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ON A SEMI-SYMMETRIC NON-METRIC CONNECTION IN AN
SP-SASAKIAN MANIFOLD
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Summary : In the present paper we have sindied the properties of
curvature tensor of a semi-symmetric non-metric connection in an sp-Sasalkian
manifold.

BIiR SP-SASAKIAN MANIFOLDDA METRIK OLMAYAN BiR YARI
SIMETRIK BAGLANTI HAKKINDA

Ozet : Bu cabsmada, bir sp-Sasakian manifoldda metrik olmayan
bir yar1 simetrik baglantmin egrilik tensériniin bzelikleri incelenmektedir.

1. Imtroduction. Let Mn be an n-dimensional C= manifold. If there exist
in Mn a tensor field F of type (1,1), a vector field T and 1-form A satisfving

X=X—AX)T, (1.1)

where X df F X, then Mn is called an almost paracontact manifold. Let g be
Riemannian metric satisfying

AX)=g(X, 1), (1.2)
AX)=0, (T)=0, tank (F) =n— 1 (1.3)
gXN=gX )~ AX) A(Y). (1.4)

The set (F, T, 4, g) satisfying (1.1), (1.2), (1.3) and (1.4) is called an
.almost paracontact Riemannian structure and the manifold with such a structure
is called an almo_st paracontact Riemannian manifold [2].

Moreover, if “F (X, Y)2f g (X, Y) then in addition to the above relation
the following are satisfied

‘F(X, Y)="F(Y,X), (1.5a)

‘F(X, Y) = F(X, Y). (1.5b)
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Now, we consider an s-dimensional differentiable manifold with a positive
definite metric g which admits a 1-form A satisfying

(Dy A)(Y) — Dy ) (X) =0 (1.6)
and
(Dx Dy A) () = (—g (X, Z) + A(X) A (Z) A(¥) + @
H (2 X Y)+ 4 (X)A(Y) A4 (Z). _
Furthermore,
AX)=gX,1),D, T=X ‘ R

then it is easily verified that the manifold in consideration becomes an almost
paracontact Riemannian manifold. Such a manifold is called a p-Sasakian
manifold and the following relations hold [lj:

A(K(X, Y,7)) =g (X, Z) A(Y) — g (Y, Z) A (X), (1.92)
Ric (X, 1) = —(n — 1) A (X), (1.9b)
where K and Ric are the curvature tensor and Ric tensor respectively.

Let us consider an »#-dimensional differentiable manifold with a Riemannian
metric g which admits a 1-form A satisfying

Dy A)(Y) = —g (X, ¥) + 4(X) A(Y). . (1.10)
Such a manifold is called an sp-Sasakian manifold [I].
Thus in an sp-Sasakian manifold, we have
F(X, ¥) = — g (X, ¥) + A (X) A (7). (L.11)

A semi-symmetric non-metric connection B in an almost paracontact metric
manifold is given by

B, Y=D,Y | AV} X (1.12)
where D is a Riemannian connection with respect to metric g [3].
2. Curvature tensor. Let us denote the curvature tensor of the connection

B by R and curvature tensor of the connection D by K. By straight forward
calculation, we find

RX,Y,Z) =K(X,Y,Z) | (By A)(Z) ¥ — (By A)(2) X. @2.1)

In consequence of (1.10) and (1.12), (2.1) reduces to ,
R(X,Y,Z)=K(X,Y,2) —g (X, 2) Y + g (¥, Z) X. 2.2)

Theerem 2.5, If in an sp-Sasakian manifold the curvature tensor of a semi-
symmetric non-metric connection vanishes, then the manifold is projectively flat.
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Proof. Since R =0, then (2.2) gives

KX Y,2) =g, )Y —g(Y,2) X @3
Contracting the above equations, we get '
Ric (Y,Z)=—@m—Dzg(¥, 2). 24

Hence (2.3) and (24) give
KX, Y, 2Z)— % (Ric (¥, Z)K — Ric (X,Z)Y) =0 (2.5)
n— .

or W =0 where W is the projective curvature tensor of the manifold.

Thearem 2.2. If in an sp-Sasakian manifold the Ric tensor of a semi-
symmetric non-metric connection B vanishes, then the curvature tensor of B is
equal to the projecting curvature tensor of the manifold.

Proof, From (2.2), we have

RIX,Y,Z)=K(X,Y,Z) —g(X,2) Y-+ g (¥, Z) X, (2.6)
Contracting the above equation, we get
Ric" (¥, Z)=Ric (¥, Z)+ (n —1Dg (¥, Z). 2.7

Since Ric" =0, we have
g 2)= L Rie (¥,2) @8)
n —_—
From (2.6) and (2.8), we have

R=W, ' (2.9)

Theorem 2.3. In an sp-Sasakian manifold the projective curvature tensor
of a semi-symmetric non-metric connection B is equal to the projective curvature
tensor of the manifold.

Proof. From (2.6) and (2.7), we get

R(X,Y,Z) =KX, Y, Z)+ Ll [Ric’ (¥, Z) — Ric (Y, Z)] X—
n JE—

- [Ric” (X, Z) — Rie (X, 2)] ¥
Y

or

R(X, Y,Z) — ;1 [Ric” (¥, Z) X—Ric’ (X, Z) Y] =
n — .

= K(X, Y, Z) -Ll [Ric (¥, Z) X — Ric (X, Z) Y]
n_

or W' =W where W’ is the projective curvature tensor of the semi-symmetric
non-metric connection,
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Theorem 2.4. In an sp-Sasakian manifold with semi-symmetric non-metric
connection B, we have

R

R(X,Y,ZY+ R(Y,Z, X)+ R(Z, X, Y)=0 (2.10a) :
‘R(X,Y,Z,U)+'R(X,Y,U,Z) =0 (2.10b) ‘
'R(X,Y,Z,T)=0 (2.100)

R, Y, T)=0 (2.10d)

Rie (¥, T) = 0. (2.10¢)

k

Proof. Using Bianchi’s first identity (2.6) gives (2.10a). From (2.6} we get
(2.10b), Similarly other results can also be obtained.

Acknowledgement. The author is thankful to Dr. R.H. GQjha, D. Sc. for his inspiring g
guidance and to Dr. S.L. Maurya for his useful discussion, i

REFERENCES

[11 ADATIL T. and ;. Some properties and p-Sasakian manifold, TRU Maths.,
MIYAZAWA, T. 13 (1) (1977), 33-42.
[2] SATO, 1, : On a structure similar to almost contact structure I, Tensor,

N.S., 30 (1976), 219-224.

[3] AGASHE, Nirmala 8. and : A semi-symmetric hon-metric connection on a Riemannian ;
CHAFLE, Mangala R. manifold, Indian J. Pure Appl. Math., 23 (6) (1992), 365-409.




