ( y , z ) x + 

+ 1 ) / (X , Z ) 
2 ( B - 1 ) 

- g ( F , Z ) , 4 X + g ( X , Z M F . 

Appropr i a t e use o f (5) i n (1.12) gives us 

g(X,Z) Y — 
(1.12) 
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K(X, Y)Z = 9 K(X, Y) Z + (1 - 9 ) C ( X , Y) Z + 

V (1.13) 
v [ g ( F , z ) z - g ( x , z ) y ] . 

2 ( « ™ D 
Thus we can state the fo l lowing theorem: 

Theorem 1.1. I f a Riemannian mani fo ld admits a semi-symmetric metric 

connection such that iS = 9 £ + ¥ tp and \ j / are real functions on M, then for 
n > 3 the fo l lowing relat ion holds: 

K(X, Y)Z = <?K(X, 7 ) Z + (1 - 9 ) C ( X , Y) Z + 

+ -w ^ i g ( 7 , Z ) X - g ( X , Z ) 7 ] . 
2(/z - l ) 

I f (p = 0, \|/ =s 0, f r o m Theorem l . l we have the fo l lowing generalized 

version o f the result o f I m a i [4] and therefore Y a n o [2] : 

Corollary 1.1. I f a Riemannian mani fo ld admits a semi-symmetric metric 
connection w i t h vanishing Ricc i tensor, then the curvature tensor o f the semi-
symmetric metric connection is equal to the W e y l conformal curvature tensor. 

2. Integrat ing (B) over M and using Green's theorem [5] we get 

(1 - < p ) — - ( n - 2 ) g f t , i ; )  
n — 1 l n — 1 

dv = 0. (2.1) 

M 

L e t S = S ( 9 = 1, f =a 0) or r = 0, y — 0, then 

rfv=0 (2.2) 

A i 

which implies g ft, Ï;) = 0 and hence cj = 0, as g is positive definite. N o w £ j = 0 

"would mean V = V and hence V w o u l d not be semi-symmetric. 

Thus we can state the f o l l o w i n g theorem : 

Theorem 2 . 1 . I f M is a compact orientable Riemannian mani fo ld w i thou t 
boundary then neither S is identically equal to S nor r and \|/ bo th vanish. 
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